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|N̄ , pn|k SUMMABILITY OF FOURIER SERIES
AND ITS CONJUGATE SERIES

S.M. MAZHAR

Abstract. In this note summability |N̄ , pn|k of Fourier series and its conjugate
series are studied. Our results are generalization of a theorem of Mohanty on
conjugate series and a theorem of Prem Chandra for Fourier series.
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1. INTRODUCTION

Let
∑
an be a given series with the sequence of partial sums {sn}. Let {pn}

be a sequence of positive real numbers such that Pn = p0 +p1 + · · ·+pn →∞,
as n→∞. The series

∑
an is said to be summable |N̄ , pn|k, k ≥ 1 if [1]

(1.1)
∞∑
1

(
Pn

pn

)k−1

|Tn − Tn−1|k <∞,

where

Tn =
1
Pn

n∑
v=0

pvsv.

Let f(t) be a periodic function with period 2π and integrable (L) over [−π, π].
Let the Fourier series of f(t) be

a0

2
+
∞∑
1

(an cosnt+ bn sinnt) =
∞∑
0

An(t).

Then the conjugate series of the Fourier series is
∞∑
1

(bn cosnt− an sinnt) =
∞∑
1

Bn(t).

We denote

ϕ(t) =
1
2
{f(x+ t) + f(x− t)}

ψ(t) =
1
2
{f(x− t)− f(x− t)}

Λ(t) =
1
t

∫ t

0
udϕ(u).

We usually write |R, λn, 1| for |N̄ , pn|, where Pn = λn, and 0 < λ1 < · · · <
λn →∞, n→∞.
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2. ABSOLUTE SUMMABILITY OF CONJUGATE SERIES

Concerning absolute summability of conjugate series
∑∞

1 Bn(x), Mohanty
[3] has proved the following theorem.

Theorem A. If

(2.1) ψ(t) log
C

t
∈ BV [0, π],

(2.2)
|ψ(t)|
t

∈ L[0, π],

then
∑∞

1 Bn(x) is summable |R, enα
, 1|, 0 < α < 1.

The conditions (2.1) and (2.2) are equivalent to the conditions [3]:

(2.3)
∫ π

0
log

C

t
|dψ(t)| <∞

(2.4) ψ(+0) = 0.

We give below a simple generalization of this result for |N̄ , pn|k summability.

Theorem 1. If ψ(+0) = 0 and

(2.5)
∫ π

0
log

C

t
|dψ(t)|k <∞, k ≥ 1,

then
∑∞

1 Bn(x) is summable |N̄ , pn|k, where

(2.6)
{
Pn

n

}
↑

(2.7) n1−αpn = O(Pn), 0 < α < 1.

For k = 1, Pn = enα
, 0 < α < 1, Theorem 1 reduces to Theorem A.

Proof. Let Tn(x) denote the (N̄ , pn) mean of the series
∑∞

1 Bn(x) and let
C1 denote a positive constant not necessarily the same at each occurrence.
Then

Tn(x)− Tn−1(x) =
pn

PnPn−1

n∑
v=1

Pv−1Bv(x)

=
pn

PnPn−1

n∑
v=1

Pv−1
2
π

∫ π

0
dψ(t)

∫ π

t
sin vu du, since ψ(+0) = 0,

so that
∞∑
1

(
Pn

pn

)k−1

|Tn(x)− Tn−1(x)|k

=
∞∑
1

(
Pn

pn

)k−1
∣∣∣∣∣ pn

PnPn−1

n∑
v=1

Pv−1
2
π

∫ π

0
dψ(t)

∫ π

t
sin vu du

∣∣∣∣∣
k
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≤ C1

∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

∫ π

0
dψ(t)

∫ π

t
sin vu du

∣∣∣∣∣
k

= C1

∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v

∫ π

0
dψ(t)(cos vt− cos vπ)

∣∣∣∣∣
k

≤ C1

∞∑
1

pn

PnP k
n−1

(∫ π

0
|dψ(t)|

∣∣∣∣∣
n∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣∣∣∣∣
)k

≤ C1

∞∑
1

pn

PnP k
n−1

(∫ π

0
|dψ(t)|k

∣∣∣∣∣
n∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣∣∣∣∣
)

×

(∫ π

0
|dψ(t)|

∣∣∣∣∣
n∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣∣∣∣∣
)k−1

,

≤ C1

∞∑
1

pn

PnPn−1

∫ π

0
|dψ(t)|k

∣∣∣∣∣
n∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣∣∣∣∣
= C1

∫ π

0
|dψ(t)|kLn(t),

where

Ln(t) =
∞∑
1

pn

PnPn−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣∣∣∣∣
=

T∑
1

+
∞∑

T+1

= L1 + L2, where T =
(

1
t

)1/1−α

, 0 < α < 1.

Now

L1 ≤ C1

T∑
1

pn

PnPn−1

n∑
v=1

Pv−1

v

≤ C1

T∑
v=1

Pv−1

v

∞∑
n=v

pn

PnPn−1

≤ C1

T∑
v=1

1
v

= O(log T ) = O

(
log

C

t

)
.
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Also

L2 ≤
∞∑

n=T+1

pn

PnPn−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
cos vt

∣∣∣∣∣
+

∞∑
n=T+1

pn

PnPn−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
cos vπ

∣∣∣∣∣
≤ C1

∞∑
n=T+1

pn

PnPn−1

Pn−1

n

1
t

+ C1

∞∑
n=T+1

pn

PnPn−1

Pn−1

n

≤ C1

∞∑
n=T+1

pn

nPn
t−1 ≤ C1

∞∑
n=T+1

t−1

n2−α
≤ C1.

Therefore Ln(t) = O(log C
t ). Thus

∞∑
1

(
Pn

pn

)k−1

|Tn(x)− Tn−1(x)|x ≤ C1

∫ π

0
log

C

t
|dψ(t)|k <∞.

This proves the theorem.

3. ABSOLUTE SUMMABILITY OF FOURIER SERIES

Concerning
∑∞

∂ An(x), Prem Chandra [4] obtained the following result.

Theorem B. If

(3.1) ϕ(t) ∈ BV [0, π]

(3.2) Λ(t)
(

log
C

t

)1+ε

∈ BV [0, π],

where ε > 0 and C ≥ πe2, then
∑∞

0 An(x) is summable |R, enα
, 1|, 0 < α < 1.

Later on [5] he proved a more general result for summability |R, λn, 1|.

Theorem C. Let, for 0 < α < 1, the strictly increasing sequences {λn} and
{g(n)} of non-negative terms, tending to infinity with n, satisfy the following
conditions.

(3.3)
{

λn

n+ 1

}
↑, n ≥ n0.

(3.4) n1−α∆λn = O(λn+1), n→∞

(3.5) log
π

t
= O (g(C/t)) , t→ 0
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(3.6)
x

g(x)
↑

(3.7) x
d
dx

1
g(C/x)

↑ with x

(3.8)
d
dx

(
1

g(C
x )

)
↓ with x

(3.9)
[

d
dt

(
1

g(C/t)

)]
t=1/n

= O

(
n

g(n)

)

(3.10)
∞∑
1

1
ng(n)

<∞.

If ϕ(t) ∈ BV [0, π] and Λ(t)g(C
t ) ∈ BV [0, π], then the series

∑∞
0 An(x) is

summable |R, λn, 1|, where C is a positive constant such that g(C/t) > 0 for
t > 0.

In this section we prove the corresponding result for summability |N̄ , pn|k,
for k ≥ 1.

Theorem 2. Let

(3.11)
{
Pn

n

}
↑

and

(3.12)
pn

Pn
= O

(
1

n1−α

)
, 0 < α < 1.

Then under the conditions (3.5)–(3.10), ϕ(t) ∈ BV [0, π] and Λ(t)g(C
t ) ∈

BV [0, π], the series
∑∞

0 An(x) is summable |N̄ , pn|k.

For k = 1 and Pn = λn we obtain Theorem C of Prem Chandra.

Proof. Let tn(x) denote the (N̄ , pn) mean of
∑∞

0 An(x). Then

tn(x)− tn−1(x) =
pn

PnPn−1

n∑
v=1

Pv−1Av(x)

so that
∞∑
1

(
Pn

pn

)k−1

|tn(x)− tn−1(x)|k

≤
∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1
2
π

∫ π

0
Λ(t)g

(
C

t

)
· t

g(C/t)
·

d
dt

(
sin vt
vt

)
dt
∣∣∣∣k
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Since Λ(t)g(C
t ) ∈ BV [0, π] it is enough to prove that

∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v

∫ t

0

u

g(C/u)
d
du

(
sin vu
u

)
du

∣∣∣∣∣
k

<∞

uniformly in 0 < t ≤ π.
Now ∫ t

0

u

g(C
u )

d
du

(
sin vu
u

)
du

=
sin vt
g(C/t)

−
∫ t

0

sin vu
ug(C/u)

du

−
∫ t

0
sin vu

d
du

(
1

g(C/u)

)
du

= M1(t) +M2(t) +M3(t),
say. Using the estimates [5] uniformly in 0 < t ≤ π

(3.13)
∫ t

0

sin vu
ug(C/u)

du = O

(
1

g(v)

)
,

(3.14)
∫ t

0
sin vu

d
du

(
1

g(C/u)

)
du = O

(
1

g(v)

)
,

we have to show that

(3.15)
∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
M1(t)

∣∣∣∣∣
k

<∞,

(3.16)
∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
M2(t)

∣∣∣∣∣
k

<∞,

(3.17)
∞∑
1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
M3(t)

∣∣∣∣∣
k

<∞.

Writing (3.15) as
T∑
1

+
∞∑

n=T+1

= N1 +N2, T =
(

1
t

) 1
1−α

,

N1 ≤ C1

T∑
n=1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v

sin vt
g(C/t)

∣∣∣∣∣
k

≤ C1

(g(C/t))k

T∑
n=1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
sin vt

∣∣∣∣∣
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×

∣∣∣∣∣
(

n∑
v=1

Pv−1

v
sin vt

)∣∣∣∣∣
k−1

≤ C1

g(C/t)k

T∑
1

pn

PnPn−1

(
n∑

v=1

Pv−1

v

)

≤ C1

(g(C/t))k

T∑
n=1

Pv−1

v

T∑
n=v

pn

PnPn−1

≤ C1

(g(C/t))k

T∑
n=1

1
v

= O(1)
(logC/t)
g(C/t)k

= O(1)
1

(g(C/t))k−1
= O(1).

Again in view of (3.11)

N2 ≤
1

(g(C/t))k

∞∑
n=T+1

pn

PnP k
n−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
sin vt

∣∣∣∣∣
∣∣∣∣∣

n∑
v=1

Pv−1

v
sin vt

∣∣∣∣∣
k−1

=
1

(g(C/t))k

∞∑
n=T+1

pn

PnPn−1

∣∣∣∣∣
n∑

v=1

Pv−1

v
sin vt

∣∣∣∣∣
≤ C1t

−1

(g(C/t))k

∞∑
n=T+1

pn

PnPn−1

Pn−1

n

=
C1t

−1

(g(C/t))k

∞∑
n=T+1

pn

npn
= O(1)

t−1

(g(C/t))k

∞∑
n=T+1

1
n2−α

= O(1)
(

1
(g(C/t))k

)
= O(1).

This proves (3.15).
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Since M2(t) = O(1/g(v)), the left hand side of (3.16) is less or equal than

C1

∞∑
n=1

pn

PnP k
n−1

(
n∑

v=1

Pv−1

v

1
g(v)

)k

≤ C1

∞∑
n=1

pn

PnP k
n−1

n∑
v=1

Pv−1

vg(v)

(
n∑

v=1

Pv−1

vg(v)

)k−1

≤ C1

∞∑
n=1

pn

PnPn−1

n∑
v=1

Pv−1

vg(v)

= C1

∞∑
v=1

Pv−1

vg(v)

∞∑
n=v

pn

PnPn−1

≤ C1

∞∑
v=1

1
vg(v)

<∞

in view of (3.10). Similarly M3 = O( 1
g(v)) and so as in the case of (3.16), (3.17)

holds. This establishes Theorem 2.
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