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CHARACTERIZATIONS OF CLOSED SETS IN PRODUCT
SPACES

DIMITRIOS N. GEORGIOU, SAEID JAFARI and TAKASHI NOIRI

Abstract. In this paper we characterize different types of closed sets in product
spaces using the notion of upper limit.
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1. INTRODUCTION

Let X be a set. A netin X is a map S: A — X of a directed set A into X.
The net S is also denoted by {sx, A € A}, where sy = S()) (see, for example,
[3] and [10]).

Let X be a topological space, A be a subset of X, and z € X. By CI(A)
(respectively, Int(A)) we denote the closure (respectively, the interior) of A
in X. It is known that:

(i) The point x of X belongs to the closure of A in X if and only if there is
a net in A converging to x (see [10]).

(ii) The point z is in the ¥-closure (respectively, in the d-closure) of A of
X, x € Cly(A) (respectively, z € Cls(A)), if each open subset V containing
x satisfies AN CUV) # 0 (respectively, AN Int(CL(V)) # 0). A is 9-closed
(respectively, d-closed) if Cly(A) = A (respectively, Cls(A) = A) (see, for
example, [12] and [15]).

(iii) A net {z) : A € A} in X J-converges (respectively, d-converges) (see, for
example, [2], [5], [6], and [7]) to z if for every neighborhood U of x there is some
Ao € A such that A > X\g implies z) € CI(U) (respectively, z) € Int(CI(U))).

Let Y, Z be topological spaces and f be a map of Y into Z. The map f is
said to be ¥-continuous (respectively, d-continuous) at y € Y if for every open
neighborhood V' of f(y) there exists an open neighborhood U of y such that
F(CLU)) C CUV) (respectively, f(Int(CL(U))) C Int(Cl(V))). The map f is
said to be ¥-continuous (respectively, d-continuous) on Y if it is ¥-continuous
(respectively, d-continuous) at each point of Y (see, for example, [4], [8], and
13]).

Let Y, Z be topological spaces and f be a map of Y into Z. The map
f is said to be d-continuous (respectively, quasi ¥-continuous) if for every o-
closed subset (respectively, ¥-closed subset) A of Z, f~1(A) is é-closed set
(respectively, ¥-closed) in Y (see, for example, [13] and [14]).

Let P(X) be the family of all subsets of a topological space X. A net in
P(X) is also called a directed set of subsets of X. If A is a directed set, then
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by @(A ) (respectively, 19—%(14 z)) where Ay C X, we denote the upper limit

(respectively, J-upper limit) of the net {Ax, A € A} in P(X), that is, the set of
all points x of X such that for every \g € A and for every open neighborhood
U of z in X there exists an element A € A for which A > A\g and A\ NU # 0
(respectively, Ay N CIU(U) # 0) (see, for example, [1], [5], [9] and [11]).

If A is a directed set, then by w—ﬁ—@(/b\), where Ay C X, we denote the

weakly V-upper limit of the net {Ax,A € A} in P(X), that is, the set of all
points x of X such that for every \g € A and for every open neighborhood U of
x in X there exists an element A € A for which A > \g and A\NInt(CL(U)) # 0
(see [6] and [7]).

In what follows by X, Y, Z, Y1,...,Y,, we denote topological spaces.

2. CLOSED SETS IN PRODUCT SPACES

DEFINITION 1. Let D be a subset of X x Y7 x --- x Y,,. For every z € X
we denote by D, the subset DN ({z} x Y1 x --- xY,,) of D and by D]z] the
subset of Y7 x --- x Y, for which D, = {z} x Dlz].

THEOREM 1. A subset D of X x Y1 is closed if and only if for every net
{zx: X €A} in X converging to a point x of X we have

(D)) € Dlal.

Proof. Let D be a closed subset of X x Y] and let {z) : A € A} be a net in
X converging to x € X. Consider

y € lim(Dlzy]).

Then, for every open neighborhood V; of y in Y; and for every A € A there
exists an element \' > X such that V,, N D]z ] # 0.

Let V, and V), be arbitrary open neighborhoods of  and y in X and Y7,
respectively, and let U =V, x V;,. Since the net {xy, A € A} of X converges
to z € X, there exists an element A € A such that {z), : Ay > A} C V,. Let
XN > Xand VyNDlzy] # 0. If v € V, N D[zy], then (zy,y’) € U, that is,
UND # 0, hence, (z,y) € CI(D) = D. This means that (z,y) € D,, that is,
y € Dlz].

Conversely, let D be a subset of X x Y7 such that

in(Dfey]) € D]

for every net {z) : A € A} in X converging to x € X. We prove that D is
closed. Indeed, suppose that (z,y) € Cl(D). We prove that (z,y) € D. There
exists a net {(zx,yx) : A € A} in D converging to (z,y). This means that for
every open neighborhood V, and Vj, of x and y in X and Y7, respectively, there
exists an element A € A such that xy € V, and yy €V, for every A’ > A. In
particular from this it follows that the net {x) : A € A} in X converges to z.
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Also, (zx,yx) € D or yx € D[z,]. So the above means that V, N D]z ] # 0,
for every M > ), that is,

y € (D))
and therefore y € D[z], that is, (x,y) € D. O

COROLLARY 1. A subset D of X x Y1 x Yy x --- XY, is closed if and only
if for every net {x) : A € A} in X converging to a point x of X we have

lim(Dlz,]) € Dla].

DEFINITION 2. Let F': X xY — Z be a continuous map. By F,, where
x € X, we denote the continuous map of Y into Z, for which F,(y) = F(z,y),
for every y € Y.

THEOREM 2. A map F : X x Y1 — Z is continuous if and only if for every
closed subset K of Z and for every net {xy : X € A} in X converging to x € X
we have

(1 (K)) € F; 1 (K).

Proof. Let us suppose that the map F' is continuous and let K be a closed
subset of Z. Then, the subset D = F~1(K) is closed in X x Y.

We observe first that for every map F': X x Y] — Z and for every K C Z
we have (F~}(K))[z] = F;'(K). Indeed, y € (F~'(K))[z] if and only if

x
(z,y) € F~Y(K), that is, if and only if y € F, }(K).
Hence, by Theorem 1, we have

lim(Dlea]) € Dl

that is,
Tm(F,, (K)) € F, | (K).

AT

Conversely, suppose that for every closed subset K of Z and for every net
{zx: XA € A} in X converging to z € X we have

lim(F,, 1 (K)) € Fy (K.

We prove that F' is continuous. Indeed, let K be any closed subset of Z and

let {x): A € A} be a net in X converging to € X. Then we have
Tin(F;,(K)) € By \(K)

or

(P (K)[ea]) € FH(E)fal.

Hence, by Theorem 1, the set F~!(K) is closed in X x Y; and therefore the
map F' is continuous. ]



54 D.N. Georgiou, S. Jafari and T. Noiri 4

COROLLARY 2. A map F : X x Y] x --- x Y, — Z is continuous if and
only if for every closed subset K of Z and for every net {x) : X\ € A} in X
converging to x € X we have

@(Fg(f()) C F;YK).

3. 0-CLOSED SETS IN PRODUCT SPACES

THEOREM 3. Let x € X. The point x belongs to the §-closure of a subset
A of X if and only if there is a net in A which d-converges to x.

Proof. Let {xx,\ € A} be a net in A which J-converges to x in X. We
consider an open set V of z in X. Since the net {xy,\ € A} d-converges to
x, there exists A\g € A such that xy € Int(CIl(V)), for every A € A, A > Ao.
Hence Int(Cl(V)) N A # ) and z € Cls(A).

Conversely, let x € Cls(A). Then for every open neighborhood U of z it
follows that Int(Cl(U))NA # 0. Let N'(z) be the set of all open neighborhoods
of z in X. The set N(z) with the relation of inverse inclusion is a directed set.
For every U € N (z), let zy € Int(Cl(U))NA. Clearly, the net {zy,U € N(z)}
d-converges to x. O

THEOREM 4. A subset D of X x Y7 is d-closed if and only if for every net
{zx: X € A} in X which d-converges to a point x of X we have

w—ﬂ-@(D[z,\]) C Dix].

Proof. Let D be a d-closed subset of X x Y] and let {z) : A € A} be a net
in X which d-converges to x € X. Consider

y € w-ﬁ-@(D[m] ).

We prove that y € D[z]. Clearly, for every open neighborhood Vj, of y in V3
and for every A € A there exists an element A’ > X such that

Int(Cl(Vy)) N Dzy] # 0.

Let V, and V, be arbitrary open neighborhoods of z and y in X and Y,
respectively, and let U =V, x V.

There exists an element A € A such that {z), : A1 > A} C Int(Cl(Vy)).
Let X > X and Int(Cl(Vy)) N D[zy] # 0. If v € Int(CL(Vy)) N Dizy],
then (zy,y') € Int(CIL(U)), that is, Int(ClL(U)) N D # () and, hence, (z,y) €
Cls(D) = D. This means that (z,y) € D,, that is, y € D[z].

Conversely, let D be a subset of X x Y7 such that

w—ﬁ—@(D [z)]) C Dlx]

for every net {x) : A € A} in X J-converging to x € X. We prove that D
is d-closed. Indeed, suppose that (x,y) € Cls(D). Then, there exists a net
{(zx,yxn) : A € A} in D §-converging to (z,y). This means that for every open
neighborhood V, and V, of x and y in X and Y1, respectively, there exists an
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element A € A such that xy € Int(Cl(V;)) and yy € Int(Cl(V,)) for every
A > A, In particular from this it follows that the net {z) : A\ € A} d-converges
to x in X.

Also, since (zx,yy) € D or yy € D[z,], the above means that

Int(C’l(Vy)) N D[I)\/] 75 @,
for every X > )\, that is,
y € w—ﬁ—%(D[m\]) C Djx].

Hence, y € D[z] and (z,y) € D. O

COROLLARY 3. A subset D of X x Y1 x Yo x --- XY, is d-closed if and only
if for every net {z) : X\ € A} in X which §-converges to a point x of X we
have

w—ﬁ—%(D[m,\]) C Dix].

DEFINITION 3. Let F': X x Y — Z be a d-continuous map. By F, where
x € X, we denote the d-continuous map of Y into Z, for which F,(y) = F(z,y),
for every y € Y.

THEOREM 5. A map F: X XY, — Z is §-continuous if and only if for every
d-closed subset K of Z and for every net {xy : A € A} in X which d-converges
to x € X we have

w-ﬂ-@(Ffl(K)) C F,Y(K).

T ="z

Proof. Let F': X x Y] — Z be a §-continuous map and K be a d-closed
subset of Z. Then, the subset D = F~1(K) is d-closed in X x Yj. First we
observe that for the -closed subset K of Z we have (F~Y(K))[x] = F,; }(K).
Hence, by Theorem 4, we have

w—ﬁ—%(D[m)\]) C Dlz],

that is,
w-ﬁ-hgl(Fg(K)) C F,Y(K).

Conversely, let K be any d-closed subset of Z. We prove that F~!(K) is
d-closed. Let {z) : A € A} be a net in X which d—converges to z € X. Then
we have

w-d-im(F 1 (K)) € ' (K)
or

w0 (P (E)a]) € P (K) o).

Hence, by Theorem 4, the set F~!(K) is d-closed in X x Y7 and therefore the
map F': X x Y] — Z is §-continuous. U
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COROLLARY 4. A map F: X x Y] X --- x Y, — Z is §-continuous if and
only if for every d-closed subset K of Z and for every net {x): A € A} in X
which d-converges to x € X we have

w-ﬁ-@(F—l(K)) C F,Y(K).

T

4. Y-CLOSED SETS IN PRODUCT SPACES

THEOREM 6. Let x € X. The point x belongs to the ¥-closure of a subset
A of X if and only if there is a net in A which ¥-converges to x.

Proof. Let {xx, A € A} be a net in A which ¥-converges to z in X. We
consider an open set V of z in X. Since the net {z), A € A} is ¥-converging
to x there exists A9 € A such that z) € CI(V), for every A € A, A > X\g. Thus
Cl(V)N A # () and therefore z € Cly(A).

Conversely, let x € Cly(A). Then for every open neighborhood U of z it
follows that Cl(U)N A # (0. Let N'(x) be the set of all open neighborhoods of
z in X. The set N'(z) with the relation of inverse inclusion is a directed set.
For every U € N(z), let zy € CI(U) N A. Clearly, the net {zy,U € N(z)}
¥-converges to x. O

THEOREM 7. A subset D of X x Y7 is ¥-closed if and only if for every net
{zx: X € A} in X which 9-converges to a point x of X we have

9-Tm(Dlzy)) € Dl

Proof. Let D be a 9-closed subset of X x Y] and let {z) : A € A} be a net
in X which ¥-converges to x € X. Consider

y € O-lim(Dl,]).

Clearly, for every open neighborhood V,, of y in Y7 and for every A € A there
exists an element X' > A such that CI(V,) N D[zy] # 0. Let V, and V}, be
arbitrary open neighborhoods of z and y in X and Yj, respectively, and let
U=V, xV,.

There exists an element A € A such that {xy, : Ay > A} C Cl(V,). Let
X' > Xand Cl(Vy)NDlzy] # 0. If y € Cl(Vy)ND|zy], then (zy,y’) € CLU),
that is, CI(U) N D # () and, hence, (z,y) € Cly(D) = D. This means that
(x,y) € Dy and therefore y € D|x].

Conversely, let D be a subset of X x Y; such that

2T (D)) € Dla]

for every net {z) : A € A} in X which ¥-converges to z € X. We prove
that D is v¥-closed. Indeed, suppose that (z,y) € Cly(D). We prove that
(z,y) € D. There exists a net {(zx,yx) : A € A} in D which dJ-converges to
(x,y). This means that for every open neighborhood V;, and V,, of  and y in
X and Y7, respectively, there exists an element A € A such that zy € Cl(V})
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and yy € Cl(V,) for every X' > . In particular from this it follows that the
net {x) : A € A} in X ¥-converges to .

Also, since (z,yr) € D or yy € Dlx,], the above means that CI(V,) N
Dlzy] # 0, for every X > \, that is,

y € 0-Tm(Dla]) € Dl

Thus y € D[z], that is, (z,y) € D. O

COROLLARY 5. A subset D of X x Y1 X Yo X -+ XY, is ¥-closed if and only
if for every net {x) : A € A} in X which ¥-converges to a point x of X we
have

9T (Dlra)) € Dle).

THEOREM 8. A map F: X x Y], — Z is quasi ¥-continuous if and only if
for every ¥-closed subset K of Z and for every net {z) : A € A} in X which
J-converges to x € X we have

0Tin(Fy H(K) € Fy (K.

Proof. Suppose that F': X xY; — Z is quasi ¥-continuous and let K be a -
closed subset of Z. Since the map F is quasi ¥-continuous, the set D = F~1(K)
is ¥-closed in X x Y. Hence, by Theorem 7, we have

J-lim(D[z,]) € Dlx],

that is,
9T ( ! (K)) € By ().
Conversely, let K be any 9-closed subset of Z. We prove that the subset

F7YK) is ¥-closed. Let {z) : A € A} be a net in X which ¥-converges to
x € X. Then, we have

Tl -1
oI (F, (K) € B (K)
or
P (F (1) ] € F(K) o).
Hence, by Theorem 7, the set F~1(K) is ¥-closed in X x Y7 and therefore the

map F': X x Y7 — Z is quasi ¥-continuous. ([l

COROLLARY 6. A map F': X xY1 XYoo x--- XY, — Z is quasi ¥-continuous
if and only if for every ¥-closed K of Z and for every net {x) : A € A} in X
which ¥-converges to x € X we have

OTn(Fy () € Fy (K.
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