MATHEMATICA, Tome 46 (69), N° 1, 2004, pp. 101-104

ON SOME PROPERTIES OF UNIVALENT FUNCTIONS
IN THE UPPER HALF PLANE

NICOLAE N. PASCU and DORINA RADUCANU

Abstract. In this paper we obtain some inequalities concerning the modulus of
univalent functions in the upper half-plane.
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1. INTRODUCTION

Let D denote the upper half-plane, i.e.
D={zeC: Imz>0}

and let H(D) denote the class of all analytic functions in D.
The following inequality has been obtained by N.N. Pascu and we will use
it to prove our results.

THEOREM 1. [1] Let f € H(D) be an univalent function in D. Then

f"(=)
f'(2)

As a consequence of Theorem 1 we have

i—Im z

(1)

‘§2, for all z € D.

THEOREM 2. Let f € H(D) be an univalent function in D such that f(z) #
0, for all z € D. Then

(2) (Im 2) ];c/((j))‘ <2, forall z € D.
Proof. Since f(z) # 0, for all z € D, the function
1
(3) g(z) = ) z€D

is also analytic and univalent in D. It is easy to check that
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We have
f'(z) f"(2) 9"(2)
2(Im z = {Im 2 —Im 2z
215 7o )
: ') . 9"(2)
=|—i4+Im z +i—1Im z <
f'(z) 9'(2)
. "] 9"(2)
<|li—Im 7(2) 4+ [i—Im Zg’(z) , 2Z€D.
Since both functions f and g satisfy the inequality (1) we obtain
2(Im 2) f,(z)‘<4 €D
f) =7
and hence inequality (2) holds true. O

2. SOME INEQUALITIES FOR THE MODULUS OF UNIVALENT FUNCTIONS IN D
If f: D— Cand f(z) #0, z € D then it is easy to observe that

o
and
) Solin o i) = 2 EED.

Using inequalities (5), (6) and Theorem 2 we obtain

THEOREM 3. Let f € H(D) be an univalent function in D such that f(z) #
0, for all z € D. Then

» i< D)
where m(y) = min {y2, ylz} . M(y) = max {yQ’ y12}
and

(8) o2l < ’W < ool

forallz € R and y > 0.
Proof. From (2) and (5) we obtain

(Im 2)

—igy[lnf(x + 1y)]’ <2

or equivalently

< | N

0 0
lay[lnmx i)l +iay[argf<m+iy>1] <
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This last inequality implies

\V)

g[ln|f(m+iy)]] < —, for all z € R and y > 0.
dy y

If y € (0,1) we have

12 16 12
— dyg/lnf:v+iy dyﬁ/ —dy.
/yy [yl |2

Thus we obtain
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Ifye (1,00) then
Yy 2 v 0 . V2
[ Cays [Tl < [y
1Y 1 0y 1Y

1 'fx—&—ly‘

f»"v+1y

< y? :
F@ ) y°, for all z € R and y € (0,1)

and therefore

(10) — <y? forallz € R and y > 1.

2

Inequalities (7) follow from (9) and (10).
In the same way, from (2) and (6) we obtain

i+ i <
and then
07l . Nl
e ¥ < ‘f(ﬂ:+1y)’ <e Y  forallzeRandy>0.
f(iy)
If y = 1 in these last inequalities, then we have (8). O

REMARK 1. In Theorem 3, inequalities (7) and (8) are sharp. The extremal
function is f(z) = 22, z € D.

From inequalities (7) and (8) we obtain the next corollary.

COROLLARY 1. If f € H(D) is an univalent function in D such that f(z) #
0, for all z € D, then

1e)|

2\:)3|

mtg)e#l < | 1)

forall z=x +iy € D, where

. 1 1
m(y):mln{yQ,yz} and M(y):max{y2,y2}.
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