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ON T-OPEN SETS AND SEMI-COMPACT SPACES

TAKASHI NOIRI, AHMAD AL-OMARI and MOHD. SALMI MD. NOORANI

Abstract. In this paper, we introduce and investigate a new class of sets called
T-open sets which are weaker semi-open sets. Moreover, we obtain characteri-
zations and preserving theorems of semi-compact spaces.
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1. INTRODUCTION

Throughout this paper, (X,7) and (Y, o) stand for topological spaces on
which no separation axiom is assumed, unless otherwise stated. For a subset
A of X, the closure of A and the interior of A will be denoted by Cl(A) and
Int(A), respectively. Let (X,7) be a space and S a subset of X. A subset
S of X is said to be semi-open [9] if there exists an open set U of X such
that U C S C CIl(U), or equivalently if S C Cl(Int(S)). The complement of
a semi-open set is said to be semi-closed. The intersection of all semi-closed
sets containing S is called the semi-closure of S and is denoted by sCI1(S).
The semi-interior of .S, denoted by sInt(.S), is defined by the union of all semi-
open sets contained in S. It is verified in [3] that sCl(A) = A U Int(Cl(A))
and sInt(A) = AN Cl(Int(A)) for any subset A C X. The family of all semi-
open sets of X is denoted by SO(X). Moreover, for each z € X the family
{U € SO(X) | x € U} is denoted by SO(X, x).

2. T-OPEN SETS

In this section we introduce the following notion:

DEFINITION 1. A subset A of a space X is said to be T-open if for every
x € A, there exists a semi-open subset U, C X containing x such that U, — A
is finite. The complement of a T-open subset is said to be T-closed.

The family of all T-open subsets of a space (X, 7) is denoted by TO(X).
For each z € X, TO(X, z) denotes the family {U € TO(X) : z € U}.

DEFINITION 2. A subset A of a space X is said to be:
(1) a-open [10] if A C Int(Cl(Int(A)));
(2) B-open [1] or semi-preopen [3] if A C Cl(Int(Cl(A)));
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(3) b-open [2] if A C Cl(Int(A)) U Int(Cl(A)).

The family of all a-open (resp. b-open, -open) subsets of a space (X, 7) is
denoted by aO(X) (resp. BO(X), SPO(X)).

LEMMA 1. For a subset of a topological space, semi-openness imply T -
openness.

Proof. Let A be semi-open. For each z € A, there exists a semi-open set
U, = A such that x € U, and U, — A = &. Therefore, A is T-open. O

For a subset of a topological space, the following implications hold:

T-open

|

open —— semi-open — b-open —— [F-open
The converses need not be true as shown by the following examples.

ExaMPLE 1. The digital line or so called Khaimsky line is the set of the
integers, Z equipped with the topology k having {{2n —1,2n,2n+ 1}|n € Z}
as a subbase. It is denoted by (Z,k). A singleton {2n + 1} is open and a
subset {2n — 1,2n,2n + 1} is the smallest open set containing 2n, where n
is any integer. Let a € Z be an even number, then U, = {a} is a T-open
set which is not semi-open. ( Since for each = € U,, there is a semi-open set
Vo = {a,a+1,a + 2} such that V, — U, is finite and U, € Cl(Int(U,)) = ©)
i.e. in the digital line every singleton is T-open. Also by Theorem 1 (below)
we have U, = {a} is T-open set but neither b-open nor S-open.

THEOREM 1. [12] For (Z, k) we have the following property:
SO(Z,k) = BO(Z,k) = SPO(Z, k).

ExXAMPLE 2. Consider the set R of real numbers with the usual topology,
and let A = [0,1]U ((1,2) N Q), where Q stands for the set of rational num-
bers. Then A is b-open but which is not T-open, since any semi-open set U
containing 3, U \ A is infinite.

THEOREM 2. Let (X, T) be a topological space. Then the arbitrary union of
T-open sets of X is T-open.

Proof. Let {U; : i € I} be a family of T-open subsets of X and = € U;cU;.
Then x € U; for some j € I. This implies that there exists a semi-open subset
V of X containing = such that V' \ U; is finite. Since V' \ U;crU; C V' \ Uj,
then V \ U;erU; is finite. Thus U;c U; € TO(X) OJ

The following example shows that the intersection of two T-open sets need

not be T-open.

EXAMPLE 3. Let X be the usual space of reals, then A = (0,1], B = [1,3)
are semi-open sets and T-open sets but AN B = {1} is not T-open in X.
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LEMMA 2. [10] Let (X,7) be a topological space. Then the intersection of
an a-open set and a semi-open set is semi-open.

LEMMA 3. Let (X,7) be a topological space. Then the intersection of an
a-open set and a T-open set is T-open.

Proof. Let U be a-open and A be T-open. Then for every x € A, there
exists a semi-open set V, C X containing x such that V, — A is finite, also
by Lemma 2, U NV, is semi-open. Now for each x € U N A, there exists a
semi-open set U NV, C X containing « and

UNVy)—(UNA)=UNV,)N[(X-U)U (X — A4)]
=[(UNV)N(X =-U)U[(UNV,) N (X — A)]
—(UNV,)—A
v, — A.
Then (UNV,)— (UN A) is finite. Therefore U N A is a T-open set. O

LEMMA 4. A subset A of a space X is T-open if and only if for every x € A,
there exist a semi-open subset U containing x and a finite subset C' such that

U-CCA.

Proof. Let A be T-open and x € A, then there exists a semi-open subset U,
containing z such that U, — A is finite. Let C = U, — A = U, N (X — A). Then
U, — C C A. Conversely, let x € A. Then there exist a semi-open subset U,
containing = and a finite subset C' such that U, — C C A. Thus U, — A C C
and U, — A is a finite set. O

THEOREM 3. Let X be a space and C C X. If C is T-closed, then C C KUB
for some semi-closed subset K and a finite subset B.

Proof. If C' is T-closed, then X — C is T-open and hence for every x €
X —C, there exist a semi-open set U containing x and a finite set B such that
U-BCX-C.ThusCCX—-(U-B)=X—-(UnN(X-B))=(X-U)UB.
Let K = X — U. Then K is a semi-closed such set that C C K U B. ]

DEFINITION 3. [5] A function f : X — Y is said to be pre-semi-open if
f(V) semi-open in Y for each semi-open set V' in X.

ProposITION 1. If f : X — Y is pre-semi-open, then the image of a T-open
set of X is T-open in Y.

Proof. Let f: X — Y be pre-semi-open and W a T-open subset of X. Let
y € f(W), there exists z € W such that f(z) = y. Since W is T-open, there
exists a semi-open set U such that x € U and U — W = C is finite. Since
f is pre-semi-open, f(U) is semi-open in Y such that y = f(x) € f(U) and
fU)—=f(W)C f(U—-W)= f(C) is finite. Hence f(W) is T-open in Y. O

DEFINITION 4. [5] A function f: X — Y is said to be irresolute if f=1(V)
is semi-open in X for each semi-open set V in Y.



156 Takashi Noiri, Ahmad Al-Omari and Mohd. Salmi Md. Noorani 4

ProrosITION 2. If f: X — Y is irresolute injective and A is T-open in Y,
then f~1(A) is T-open in X.

Proof. Assume that A is a T-open subset of Y. Let x € f~!(A). Then
f(x) € A and there exists a semi-open set V' containing f(z) such that V — A
is finite. Since f is irresolute, f~!(V) is a semi-open set containing z. Thus
fYV) = f~YA) = f~1(V — A) = finite. Then f~'(A) is T-open in X. O

3. SEMI-COMPACT SPACES

DEFINITION 5. (1)[4] A space X is said to be semi-compact if every semi-
open cover of X has a finite subcover.

(2) A subset A of a space X is said to be semi-compact relative to X if
every cover of A by semi-open sets of X has a finite subcover.

THEOREM 4. If X is a space such that every semi-open subset of X 1is
semi-compact relative to X, then every subset of X is semi-compact relative

to X.

Proof. Let B be an arbitrary subset of X and let {U; : i € I} be a cover
of B by semi-open sets of X. Then the family {U; : ¢ € I} is a semi-open
cover of the semi-open set U{U; : i € I'}. Hence by hypothesis there is a finite
subfamily {U;; : j € No} which covers U{U; : i € I'} where Ny is a finite subset
of the naturals N. This subfamily is also a cover of the set B. O

THEOREM 5. For any space X, the following properties are equivalent:
(1) X is semi-compact;
(2) Ewvery T-open cover of X has a finite subcover.

Proof. (1) = (2): Let {U, : @ € A} be any T-open cover of X. For each
z € X, there exists a(xr) € A such that © € Uy(,). Since Uy, is T-open,
there exists a semi-open set V() such that z € V) and V ;) \Uyy) is
finite. The family {V,)|r € X} is a semi-open cover of X and X is semi-
compact. There exists a finite subset, says a(z1), a(z2), -, a(x,) such that

X =U{Va@yli € F={1,2,...,n}}. Now, we have
X =User {(Va(m,)\Ua(m,)) U Ua(acl)}
:[UleF(Va(wl)\Ua(wl))] U [UiGFUa(:vi)]'

For each (), Vi(z,)\Ua(s,) 18 @ finite set and there exists a finite subset
Ao,y of A such that Vo) \Us(z;) € U{Uala € Ays,)}- Therefore, we have
X C [Uier(UW{Uala € Ay DU [VierUn(ey]-

(2) = (1): Since every semi-open is T-open, the proof is obvious. O

THEOREM 6. For any space X, the following properties are equivalent:

(1) X is semi-compact;
(2) Ewvery proper T-closed set is semi-compact with respect to X.
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Proof. (1) = (2): Let A be a proper T-closed subset of X. Let {U, : a« € A}
be a cover of A by semi-open sets of X. Now for each x € X — A, there is
a semi-open set V, such that V, N A is finite. Since {U, : a € A} U{V, :
x € X — A} is a semi-open cover of X and X is semi-compact, there exists a
finite subcover {U,, : i € F1 ={1,2,...,n}}U{V,, :i€ Fh ={1,2,...,m}}.
Since Ujer, (Vz; N A) is finite, so for each z; € Ujcp, (Va, NA), there is Un(z;) €
{Us : @ € A} such that z; € Ua(z;) and j € F3 where Fj is finite . Hence
{Ua; 20 € F1} U{Uq(y,) : J € F3} is a finite subcover of {U, : a € A} and it
covers A. Therefore, A is semi-compact relative to X.

(2) = (1): Let {V, : @« € A} be any semi-open cover of X. We choose and
fix one ap € A. Then X — V,, C U{V,: o« € A — {ap}} is a semi-open cover
of a T-closed set X — V,,,. There exists a finite subset Ag of A — {ap} such
that X —Vp, C U{V, : @ € Ag}. Therefore, X = U{V, : « € AgU{ap}}. This
shows that X is semi-compact. ]

COROLLARY 1. If a space X is semi-compact and A is semi-closed, then A
is semi-compact relative to X.

DEFINITION 6. A function f: X — Y is said to be T-continuous if f~1(V)
is T-open in X for each open set V in Y.

THEOREM 7. A function f: X — Y is T-continuous if and only if for each

point x € X and each open set V in'Y with f(x) € V, there is a T-open set
U in X such that x € U and f(U) C V.

Proof. Sufficiency. Let V be open in Y and let # € f~*(V). Then f(z) € V
and thus there exists an U, € TO(X) such that x € U, and f(U;) C V. Then
€U, C f~YV)and f~1(V) = Uzef-1(v)Uz. Then by Theorem 2 V) is
T-open.

Necessity . Let f(r) € V. Then x € f~1(V) € TO(X) since f : X — Y is
T-continuous. Let U = f~4(V). Then xz € U and f(U) C V. O

THEOREM 8. Let f be a T-continuous function from a space X onto a space
Y. If X is semi-compact, then Y is compact.

Proof. Let {V, : o € A} be an open cover of Y. Then {f~}(V,):a € A} is
a T-open cover of X. Since X is semi-compact, by Theorem 5, there exists a
finite subset Ag of A such that X = U{f"1(V,) : @ € Ag}; hence Y = U{V, :
a € Ap}. Therefore Y is compact. n

DEFINITION 7. [9] A function f : X — Y is said to be semi-continuous if
f~1(V) is semi-open for each open set V in Y.

REMARK 1. It is shown in Example 4 (below) that every semi-continuous
function is 7T-continuous but not conversely.

COROLLARY 2. [4] Let f be a semi-continuous function from a space X onto
a space Y. If X 1is semi-compact, then Y is compact.
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DEFINITION 8. A function f : X — Y is said to be sT-continuous if f~1(V)
is T-open in X for each semi-open set V in Y.

It is clear that a function f : X — Y is sT-continuous if and only if for each
point € X and each semi-open set V in Y with f(x) € V, there is a T-open
set U in X such that x € U and f(U) C V.

DEFINITION 9. A function f : X — Y is said to be weakly sT-continuous

if for each x € X and each semi-open set V of Y containing f(z), there exists
U € TO(X, z) such that f(U) C Cl(V).

DEFINITION 10. [6] A function f: X — Y is said to be weakly #-irresolute
if for each x € X and each semi-open set V' of Y containing f(x), there exists

U € SO(X, ) such that f(U) C CI(V).
The following implications hold:
semi-continuous <—— irresolute ———— weakly 0-irresolute

| | |

T-continuous sT-continuous —— weakly s7T-continuous

The following examples show that:

(1) Semi-continuity and s7-continuity are independent of each other.
(2) Weakly 6-irresoluteness and s7T-continuity are independent of each
other.

Therefore, all implications in this diagram are not reversible.

EXAMPLE 4. Let X = {a,b,c}, 7 ={X,2,{a},{b},{a,b}} and f: (X,7) —
(X, 7) be the function defined by setting f(a) = ¢, f(b) = b and f(c) = a.

Then f is sT-continuous but not semi-continuous.

EXAMPLE 5. Let X =Y = {a,b,c}, 7 = {X,9,{a},{b},{a,b}} and
o={@,Y,{c}}. Let f : (Y,0) — (X,7) be the function defined by set-
ting f(a) = ¢, f(b) = b and f(¢) = a. Then f is sT-continuous but not
weakly 6-irresolute [[6], Theorem 1.2], since {b, ¢} is regular closed in X and
f7H({b.c}) ={a,b} ¢ SO(Y).

EXAMPLE 6. Let X be an infinite set and let A, B and C be subsets of X
such that each of them is infinite and the family { A, B, C'} is a partition of X.

(1) We define the topology 7={@, X,{A},{B,C}} and o={@, X, {A}}.
Let f: (X,7) — (X,0) be the function defined by setting f({A}) =
{4}, f({B}) = {C} and f({C}) = {B}. Then f is semi-continuous
but not sT-continuous, since f~!({A4,B}) = {A,C} which is not a
T-open set.

(2) We define the topology 7={@, X,{C}} and o={@, X, {A}, {B},
{A,B}}. If f: (X,7) — (X,o0) is the identity function, then f is
weakly 6-irresolute but not sT-continuous, since f~!({A}) = {4}
which is not a T-open set.
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Now we state the following theorem whose proof is similar to Theorem 8.

THEOREM 9. Let f be an sT-continuous function from a space X onto a
space Y. If X is semi-compact, then Y is semi-compact.

COROLLARY 3. [8] If f : X — Y is an irresolute surjection and X is semi-
compact, then Y is semi-compact.

DEFINITION 11. [13] A topological space X is said to be S-closed if for every
semi-open cover {U, : a € A} of X there exists a finite subset Ag C A such
that X = U{Cl(Uy,) : o € Ag}.

THEOREM 10. Let f : X — Y be a weakly sT-continuous surjection. If X
is semi-compact, then Y is S-closed.

Proof. Let {V,, : « € A} be a semi-open cover of Y. For each z € X, there
exists a(x) € A such that f(x) € Vy(y). Since f is weakly sT-continuous, there
exists a T-open set Uy (,) of X containing = such that f(Uyy)) C Cl(Vya))-
Now {Ua(x) :x € X} is a T-open cover of the semi-compact space X. So
by Theorem 5 there exist a finite numbers of points, says, x1,2o,...,Z, in X
such that X = UW{Uy(z,) : 1 <@ <n}. Thus Y = f(U{Uy@m,) 1 1 < i <n}) =
UW{f(Ua@y) : 1 <i <n}) CU{Cl(Vyy,)) : 1 < i < n}. This shows that Y is
S-closed. O

COROLLARY 4. [6] If f: X — Y is a weakly 0-irresolute surjection and X
is semi-compact, then Y is S-closed.

DEFINITION 12. A function f : X — Y is said to be sT-closed (resp. T-
closed) if f(A) is T-closed in Y for each semi-closed (resp. closed) set A of
X.

DEFINITION 13. A function f : X — Y is said to be presemiclosed [7] (resp.
semi-closed [11]) if f(F) is semi-closed in Y for each semi-closed (resp. closed)
set F' of X.

The following implications hold:

pre-semi-closed — s7'-closed

| |

closed — semi-closed T-closed

The following examples show that semi-closedness and sT-closedness are
independent of each other.

EXAMPLE 7. Let X =Y = {a,b,c}, 7 = {X,2,{a},{b},{a,b}} and
o={2,Y,{c}}. If f:(Y,0) — (X, 7) is the identity function. Then f is sT-
closed but not semi-closed, since {a, b} is closed in Y and f({a,b}) = {a,b} is
not semi-closed in X.
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ExaMPLE 8. Let Y = {a,b,¢,d}, 0 = {Y,2,{a},{a,b,d}}, and (X,7) be
the same topological space as (1) in Example 6. If f : (Y,0) — (X, 7) the
function define by setting f({a}) = {B}, f({b}) = {B}, f({c}) = {A} and
f({d}) = {C}. Then f is semi-closed but not sT-closed, since f({b}) = {B}
which is not T-closed.

THEOREM 11. If f: X — Y is an sT-closed surjection such that f~1(y) is
semi-compact relative to X for each y € Y and Y is semi-compact, then X is
semai-compact.

Proof. Let {U, : a € A} be any semi-open cover of X. For each y € Y,
f~(y) is semi-compact relative to X and there exists a finite subset A(y) of A
such that f~1(y) C U{U, : a € A(y)}. Now we put U(y) = U{U, : a € A(y)}
and V(y) =Y — f(X — U(y)). Then, since f is sT-closed, V(y) is a T-open
set in Y containing y such that f~1(V(y)) € U(y). Since {V(y) : y € Y}
is a T-open cover of Y, by Theorem 5 there exist a finite numbers of points,
says, Y1,Y2,---,Yn in Y such that Y = U{V(y;) : 1 < i < n}. Therefore,
X = ) 2 Ul (Vi) s 1< < n} COU() 1< 0 < n} = U{UL
a € A(y;),1 <i <mn}. This shows that X is semi-compact. O

COROLLARY 5. If f : X — Y is a presemiclosed surjection such that f~!(y)
18 semi-compact with respect to X for each y € Y andY is semi-compact, then
X is semi-compact.

COROLLARY 6. Let f: X — Y be an sT-closed and sT'-continuous surjec-
tion such that f~'(y) is semi-compact relative to X for eachy € Y. Then X
1s semi-compact if and only if Y is semi-compact.

Proof. This is an immediate consequence of Theorems 9 and 11. O

THEOREM 12. If f : X — Y is a T-closed surjection such that f~'(y) is
compact in X for eachy €Y andY is semi-compact, then X is compact.

Proof. The proof is analogous to that of Theorem 11. O

COROLLARY 7. If f : X — Y is a semi-closed surjection such that f~'(y)
is compact in X for each y € Y and Y is semi-compact, then X is compact.
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