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TWO-DIMENSIONAL POTENTIALS GENERATING A GIVEN
ONE-PARAMETER FAMILY OF ORBITS ON A SURFACE

THOMAS KOTOULAS

Abstract. We say that a potential generates a curve on a surface if a unit mass
traces the curve under the action of the potential. We consider the following
problem: a one-parameter family of regular curves f(u,v) = c on a surface
(u,v) = {z(u,v), y(u,v), z(u,v)} is given. We seek two-dimensional potentials
of the form V (u,v) = uw™R(%), R being an arbitrary C*>-function, which generate
this family of regular curves as trajectories on the above surface. We show that
if the given family of orbits satisfies exactly two differential conditions, then such
a potential exists and it is determined uniquely. Special cases are also studied
and pertinent examples are given for each case. At a second step, if we consider
that the “slope function” v(u,v) = f»/fu is homogeneous of zero degree and the
components of the metric tensor are homogeneous functions of zero degree too,
then a potential of the above form always exists and it is found as a solution of
an ordinary second-order O.D.E. Several examples are offered and implications
of this study are discussed.
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1. INTRODUCTION

The inverse problem of dynamics in a broad sense consists of the determina-
tion of forces, parameters and constraints which are required for the realization
of the motion of a mechanical system with some properties given in advance
[12]. Especially, the inverse problem of dynamics, as introduced by [17], seeks
all the potentials V' = V(x,y) which can generate a one-parameter family of
planar orbits f(z,y) = ¢, traced in the zy Cartesian plane by a material point
of unit mass, with a preassigned dependence of its total energy & = E(f(z,y))
on the given family. There results a first-order partial differential equation,
linear in the unknown function V' = V(z,y) and the coefficients depend on
the family of orbits. This equation (written again by [5]) reads:

or
(1 Vet Wyt g (€~ V) =0
where
_ Sy
(2) = L' =vyz — -

Bozis [6] presented a second order linear partial differential equation giving
the potential functions V' = V' (z,y) which give rise to a preassigned family of
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planar curves f(z,y) = c. This equation is the following one:

(3) Vi + KVay + Viyy = AV + 1V,
where
1—~2 r, —~T, r
v T g

Bozis’ equation does not include the energy £ and consequently no assumption
about the energy dependence £ = £(f) needs to be made.

Mertens [15] studied a family of curves f(u,v) = ¢ on a smooth surface S in
3-D space using Szebehely’s method and obtained a linear partial differential
equation in the potential function V' (u,v). This equation is the following one:

(5) (922 fu — g12fo)Vu + (g11.fv — g12fu)Ve =2W(E = V),

where

W = %[g(fffuu - 2fufvfuv + fffvv)—
— Bi(g22fu — g12fv) — B2(g11.fo — g12fu)],
A= g11f3 — 2912fuf1} + 922f37

Br = S(00)af? + (12)o = 302)ul 72— (912)odufo

By = [(912)u — %(gn%]fﬁ + %(gzz)vfi — (922)ufutv,

g = g11922 — (912)2-

The subscripts denote partial differentiation with respect to the corresponding
variable.

Furthermore, Bozis and Mertens [7] derived a second order partial differen-
tial equation of hyperbolic type for the potential V' in which all the coefficients
are known functions of the coordinates u, v and gave some examples. This PDE
reads:

(7) klvuu + k2vuv - /6‘/111) + k3Vu + k4% - 07
where
ki = avy, ko =0y —a, ks =7+ vy —ay, ks =78y — By — 1,
1 1 fo
B) a = ﬁ(gmfu —g12fv), B= W(_gllfu +911fu), 7= I

Other works related to this topic are those by [3], [9], [13], [14].

In the present work we deal with the second order PDE (7) and we seek
homogeneous solutions of the form V(u,v)= u™R(w) where w = 2 and R is
an arbitrary C2-function. Similar works concerning homogeneous potentials
in the planar and three-dimensional version of the problem are those by [8]
and [11]. A review on basic facts of inverse problem in dynamics was presented
in [10] and [1]. Recently, Betsakos and Grigoriadou [2]| studied the problem



3 Families of orbits on a given surface 61

of the determination of all measures supported in a compact set K whose
logarithmic potentials generate each of the given curve.

In Section 2 we give a full description of this problem and we modify the
egs. (5) and (6) in such a way that we can handle them easier than previously.
In Section 3 we prove there is no homogeneous potential which generates
this family of orbits unless two differential conditions are fulfilled by the one-
parameter family of orbits on a certain surface. In Section 4 we make two more
restrictions: (a) we take into account that the “slope function” v = ~(u,v)
is homogeneous of zero degree and (b) the components of the metric tensor
are homogeneous functions of zero degree too. In this case a homogeneous
potential of degree m always exists. These potentials are solutions of a second-
order ODE in the unknown function R(w). Pertinent examples are given. We
conclude in Section 5.

2. DESCRIPTION OF THE PROBLEM

In an Euclidean 3D-space E? with an orthonormal Cartesian system of ref-
erence Oxyz we assign a smooth surface S:

(9) P = P(u,v) <= {x = z(u,v), y = y(u,v), z = z(u,v)}

with u, v as curvilinear coordinates on S. On this surface we also consider a
one-parameter family of regular curves given in the solved form

(10) flu,v) =¢, c€eR,

where ¢ is the parameter of the family (10). By regular curve we mean that
the function f is of C3-class on a domain D C E? and such that Vf # 0.

For the given family of orbits we define v as follows: v = f,/fu. The “slope
function” ~ represents the family (10) in the sense that if the family (10) is
given, then v is determined uniquely. On the other hand, if v is given, we
can obtain a unique family (10). The inverse problem of dynamics consists in
finding potentials V which can give rise to this family of curves as trajectories
on a given surface. In all over the paper we shall regard V' = V' (u,v) as the
potential function.

The line-element on the surface S in this system of parameters is given by:

(11) ds® = gndu2 + 2g1odudv + gggdv2,

where ¢g11, g12, g22 are known functions of u, v.

Now, we consider a particle of unit mass which describes any member of
the given family (10). Here we have to clear out that trajectories are bound
to a given surface by constraints. The kinetic energy (7') of the test particle
is given by ([15])

1 ) .. )
(12) T = 5(911u2 + 2g12U0 + 92202),

where the dot denotes differentiation with respect to time. Then the Hamil-
tonian governing this system reads: H =T + V.
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Using the notations:

Of\ (Of\ 1 oy Oy
=== dIlN=~y——- —
(13) v <8v)<8u) an 78u ov’
the equation (5) takes a simpler form:
2A
(14) (922 — v912) Vi + (7911 — 912) Vo + A—l(s —V)=0,
where
A = gT + Bj(g22 — v912) + Ba(yg11 — g12),
A1 = gny? — 29127 + 922,
15 1 1
(15) B = 5(911)7[72 + [(912)0 — 5(922%] — (911)v7s
/ 1 2 1
By = [(912)u — 5(911)11]7 + 5(922)1; — (922)u7-
Eliminating the energy-dependence function, we obtain the PDE of [7]:
(16) klvuu + kZVuv - ﬁ‘/vv + k3Vu + k4, % =0
where

(17) k'l:Od"}’, k‘2:/37_a7 k3:’7+’)/06u—061,, k4:7ﬂu_ﬁv_1
and the quantities o and § are given now as follows:

_ Ai(g22 —v912) 5= _Ai(vgu — gr2)

2A 2A
In the present work we consider the PDE (16) and we shall look for solu-
tions of the form V(u,v)= u™R(7) of any degree m. We have to solve a

linear, second order PDE in V' (u,v) and we shall try to find adequate triplets

(18) a=

[7, (9ij) V(u,v)} (i, 7 = 1,2) satisfying the above equation. The choice
of the potential function of this form makes the mathematical calculations

simpler. To our knowledge, there are not so many results in the literature
concerning this subject.

3. THE GENERIC CASE

We emphasize in homogeneous potentials

(19) V(“?”) = umR(w)a w = E>

where R is an arbitrary C?-function. We shall offer two criteria which must
be fulfilled by the given family of orbits (10) on a certain surface so that the
problem has a solution of type (19). Since V' (u,v) is a homogeneous function
of degree m, the following relation holds

(20) uVy, + vV, =mV.



5 Families of orbits on a given surface 63

We differentiate both members of (20) twice with respect to u, v and we get
the relations

UV + vV = (m — 1)V,

21
(21) uViyy + 0V = (m — 1)V,,.

Then we solve algebraically the system of 1 + 2 = 3 eqgs. ((16) and (21)) for
the second-order derivatives of the potential function V. We find

D

Vuu = D7(1)7
D

(22) Vo = D%,
D

‘/vv = D727

where:
Dy = MV + X2V, Do = A3V + MV, D3 = A5V, + A Vi,
AL =—[(m—1)fu+ v2ks + (m — 1)kav], Ao = —[v2k4 — (m —1)pv],

(23) Az = (m — Dvky +uvks, Ay = (1 —m)uf + uvky,

A5 = —[(m — Duky + u’ks], \¢ = (m — 1)(vky — uks) — u’ky
and
(24) Dy = k1v? — kouv — Bu®.

We continue our work assuming Dg # 0. Thus, we write two necessary and
sufficient conditions Viyuyw = Viuwyu Viwwye = Viww)u for the system (22) to
be compatible. In doing so, there appear again second order derivatives of V
which we intend to replace by the expressions (22) themselves. Thus we end
up to a system of two equations in V,,, V,,. This system is

(25) TV, +SVv,=0, CV,+ BV, =0,
where

T = p1 — Ap2 + A3p1, S = p2 — Aap2 + \apa,

26
(26) C = pg — A3p2 + Asp1, B = g — A\yp2 + Aep1
and

1 = (Ao — A3u)Do + (A2As — Aga),

2 = (A2y — Aau) Do + (Made — AT + A1 — Aa)s),
(27) 113 = (A3v — Asu) Do + (A5 — A1 As + MAs — Azhe),

pa = (Aay — A6u)Do + (A3Ag — A2 s),

oD, oD,
P1=—F—, P2 =

v
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However, the calculations show that the above two egs. (25) are not indepen-
dent. Thus, we have left only with one of them, let’s say the first one. At this
point we assume that 7' # 0, S # 0 and we define the ratio

S
28 = —.
(28) P=7
Hence the first of egs. (25) is written as
Since p = —%‘, the map p must be a homogeneous function of zero degree,
namely
(30) UPy, + vpy = 0.

We replace p (p defined in (28)) into (30) and we obtain the first differential
condition:

(31) (uSy +v8,)T — (uTy +vT,)S = 0.
We solve the system of egs. (20) and (29) and we find:
Vo o __mp
Vo v—pu
(32) v, m
vV o v—pu

It can be proved directly that the compatibility condition for the system (32)
is the differential condition (31). Since the potential function V'(u,v) is de-
termined uniquely (apart from a multiplicative constant), we have to take
only into consideration that it satisfies the PDE (16). Hence, we prepare the
derivatives of second order from (32) and we replace them into (16). In doing
so, we obtain the second differential condition for the family of orbits on a
certain surface:

(m — 1) (k15 — koT'S — BT?) + k1v(STy — T'Su)+
+ (kQU + ﬁu)(STv - TSU) + (k3S — k4T)(uS - UT) =0.

Now we can formulate the following:

(33)

PROPOSITION 1. If for the given family of orbits (10) the following condi-
tions hold:
(1) DOa T7 S#O;
(i) there exists a real m for which the two differential conditions (31) and
(33) are satisfied,
then this family of orbits is generated by a homogeneous potential of degree m.

The corresponding potential is determined uniquely, apart from a multiplicative
factor, by the system (32).

REMARK 1. If p = 0 (p is defined in (28)), then from (29) we obtain V,, = 0
and, hence, the potential is one-dimensional: V' = V(v).
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EXAMPLE 1. It is known ([18], p. 70, example 7) that the Liouville-type dy-
namical system, described in curvilinear coordinates (u, v) by the Lagrangian

L. 22 | 2 1
admits the one-parameter family of orbits
1 —u?
(35) flu,v) = 2z ¢

Indeed, we assign the metric
(36) g11 =gz =u> + 0%, g12=0

and the family of curves (35). Here we have Dy # 0 and p = —%. We
checked the two conditions (31) and (33) and we ascertained that the first
one is satisfied for any value of m, while the second one is satisfied only for
m = —2 and m = —4. Thus, for m = —2, the system (32) reads

Vi —2u
Vo w24 0?
(37) Vo —2v
Vo w2402
and the potential is
1
REMARK 2. We note here that the value m = —4 leads to the special case

T =S =0 (p is undefined in this case) and it will be studied in section 4.2.
EXAMPLE 2. We assign the surface S:
u,v) = {u+v, u—v, u+ v’}
and the one-parameter family of curves f = u + v? = ¢ on it. Then we have:

(39) gi1 =3, g2 =2v, g =2+ 402

It is: Do # 0 and p = 2% We checked the two conditions (31) and (33);

(m—1)v-
the first one is satisfied for any value of m, while the second one is satisfied
for m € {2,1, —2}. Thus, for m = 2, the system (32) reads

Vi 8u

Vo 4w+ 02
(40) v, 9%

Vo du2 402

and the potential is

(41) V(u,v) = 4u® + 2.
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For m = —2 we take S = 0 and T # 0. Then p = 0 and the corresponding
potential is one-dimensional: V' = V' (v). The second of the egs. (32) becomes:

(42) MR

and the potential is: V =V (v) = 1/v2.

For m = 1 we take S # 0 and T'= 0. Now we define p = T/S = 0 and the
corresponding potential is again one-dimensional: V' = V' (u). The first of the
egs. (32) is:

(43)

<[

1
U
and the potential is: V =V (u) = u.
ExXaMPLE 3. We assign the surface S:
3 o3

u
™(u,v) = {u -3 + uwv?, —v+ 5 vu?, u? — 02} (“Enneper’s” surface)

and the one-parameter family of curves f = u + v = ¢ on it. Then we have:
(44) g1 = gn=>0+u>+2%)? g2 =0.

It is: Do # 0 and p = —%. We checked the two conditions (31) and (33); the
first one is satisfied for any value of m, while the second one is satisfied only
for m = 2. Thus, for m = 2, the system (32) becomes

Vu 2(u + 3v)
Vw4 6uv + 02’
45
(45) Vo 2(3u+v)
Vo w2+ 6uv + 02
and the potential is
(46) V(u,v) = u* + 6uv + v*.

COUNTEREXAMPLE. We assign the previous surface and the family of curves
f =u?—v? = ¢ now. We found that none of the conditions (31) and (33) is
satisfied. So, this family of curves is not generated by a potential of the form
(19).

4. SPECIAL CASES

Up to now we supposed that Dy # 0 and T', S # 0. In this paragraph we
shall examine the cases Dp =0 and T = .5 = 0.
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4.1. The case Dy = 0. The linear system (22) is meaningful only if Dy # 0.
Otherwise, i.e., if Dy = 0, then each of the three quantities in the rhs of (22)
should be zero. This leads to a (linear, homogeneous) algebraic system in
Vi, Vi of “three” equations. It can be checked, however, that, for the given
family satisfying the relation Dy = 0, the rank of the matrix

A1 A9
A3 A4
A5 Ae

is equal to one. This means that the aforementioned system consists of just
one equation, say the equation

(47) MV + XV, =0

which ensures the compatibility of equations (16) and (20). We define p = :\\—f
and then we combine (47) with (20). So, we obtain the system (32). Then we
have to check two differential conditions analogous with (31) and (33). In this

case it is: S — Xo and T — Aq.

ExXAMPLE 4. We assign the sphere:
A ) w+v?—1 2u 2v
(u,v) =
’ w2+ +1 w402 +1 w2+ +1
and we consider the one-parameter family of curves f = u? + v? = ¢ on it.
Then we have:

4
48 = = =0.
(48) 911 = 922 1+ u2+02)2 912
In this case we have Dy = 0. We checked the two conditions (31) and (33) and
we found that these conditions are both verified for any value of m. Thus, the
system (32) becomes:

Vi mu
Vo w2402
(49) Vo mu
Vo w2402
Hence the potential function V (u,v) is
(50) V(u,v) = (u? 4 0?2,
4.2. The case T'= S = 0. If for the given one-parameter family of orbits we
have:
(51) T=0 and S =0,

but Dy # 0, then the ratio p cannot be determined in (28). Thus, for the
pertinent family (10), none of the egs. (25) provides fruitful information for
the determination of the potential function V. In other words, no additional
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condition is imposed for the compatibility of the system (22). So, we deal only
with the second-order PDE (16) and solve it when it is possible.

EXAMPLE 5. We consider again the metric

(52) g1 = g2 = v + 0%, g1a =0
and the one-parameter family of curves
1— 2
(53) fluv) = ——=c.
We look for potentials of degree m = —4. As we explained in Example 1, we

have to face the case T'= 5 = 0. We replace the expression for the potential
1

(54) V(u,v) = —
u

into (16). Then the PDE (16) is transformed into the following second-order
ODE
(55) (w+ w*)R"(w) + (Tw?® + 3)R'(w) + SwR(w) = 0,

where “? denotes differentiation of R with respect to its argument w. The
general solution of (55) is

e [ ehw)
(56) R(w) = [02 + 81/ ” dw} e MW (¢y, ¢y const.)
with
T, 5
(57) h(w) = % "3 log w.

5. THE RESTRICTIVE CASE

We shall make here the following assumptions:

(i) We suppose that such potentials can give rise, among others, to a
family of curves (10), where f(u,v) is homogeneous function in (u, v)
of any degree. Then the “slope function” ~(u,v) is homogeneous of
zero degree, i.e.,

(58) v=w), w=—.

(ii) We consider that the components of the metric tensor are homogeneous
functions of zero degree, namely

(59) gi1 = 911(10), gi12 = 912(10)7 g22 = 922(w)-

After some straightforward calculations, the PDE (16) is transformed into a
new ODE of second order for the function R(w):

(60) OsR" (w) + C1R'(w) + CoR(w) = 0,
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where the primes denote total differentiation of the function R with respect
to its argument w. The coefficients Cy, C1, Cy are given as follows

Cy = w?F, — wF, + Fy,
(61) Cy = -2(m— 1wk, + (m — 1)Fy —wFy + F5,
Co =m[(m — 1)Fy + F4],
and the expressions of Fj (j =1,...,5) are given in the Appendix.

REMARK 3. If we search for potentials of zero degree (m = 0), then we have
Co = 0 and the ODE (60) is solvable (e.g. Example 7).

5.1. Pertinent Examples. In this paragraph we shall present some results
for potentials possessing one-parameter families of regular orbits (10) on a
smooth surface (9) under the previous restrictions. Let us begin with

EXAMPLE 6. We consider the metric: ds? = w(du? + dv?) (u, v > 0) and
the one-parameter family of curves f = v? —u? = c. It is: v = —u = —w.
Here all the coefficients Cy, Cy and Cj in (8) depend on the variable w. We

shall search for potentials of fourth degree (m = 4). From (8) we obtain
1

Cy = iw(w4 - 1),

(62) C1 = —%(wQ +1)(3w? + 1),
Co = 2w(1 + w?).

Thus, using the method of undetermined coefficients, we found a particular
solution of (7) for the unknown function R(w). This is:

(63) r(w) = w? + 1.

Now, applying the transformation R(w) = r(w) [ z(w)dw, we computed the
general solution of (31). We replaced the expression R(w) = r(w) [ z(w)dw
into (7) and we found that the unknown function z(w) has to satisfy the
following ODE:

dz dr
(64) Cor+ 2027+ clr}z — 0.
The general solution of (64) is:

B (w2 _ 1)2

(65) z(w) = W@ T 1
Then the function R(w) is determined uniquely:
(66) R(w) =2+ (1 +w?)log(w).
Hence the potential function V (u,v) is given by:
(67) V(u,v) = 2u* + (u* + u?v?)log (%) .
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REMARK 4. Working in a similar way for m = 6, we found the following
result:

(68) V(u,v) = ub + 6utv? +u?ov?.

EXAMPLE 7. In this example we shall consider a surface whose metric has
the property (6) and we shall seek for potentials of zero degree (m = 0). We
consider the surface: 7= {u, v, 2%} and the one-parameter family of helical
lines f(u,v) =wu=conit. Itis:

_1+4w+6w2+4w3+2w4 B w?
(69) g1 = 1+ w) y 912 = (1‘1‘77«0)4’
2 + 4w + 6w? + 4w? + w? 2(1 + w + w?)?
g22 = (11 w)? » § = 1+wi

From (8) we obtain:

4+ 1w 4 30w? 4 40w® 4 36w? + 21w° + Tw® + w’

C
2 4w(1 + w)? ’
Py
Py = —4 — 12w — 2w? + 38w + 96w + 116w° + 77w’ + 27w” + 4w®,
Co = 0.

Solving (7) for R(w), we found

2 4 4w + 6w? + 4w3 + w?
71 R — 9
(71) (w) 4(2 + 3w + 3w? + w3)4/3
consequently the potential function V' (u,v) is

ut + (u+v)4
4[ud + (u + v)3]4/3°

(72) V(u,v) =

6. CONCLUDING COMMENTS

In the present work we dealt with potentials of the form V (u,v) = u™R(%)
generating a one-parameter family of regular orbits f(u,v) = ¢ on a certain
surface S. We used the property of homogeneity for the potentials which is
very common in physical problems. We studied the following two cases: (a)
homogeneous potentials producing families of orbits on a given smooth surface
and (b) homogeneous potentials producing homogeneous families of orbits on
surfaces with homogeneous components of the metric tensor. Generally speak-
ing, this problem has no solution. It is not expected to find such a solution
for any one-parameter family of orbits (10) on a given surface (9) unless two
necessary and sufficient conditions for the family of orbits are satisfied. With
the aid of these conditions we can check whether a given family of orbits does
indeed fulfill them or not and then find uniquely the corresponding potential.
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All the potentials found are real. The mathematical treatment of the prob-
lem led us to study certain special cases. Several new results concerning this
interesting version of the inverse problem in Dynamics were given. All the
computations were aided by the symbolic algebra program MATHEMATICA
5.2.
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Appendix (The restrictive case of Section 4)

F1 _ _’yA21]{K1’ F2 — ’YA1(9222}}72911)7 F3 — 7131;(2’
Fy =~ 4 ~vday — dag, F5 = ~ydby — dby — 1,
da1 = _3%217

parl = (PLK1 +wA1Q1)H — AL KT,
Py = —w(g11)wy? = 27wg117 + 2w ywg12 + 27w (912)w — w(g22)w,
Ky = goo —vg12, K2 =911 — g12,
Zy = =17 w(g11)w] — (g11)wY + (912)w + 50(g22)w,
Zy = —[w(g12)w + 3(911)w]¥? + w(g22)wY + 3(922)w,
H = —g(wyyw + Yw) + Z1 K1 + Z2 K>,
Q1 = —(922)w + w12 + 7(912)w,
€1 = —%w(gn)w, €2 = —(911)w;
m = 3w[(911)w + w(g1)wwl, M2 = w(g11)ww
13 = —w[(g12)ww + 5 ((922)w + w(g22)w)], M = —w(2€e17 + €2)Yu,
Z3 =my* + 2y + 03+ 4,
01 = —[w(g12)w + 3(911)w]; b2 = w(g22)w,
A= [(g12)w + w(g12)w + 3(911)wwlw,
Ao = —w[(g22)w + w(g22)w)
A3 = —3w(g22)wws M= —w (2017 + 62) 7w,
Zy = 7+ Ay + A3+ Ay,
L1 = w[—(g22)w + 9127w + V(912)w],
Ly = —wlgi1vw +7(911)w — (912)w),
Ny = (w%v)2 + 'Y’waw2 + 29wy + WYww + Y,
Lo = (911)wg22 + 911(922)w — 2912(912)w
M = Lowy,(yw + 1),
Ty = My + gN1 + Z1 Ly + ZoLo + (23 — Z1) Ky + (Z4 — Z2) Ko,
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__ par2
da2 — T 922>

par2 = (P K1 + A1Q2)H — A1 K1 Tb,
Py = (g11)wy? + 291177 — 270012 — 27(912)w + (922)w;
Q2 = (922)w — Vw912 — Y(912)w;
= —=5[(910)w + (g1 )ww), H2 = —(g11)ww,
ps = [(912)w + 5 ((922)w + W(g22)ww)], b4 = [2€17 + €2]Vu,
Zs = my? + pay + 13 + pa,
p1 = —1(912)w + w(912)ww + 3(911)wwlw, p2 = (922)w + w(g22)ww)
p3 = 3(922)w, pa = (2017 + 62) 7w
Zs = ;1Y* + p2y + p3 + pa,
L3 = (g22)w — 71912 — ¥(912)ws La = Ywg12 + 7(911)w — (912)w,
Ny = —[wyg, + Wy Yww + YV + Youw),
Ms = _LO’Yw(l + w'Yw)a
To = Mo+ gNo + Z1Ls + ZoLy + Z5s K1 + Zg Ko,

dbl _ _par3

2H?2»
par3d = (PlKQ + ’LUAng)H — AlKQTl,

dby = __pard

2H?2»

pard = (P2K2 + A1Q4)H — A1 KTy,
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