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CONDITIONS FOR STARLIKENESS AND FOR CONVEXITY

VIOREL COSMIN HOLHOS

Abstract. In this paper we define new classes P, ., [a, M] and we give a suf-
ficient condition for starlikeness and also a sufficient condition for convexity of
analytic functions in the unit disc.
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1. INTRODUCTION

Let A, , n € N*, denote the class of functions of the form

which are analytic in the unit disc U={z : 2 € C, |z| < 1}
For f € A, we define the differential operator D™ (Salagean [3])

D°f(z) = f(2)
D'f(z) =Df(z) = zf'(2)
D" f(2) = D(D"f(2)); n € N*U{0}.
For f € A, we define the class P, , [o, M] where & > 0 ; M > 0 and
meN={0,1,2,...} by
< M}.

REMARK 1. For m = 0, we have P, [o, M| = P, [a, M] and this class was
studied by Liu Jinlin [1].

P [0 M] = {f cA - '(1 o) Dm:lf(z) +aDm+jf(z)

-1

Let f(z) and g(z) be analytic in U. Then we say that the function g(z) is
subordinate to f(z) in U if there exists an analytic function hA(z) in U such
that |h(2)| < 1 and g(z) = f(h(z)). For this relation the symbol g(z) < f(z)
is used. If f(z) is univalent in U, we have that the subordination g(z) < f(z)
is equivalent to g(0) = f(0) and ¢g(U) C f(U). The function f € A, is called

convex if Re {Z]J:,/ég) + 1} > 0 for every z € U.

DEFINITION 1. Let the function f be in the class A,. Then f is said to be
m-starlike, m € N, if it satisfies the condition
Dm+lf (2)
D™ f (2)

Re >0, ze€U.
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LEMMA 2. [2] Let p(z) = a+ ppz" + ... (n > 1) be analytic in U and let
h(z) be conver in U with h(0) = a. If p(z)+ Lzp/(z) < h(z) , where c # 0
and Rec > 0, then

p(z) < Sak / h(t)tsat.
n 0

2. MAIN RESULTS
THEOREM 3. Let f(z) € Py m [o, M]. Then

Dm+1 M
z 14+ na
and
Dm+1
(1) Reif(z) >1- |z|", zeU.
z 14+ na

Proof. The condition f(z) € P, n [a, M] is equivalent to the subordination
Derl Dm+2
f) | D)

(1—-a) <1+ M-=.
For p(z) = w we have
, Dm+1 I Dm+1
) = RTIEN DG)

_ ZDMPf(z) —2DMHf(z) DT f(z)  D™Lf(2)

N 22 N z B z
and Dm+2f( ) Dm+1f( )

—— = (@) + ——— = () +p(2).

Then (1 — o) p(z) +a(p(z) + 2p' (2)) = p(z) + azp'(z) < 14+ Mz and for this,
by Lemma 3, we have

D+l 1 : M
D) Lk [Tt Mo ta =1+ 2.
z no 0 14+ na
If we get
Dm+1f(z) M
=1
P 1 + na(’p(z)’
where ¢ (2) is analytic in U and |¢ (2)| < |z|", z € U, we obtain
Dm+1 M
z 1+ na
and o
Dm
Re L) 5y M
z 1+ na

REMARK 2. If m = 0 we obtain the result of Jinlin: Let f(z) € P, [a, M];

then f is starlike in U, for M < %Hm;)
1+(n+1)
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If m =1, for the class

z z

D? D3
anl[a,M]:{feAn:’(l—a) 1), f(z)—1‘<M}
we obtain the next theorem:

THEOREM 4. Let f(z) € Py [a, M]. If M < %, then f is convex
mU.

Proof. Since f(z) € Py [a, M], it follows from Theorem 4 that

2

‘Df(z) N 1‘ < M
z — 14+ na

is equivalent to

M . 14+n
< arcsin ———
1+ na

D2
‘arg f(z)‘ < arcsin
z

14 (n+1)

and
M 1

< arcsin < arcsin ———.
V14 (n+1)°

D/f(2)

arg

(14+n) (14 na)

Using this inequality, we obtain

D?f(2) D*f(2) Df(z)
< 7
‘arg Df(z) < 'arg . + |arg . <
< arcsinH—n + arcsin; = g, z e U,
14 (n+1)2 14 (n+1)
which implies that Re]:]);f((zz)) > 0 and thus
z(2f'(2)) 2(f'(2) + 2f"(2)) 2f"(2)
Re————* = Re = Re(1 + > 0.
) ) C+re)
REMARK 3. Let f(2) € Py [, M]. If M < 0509 ey
’ 1+(n+1)
Dm+1f (Z) T
arg —————=| < _,
D™ f(z) 2

hence f is an n-starlike function.

THEOREM 5. Let ¢ > —1 and let f(z) € Py |o, M]. Then the function
F(z) defined by

2) F(z) = <1 /0 e (e

ZC

1 M

o m} . The result is sharp.

belongs to Py, [



76 V.C. Holhog 4

Proof. By (2) we have F’(z)—l—cﬁzF”(z) =fl(z) < 1+ H%z, which shows
that F(z) € Pym [ . }

c+1’ 1+na

THEOREM 6. Let ¢ > —1 and o > 0. If F(z) € P,y [, M], then the
function defined by (2) satisfies |f'(z) — 1| <M for z € U.

Proof. Since F(z) € Py [a, M], we have

(3) F'(2) + s 1zF"(z) =fl(2) <1+ Mz
and
F'(z) <1+ e’ ™ 14+ M=z.
From (3), we get
Flz) = a(cl—i—l) ([F'(2) + azF"(2)] + [ale + 1) — ] F'(2)} <
1
m{l+Mz+[a(c+l)—l] (1+Mz)} =1+ Mz,

which implies that |f'(z) — 1| < M |z| < M for z € U.

REFERENCES

[1] JINLIN, L., On subordination for certain subclass of analytic functions, Internat. J. Math.
Math. Sci., 20 (1997), 225-228.

[2] MILLER, S.S. and MocaNu, P.T., Differential subordinations and univalent functions,
Michigan Math. J., 28 (1981), 157-171.

[3] SALAGEAN, G.S., Subclasses of univalent functions, Lecture Notes in Math, 1013 (1983),
Springer Verlag, pp. 362-372.

Received May 12, 2004 Colegiul Tehnic “Matei Corvin”
Str. Victoriei no. 17, Hunedoara
Romania
E-mail: holhosv@yahoo.com



