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CONDITIONAL CAUCHY EQUATIONS OF RIGHT
CYLINDER TYPE ON n-GROUPS

VASILE POP

Abstract. The subject of this paper is the extension of the results obtained for
a conditional Cauchy equation on groups (equation that is called by J. Dhombres
[3], Cauchy equation of right cylinder type) to the similar equations on n-groups.
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1. INTRODUCTION

We recall the results for the Cauchy functional equation of right cylinder
type on groups, that will be further used.

DEFINITION 1.1. ([3]) If (G, 0) and (H, *) are two groups and Y is a subset
of G, then the functional equation:

{ f:G—H
flxoy)=f(z)*f(y), x€G, yeyY
is called conditional Cauchy equation of right cylinder type.

THEOREM 1.1. ([3]) If (G,0) and (H,*) are two groups, Y is a nonempty
subset of G, G, is the subgroup generated by Y in G, then the functional
equations

f:G—H
(1.1) { floy)=f(@)* f(y), z€G, yeY
and

f:G—H
(1.2) { flxoy) = f(z)* f(y), x € G, ye G

are equivalent.

THEOREM 1.2. ([3]) The general solution of the equation (1.1) (of right
cylinder type) is:

(&) = h(p(x)) * g(z o (s(p(x))) ™),
where:
p: G — G/p is the canonical projection on the quotient set with respect to
the equivalence relation xpy < xoy~ ! e Go;
h:G/p— H is an arbitrary function such that h(p(1)) = 1;
s:G/p— G is a lifting relative to p;
g: Go — H is a morphism such that g(s(p(1))) = 1.
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2. MAIN RESULTS

Let (G,¢) and (H,1) be (n + 1)-groups with the (n + 1)-ary operations
0:G" - Gandy: H"! — H.

DEFINITION 2.1. If Y is a nonempty subset of G, then the functional equa-
tion:
(2.1) { f:G—H
fle(@,yr, . yn)) = (f (@), f(y1), - -+ fyn))
xe€G, y,...,yn €Y
is called Cauchy functional equation of right cylinder type.

REMARK 2.1. The Cauchy functional equation of right cylinder type is a
constant conditional equation or a Z-conditional Cauchy equation [6], in which
theset Zis Z =G x Y™

In the sequel we will consider the equation (2.1), we denote by G, the sub-

(n + 1)-group generated by the set Y in G, Z = G x G2 and the constant
conditional Cauchy equation:

f:G—H
(2'2) { f((p(x,zl, .. .,Zn)) = 1/}(f($), f(zl)v .- ,f(Zn))

reG, z1,...,2n € Go.
THEOREM 2.1. The functional equations (2.1) and (2.2) are equivalent.
Proof. In the proof we will use the notation

So(xaylw"ayn) = (xaylw"ayn)o

Y(u,v1, ... 0) = (U, 01, .., Un) s
We consider the sets
Zi=GxY" ' %Gy, Zo=GxY"2xG? ..., Z,=GxG"=17
and we will prove by induction that all these Z;-Cauchy conditional equations
are equivalent.

Taking into account the inductive construction of the sub (n + 1)-group
generated by the set Y, to prove that the Z Cauchy equation is equivalent to
the Z1-Cauchy equation it is sufficient to show that:

a)If x € G, y1,...,Yn—1 €Y, z1,...,2n41 € Y and z = (21,...,2n+1)o
then:

f((qj»yl: <o Yn—1, Z)O) = (f(.%‘), f(y1)7 B f(yn—1)7 f(Z))*,
b)Ifx € G, y1,...,yn €Y then:

f((ivvyla e 7yn717yn)0) = (f($)7 f(yl)’ et f(yn)7 f(yn))*

where Z is the skew element of z in G.
a) f(('f?yl) s 7yn717z)0) = f(((x7y17 s 7yn71721)05225 o 7Zn+1)o) —

= (f((:c,y]_, .. '7yn—172)0)7f(x2)7 s 7f($n+1))* =
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= ((f(l‘)v f(y1)7 . '7f(yn*1)a f(zl))*v f(zQ)? .- -,f(zn+1))* =
= (f(x)mf(yl)? ) f(z))*

b) For y € G we can write

W) =@y, 9)0) = (F@), F(Y), -5 F(Y)-

and

(f@W), f(W)s- s fW)e = f(x) = @) = fy)
Then:

f((x7y17 s 73/71)0) = f((xaylv s Yn—1, (yna v 7yn)0)0) =

= f(((wayla s 7yn—17gn)07ynv <o ,yn)o) -
= f((l‘vyla .. '7yn717yn)07 f(yn)) .. 7f(yn))*

We can also write:

f((CC,yl, ce ,yn)o) = (f(x)a f(yl)v s 7f(yn))
= (f($)7 f(yl)a s 7f<yn—1)7 (f(yn)v f(yn)v s 7f<yn))*)* =

= ((f(x)af(yl)7 e '7f(yn—1)7f(yn))07f(yn)7 ) f(yn))*

From the previous two relations it follows:

f((xa Y1y ynflayn)o) = (f($)¢ f(y1)7 R f(ynfl)a f(gn))*

We prove now that the Z;-Cauchy equation is equivalent with Z5-Cauchy
equation.

Forz € G, y1,...,yn—2 €Y, 21,...,2n41 €Y, 2 = (21,...,2n41)0 and
t € Gy we have:

*

f(@ 91, Yn—2,2,t)0) =
= f(((Zy Y1, -+ Yn—2y 21, 22)0y 235+« + 3 Znt1, L)o) =
(T, 915+ Un—2,21,22)0), f(23), - -+, f(2nt1), f(1))s =
) F W), fyn—2), f(21), f(22), -, f(zng1), f(E) s =

= (f(iL'), f(yl)v s >f(yn—2)v f(Z), f(t»*

For x € G, y1,...,yn—1 € Y, t € Go; because G, is a sub-(n + 1)-group the
equation (Yn—1,---,Yn—1,Y)0 =t < (Yn—1,y)o =t has a solution y = u € G,
n

and then:

=(f
= (f(z

f((mvyla e 7yn—17t)0) = f((xaylv e 7yn—17yn—17u)00)
n

= (@51, Yn—1,1)s)

= (f@), f(yn), - f(yn-1), f(u))s

= (f(@), fF(y1)s s FYn—1)s fF(Wn=1)s -+, F(Yn—1)s f (1))
= (f(@), fQyr), - fyn-1), (£))s

= (f(@), fW1)s - fFn1), f (1))
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In the same way one can prove that the Z;-Cauchy equation is equivalent to
Zi+1-Cauchy equation, for ¢ =2,...,n — 1. O

Foreword to obtain the general solution of the equation (2.1), we define an
equivalence relation on G and we point out some properties of this relation.

If G, < G is a sub-(n + 1)-group in G, we define the relation: (G, G, (G,))
by:

z(Go)y < there exists u € Gy such that (z, ¥ ,7,u) € Go.

n—2
The relation (G,) has the properties [7]:
a) If (G,0) = Red,(G,( )o) is the binary Hosszu reduces group and we
denote by y* the inverse element of y in (G, o), then:

z(Go)y & zoy" € Go;
b) 2(Go)y < there exists g1, ..., gy € Go such that:

= (91, 9n,Y)o;
c) z(Go)y < (z, yQ,y,v) € G, for all v € Go.

Let u € Go, (G,0) = Redu(G,( )o), (H,*) = Redy(H,( )+), a,3 the
automorphisms of Hosszu’s reduces:

O‘(m) = (u7m7n227ﬁ)0a ﬂ(l’) = (f(u)a Y, f(nQQ), f(u)>*

Since a € Aut(G, o) and G, is a sub-(n + 1)-group, « is also an automor-
phism of (G, o).

THEOREM 2.2. The function f : G — H is a solution of equation (2.2) if an

only if f is a solution of equation (1.2) and f|g, : Go — H is (n + 1)-groups
morphism.
Proof. If
f((x7gla <o 7971)0) = (f(:l)), f(91)7 B f(gn))*
then flg, : Go — H is (n+1)-groups morphism, f(u) = f(u), u € Go, U € G.,
and

f((z,un—2,%,9)o) = (f(2), f(un—2) f(@), f(g))s,
reG, wueG, ge€dG,.

Conversely:
(Z, 91,y gn)o =z oa(g1) o -0a"(gy)0a,
@ = () £la) = (1)) = (F(w). =,

f((z,91,---,9n)0) = f(xog) = f(z) * f(g)
(9=a(gr)o---0a"(gn)oa€ Gs).
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But foalg, =80 fle, [5] and
f(9)=B(f(gro---0a" ! (gn)oa)
= B(f(g1) - * f(@" (gn)) * b
= B(f(g1)) - 5" (f(gn)) * b.
It follows that f(x) * f(g9) = (f(x), f(g1),---, f(gn))x- O
Applying Theorem 1.2 we obtain:

THEOREM 2.3. The general solution of functional Cauchy equation of right
cylinder type (2.1) is:

f(a) = g(z o (s(p(x))) ") * h(p(x)),
where the functions p, h,s,g are the same as those of Theorem 1.2 and the
relation p is p = (Go).

The theorem can be rewritten without using the reduction to bigroups, it
is sufficient to take into account the relation between reduces and extendings.

THEOREM 2.4. The function f : G — H is a solution of equation (2.1) if
and only if there exist u € Go, v € H; (v = g(u)) such that:
fl@) = (9((z,s( P (2)), s(p(2)), o), v, 0, h(p(x)))s,

n

where the functions p, s, h,g are those from Theorem 2.3.
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