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DIFFERENTIAL SANDWICH THEOREMS FOR ANALYTIC
FUNCTIONS DEFINED BY THE DZIOK-SRIVASTAVA LINEAR

OPERATOR
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Abstract. In this paper we extend previously known results and obtain two
sandwich theorems for analytic functions in the unit disk defined with the Dziok-
Srivastava linear operator.
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1. INTRODUCTION

LetH = H (U) denote the class of functions analytic in U = {z ∈ C : |z| < 1}.
For n a positive integer and a ∈ C, let

H [a, n] = {f ∈ H : f (z) = a+ anz
n + . . . } .

We also consider the class

A =
{
f ∈ H : f (z) = z + a2z

2 + . . .
}

.

We denote by Q the set of functions f that are analytic and injective on
U \ E (f), where

E (f) =
{
ζ ∈ ∂U : lim

z→ζ
f (z) = ∞

}
,

and are such that f ′ (ζ) 6= 0 for ζ ∈ ∂U \ E (f).
Since most of the functions considered in this paper and conditions on them

are defined uniformly in the unit disk U, we shall omit the requirement “z ∈
U”.

We use the terms of subordination and superordination, so we review here
these definitions. Let f, F ∈ H. The function f is said to be subordinate to
F, or F is said to be superordinate to f , if there exists a function w analytic
in U , with w (0) = 0 and |w (z)| < 1, and such that f (z) = F (w (z)). In such
a case we write f ≺ F or f (z) ≺ F (z). If F is univalent, then f ≺ F if and
only if f (0) = F (0) and f (U) ⊂ F (U).

This research has been partially supported by the Romanian research grant PN-II-IDEI-
PCE-2007-1 project ID 524.



86 V.O. Nechita 2

Let ψ : C3 × U → C, let h be univalent in U and q ∈ Q. In [4], the authors
considered the problem of determining conditions on admissible functions ψ
such that

(1) ψ
(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
≺ h (z)

implies p (z) ≺ q (z) for all functions p ∈ H [a, n] that satisfy the differential
subordination (1). Moreover, they found conditions so that the function q is
the “smallest” function with this property, called the best dominant of the
subordination (1).

Let ϕ : C3×U → C, let h ∈ H and q ∈ H [a, n]. Recently, in [5], the authors
studied the dual problem and determined conditions on ϕ such that

(2) h (z) ≺ ϕ
(
p (z) , zp′ (z) , z2p′′ (z) ; z

)
implies q (z) ≺ p (z), for all functions p ∈ Q that satisfy the above differential
superordination. Moreover, they found conditions so that the function q is
the “largest” function with this property, called the best subordinant of the
superodination (2).

For two functions f (z) = z +
∑∞

n=2 anz
n and g (z) = z +

∑∞
n=2 bnz

n, the
Hadamard product (or convolution) of f and g is defined by

(f ∗ g) (z) := z +
∞∑

n=2

anbnz
n.

For l,m ∈ N, l ≤ m+ 1, αj ∈ C, j = 1, 2, . . . , l, and βj ∈ C \ {0,−1,−2, . . . },
j = 1, 2, . . . ,m, the generalized hypergeometric function

lFm (α1, . . . , αl;β1, . . . , βm; z)

is given by the infinite series

lFm (α1, . . . , αl;β1, . . . , βm; z) :=
∞∑

n=0

(α1)n · · · (αl)n

(β1)n · · · (βm)n

zn

n!

(l ≤ m+ 1; l,m ∈ N)

where (a)n is the Pochhammer symbol defined by

(a)n :=
Γ (a+ n)

Γ (a)
=

{
1 if n = 0
a (a+ 1) (a+ 2) . . . (a+ n− 1) if n ∈ N∗.

Corresponding to the function

h (α1, . . . , αl;β1, . . . , βm; z) := zlFm (α1, . . . , αl;β1, . . . , βm; z)
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the Dziok-Srivastava operator H l
m (α1, . . . , αl;β1, . . . , βm) is given in [3] by the

Hadamard product

H l
m (α1, . . . , αl;β1, . . . , βm) f (z)

:= h (α1, . . . , αl;β1, . . . , βm; z) ∗ f (z)

= z +
∞∑

n=1

(α1)n · · · (αl)n

(β1)n · · · (βm)n

an+1z
n+1

n!
.

For brevity, we write

H l
m [α1] f (z) := H l

m (α1, . . . , αl;β1, . . . , βm) f (z) .

In this paper we will determine some properties on admissible functions
defined with the Dziok-Srivastava linear operator.

2. PRELIMINARIES

In our present investigation we shall need the folllowing results.

Theorem 2.1 ([4], Theorem 3.4h., p. 132). Let q be univalent in U and
let θ and φ be analytic in a domain D containing q (U), with φ (w) 6= 0, when
w ∈ q (U). Set Q (z) = zq′ (z) · φ [q (z)], h (z) = θ [q (z)] + Q (z) and suppose
that either

(i) h is convex
or

(ii) Q is starlike.
In addition, assume that

(iii) Re
zh′ (z)
Q (z)

> 0.

If p is analytic in U , with p (0) = q (0), p (U) ⊂ D and

θ [p (z)] + zp′ (z) · φ [p (z)] ≺ θ [q (z)] + zp′ (z) · φ [q (z)] = h (z) ,

then p ≺ q, and q is the best dominant.

By taking θ (w) := w and φ (w) := γ in Theorem 2.1, we get

Corollary 2.2. Let q be univalent in U , γ ∈ C∗ and suppose

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.

If p is analytic in U, with p (0) = q (0) and

p (z) + γzp′ (z) ≺ q (z) + γzq′ (z) ,

then p ≺ q, and q is the best dominant.

Theorem 2.3 ([6]). Let θ and φ be analytic in a domain D and let q be
univalent in U , with q (0) = a, q (U) ⊂ D. Set Q (z) = zq′ (z) · φ [q (z)],
h (z) = θ [q (z)] +Q (z) and suppose that
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(i) Re
[
θ′ [q (z)]
φ [q (z)]

]
> 0

and
(ii) Q (z) is starlike.

If p ∈ H [a, 1]∩Q, p (U) ⊂ D and θ [p (z)]+ zp′ (z) ·φ [p (z)] is univalent in U ,
then

θ [q (z)] + zp′ (z) · φ [q (z)] ≺ θ [p (z)] + zp′ (z) · φ [p (z)] ⇒ q ≺ p

and q is the best subordinant.

By taking θ (w) := w and φ (w) := γ in Theorem 2.3, we get

Corollary 2.4 ([1]). Let q be convex in U , q (0) = a and γ ∈ C, Re γ > 0.
If p ∈ H [a, 1] ∩Q and p (z) + γzp′ (z) is univalent in U , then

q (z) + γzq′ (z) ≺ p (z) + γzp′ (z) ⇒ q ≺ p

and q is the best subordinant.

3. MAIN RESULTS

Theorem 3.1. Let q be univalent in U with q (0) = 1, γ ∈ C∗ and suppose

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.

If f ∈ A and

γα1 + (1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
−

− γ (α1 + 1)
H l

m [α1 + 2] f (z) ·H l
m [α1] f (z)

{H l
m [α1 + 1] f (z)}2 ≺ q (z) + γzq′ (z) ,

(3)

then
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
≺ q (z)

and q is the best dominant.

Proof. We define the function p by

(4) p (z) :=
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
.

We calculate the derivative of p(z) and we get

p′ (z) =

=

{
H l

m [α1] f (z)
}′
H l

m [α1 + 1] f (z)−
{
H l

m [α1 + 1] f (z)
}′
H l

m [α1] f (z)

{H l
m [α1 + 1] f (z)}2 .

(5)
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By using the identity

(6) z
{
H l

m [α1] f (z)
}′

= α1H
l
m [α1 + 1] f (z)− (α1 − 1)H l

m [α1] f (z) ,

we obtain from (5) that

zp′ (z) = α1 +
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
− (α1 + 1)

H l
m [α1 + 2] f (z) ·H l

m [α1] f (z)

{H l
m [α1 + 1] f (z)}2

and

p (z) + γzp′ (z) = γα1 + (1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
−

−γ (α1 + 1)
H l

m [α1 + 2] f (z) ·H l
m [α1] f (z)

{H l
m [α1 + 1] f (z)}2 .

The subordination (3) from the hypothesis becomes

p (z) + γzp′ (z) ≺ q (z) + γzq′ (z) .

We obtain the conclusion of our theorem by applying now Corrolary 2.2. �

For a, c ∈ C, c 6= 0,−1,−2, . . . , l = 2, m = 1, α1 = a, α2 = 1, β1 =
c, the Dziok-Srivastava linear oparator H l

m [α1] f (z) becomes the Carlson-
Shaffer linear operator L (a, c) f (z) introduced in [2]. By taking these values
in Theorem 3.1, we obtain the following corollary.

Corollary 3.2 ([7]). Let q be univalent in U with q (0) = 1, γ ∈ C∗ and
suppose that

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.

If f ∈ A and

γa+ (1 + γ)
L (a, c) f (z)

L (a+ 1, c) f (z)
− γ (a+ 1)

L (a+ 2, c) f (z) · L (a, c) f (z)
{L (a+ 1, c) f (z)}2 ≺

≺ q (z) + γzq′ (z) ,

then
L (a, c) f (z)

L (a+ 1, c) f (z)
≺ q (z)

and q is the best dominant.

By taking l = 1, m = 0 and α1 = 1 in Theorem 3.1, we get the following
result.

Corollary 3.3 ([7]). Let q be univalent in U with q (0) = 1, γ ∈ C∗ and
suppose that

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.
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If f ∈ A and

γ

{
1− f ′′ (z) f (z)

[f ′ (z)]2

}
+ (1− γ)

f (z)
zf ′ (z)

≺ q (z) + γzq′ (z) ,

then
f (z)
zf ′ (z)

≺ q (z)

and q is the best dominant.

We give an application of Theorem 3.1 for a particular convex function q.

Corollary 3.4. Let A,B ∈ C, A 6= B, |B| ≤ 1 and γ ∈ C such that
Re γ > 0. If f ∈ A and

γα1 +(1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
−γ (α1 + 1)

H l
m [α1 + 2] f (z) ·H l

m [α1] f (z)

{H l
m [α1 + 1] f (z)}2 ≺

≺ 1 +Az

1 +Bz
+ γ

(A−B) z
(1 +Bz)2

,

then
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
≺ 1 +Az

1 +Bz

and q (z) =
1 +Az

1 +Bz
is the best dominant.

We next give a result concerning superordinations.

Theorem 3.5. Let q be convex in U , q (0) = 1 and γ ∈ C, Re γ > 0. If

f ∈ A,
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
∈ H [1, 1] ∩Q,

γα1 + (1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
− γ (α1 + 1)

H l
m [α1 + 2] f (z) ·H l

m [α1] f (z)

{H l
m [α1 + 1] f (z)}2

is univalent in U and

q (z) + γzq′ (z) ≺ γα1 + (1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
−

−γ (α1 + 1)
H l

m [α1 + 2] f (z) ·H l
m [α1] f (z)

{H l
m [α1 + 1] f (z)}2 ,

then

q (z) ≺ H l
m [α1] f (z)

H l
m [α1 + 1] f (z)

and q is the best subordinant.

Proof. The conclusion follows immediately by applying Corollary 2.4 to the
function p defined in (4). �



7 Differential sandwich theorems 91

We can combine the results of Theorem 3.1 and Theorem 3.5 to obtain the
following “sandwich theorem”.

Corollary 3.6. Let q1, q2 be convex in U , q1 (0) = q2 (0) = 1, γ ∈ C,

Re γ > 0. If f ∈ A,
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
∈ H [1, 1] ∩Q,

γα1 + (1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
− γ (α1 + 1)

H l
m [α1 + 2] f (z) ·H l

m [α1] f (z)

{H l
m [α1 + 1] f (z)}2

is univalent in U and

q1 (z) + γzq′1 (z) ≺ γα1 + (1 + γ)
H l

m [α1] f (z)
H l

m [α1 + 1] f (z)
−

−γ (α1 + 1)
H l

m [α1 + 2] f (z) ·H l
m [α1] f (z)

{H l
m [α1 + 1] f (z)}2 ≺ q2 (z) + γzq′2 (z) ,

then

q1 (z) ≺ H l
m [α1] f (z)

H l
m [α1 + 1] f (z)

≺ q2 (z)

and the functions q1 and q2 are respectively the best subordinant and the best
dominant.

Theorem 3.7. Let q be univalent in U with q (0) = 1, γ ∈ C∗ and suppose

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.

If f ∈ A and

[1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 + γ (α1 + 1)

zH l
m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 −

− 2α1γ
z

{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3 ≺ q (z) + γzq′ (z) ,

(7)

then

z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 ≺ q (z)

and q is the best dominant.

Proof. Let

(8) p (z) := z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 .

A simple computation shows that

(9)
zp′ (z)
p (z)

= 1 +
z

{
H l

m [α1 + 1] f (z)
}′

H l
m [α1 + 1] f (z)

− 2
z

{
H l

m [α1] f (z)
}′

H l
m [α1] f (z)

.
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By using the identity (6), we obtain from (9) that

zp′ (z)
p (z)

= (α1 − 1) + (α1 + 1)
H l

m [α1 + 2] f (z)
H l

m [α1 + 1] f (z)
− 2α1

H l
m [α1 + 1] f (z)
H l

m [α1] f (z)
and

p (z) + γzp′ (z) = [1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 +

+γ (α1 + 1)
zH l

m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 − 2α1γ

z
{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3 .

Hence the hypothesis (7) yields the subordination.

p (z) + γzp′ (z) ≺ q (z) + γzq′ (z) .

Now the conclusion of our theorem follows by simply applying Corollary 2.2.
�

When l = 2, m = 1, α1 = a, α2 = 1, β1 = c Theorem 3.7 becomes

Corollary 3.8 ([7]). Let q be univalent in U with q (0) = 1, γ ∈ C∗ and
suppose that

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.

If f ∈ A and

[1 + γ (a− 1)]
zL (a+ 1, c) f (z)
{L (a, c) f (z)}2 + γ (a+ 1)

zL (a+ 2, c) f (z)
{L (a, c) f (z)}2 −

−2aγ
z {L (a+ 1, c) f (z)}2

{L (a, c) f (z)}3 ≺ q (z) + γzq′ (z) ,

then

z
L (a+ 1, c) f (z)
{L (a, c) f (z)}2 ≺ q (z)

and q is the best dominant.

By taking l = 1, m = 0 and α1 = 1 in Theorem 3.7, we obtain:

Corollary 3.9 ([7]). Let q be univalent in U with q (0) = 1, γ ∈ C∗ and
suppose that

Re
[
1 +

zq′′ (z)
q′ (z)

]
> max

{
0,−Re

1
γ

}
.

If f ∈ A and

z2f ′ (z)
{f (z)}2 − γz2

(
z

f (z)

)′′
≺ q (z) + γzq′ (z) ,

then
z2f ′ (z)
{f (z)}2 ≺ q (z)
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and q is the best dominant.

We consider q (z) =
1 +Az

1 +Bz
and give the following application of Theorem

3.7.

Corollary 3.10. Let A,B ∈ C, A 6= B, |B| ≤ 1 and γ ∈ C such that
Re γ > 0. If f ∈ A and

[1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 + γ (α1 + 1)

zH l
m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 −

−2α1γ
z

{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3 ≺ 1 +Az

1 +Bz
+ γ

(A−B) z
(1 +Bz)2

,

then

z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 ≺ 1 +Az

1 +Bz

and q (z) =
1 +Az

1 +Bz
is the best dominant.

We apply Corollary 2.4 to the function p given by (8) in the proof of Theorem
3.7 to obtain the following result.

Theorem 3.11. Let q be convex in U , q (0) = 1 and γ ∈ C, Re γ > 0. If

f ∈ A, z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 ∈ H [1, 1] ∩Q,

[1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 +

+ γ (α1 + 1)
zH l

m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 − 2α1γ

z
{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3

is univalent in U and

q (z) + γzq′ (z) ≺ [1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 +

+γ (α1 + 1)
zH l

m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 − 2α1γ

z
{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3 ,

then

q (z) ≺ z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2

and q is the best subordinant.

By combining the results of Theorem 3.7 and Theorem 3.11 we finally get
the following “sandwich theorem”.
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Corollary 3.12. Let q1, q2 be convex in U , q1 (0) = q2 (0) = 1, γ ∈ C,

Re γ > 0. If f ∈ A, z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 ∈ H [1, 1] ∩Q,

[1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 + γ (α1 + 1)

zH l
m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 −

− 2α1γ
z

{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3

is univalent in U and

q1 (z) + γzq′1 (z) ≺ [1 + γ (α1 − 1)]
zH l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 +

+γ (α1 + 1)
zH l

m [α1 + 2] f (z)

{H l
m [α1] f (z)}2 −2α1γ

z
{
H l

m [α1 + 1] f (z)
}2

{H l
m [α1] f (z)}3 ≺ q2 (z)+γzq′2 (z) ,

then

q1 (z) ≺ z
H l

m [α1 + 1] f (z)

{H l
m [α1] f (z)}2 ≺ q2 (z)

and the functions q1 and q2 are respectively the best subordinant and the best
dominant.

REFERENCES

[1] Bulboacă, T., Classes of first order differential superordinations, Demonstr. Math., 35,
No. 2 (2002), 287–292.

[2] Carlson, B.C. and Shaffer, D.B., Starlike and prestarlike hypergeometric functions,
SIAM J. Math. Anal., 15, No. 4 (1984), 737–745.

[3] Dziok, J. and Srivastava, H.M., Certain subclasses of analytic functions associated
with the generalized hypergeometric function, Integral Transform. Spec. Funct., 14 (2003),
7–18.

[4] Miller, S.S. and Mocanu, P.T., Differential Subordinations. Theory and Applications,
Marcel Dekker, Inc., New York, Basel, 1999.

[5] Miller, S.S. and Mocanu, P.T., Subordinants of differential superordinations, Complex
Variables, 48, No. 10 (2003), 815–826.

[6] Miller, S.S. and Mocanu, P.T., Briot-Bouquet differential superordinations and sand-
wich theorems, J. Math. Anal. Appl., 329, No. 1 (2007), 327–335.

[7] Shanmugam, T.N., Ravichandran, V. and Sivasubramanian, S., Differential sand-
wich theorems for some subclasses of analytic functions, Aust. J. Math. Anal. Appl., 3,
No. 1 (2006), Art. 8.

Received December 20, 2007 “Babeş-Bolyai” University
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