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ON CERTAIN SUBCLASS OF PRESTARLIKE FUNCTIONS
DEFINED BY SALAGEAN OPERATOR

M.K. AOUF and B.A. AL-AMRI

Abstract. The object of the present paper is to investigate several interesting
properties of the class Th, (A, &, v) consisting of prestarlike functions with negative
coefficients defined by Salagean operator. Coefficient estimates, distortion the-
orems, closure theorems and modified Hadamard products of several functions
belonging to the class Ty, (A, a, v) are determined. Also radii of close-to-convexity,
starlikeness and convexity are determined. Also we obtain integral operators for
this class.
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1. INTRODUCTION

Let A denote the class of (normalized) functions of the form:
(1.1) f(2) :z—}—Zakzk
k=2

which are analytic in the open unit disc
U={z:2z€Cand|z| <1},

and let S denote the subclass of A consisting of functions which are also
univalent in U. Then a function f(z) in S is said to be starlike of order « if
and only if

(1.2) Re{ZJ{(/S)}>a (zeU; 0<a<).

We denote by S*(«) the class of all functions in S which are starlike of order
o in U. It is well-known that

S*(a) C §*(0) = S*.

The class S*(«), introduced by Robertson [9], was studied subsequently by
Schild [11], MacGregor [6] and Pinchuk [8]. Moreover, the function:

(1.3) sy(2) = 1= 220

is the familiar extremal function for the class S*(v). Setting

(1.4 (k) = ST (>
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s(2) can be written in the form:
(1.5) sy(z) =z + Z (v, k)2~
k=2

We note that ¢(7, k) is a decreasing function in « and that
o (1<1/2)

(1.6) klim v, k)=< 1 (v=1/2)
o 0 (v > 1/2).

For a function f(z) in S, we define

(1.7) Df(z) = f(2),

(1.8) D'f(z) = Df(z) = zf'(=),

and

(1.9)

D"f(z)=D (D" 'f(z)) (neN={1,2,---}).

The differential operator D™ was introduced by Salagean [10].
For a (0 <a<1)and A (0 <\ < 1), wesay that a function f(z) € A is in
the class S(A, «) if and only if

2f'(2)

(1.10) Re /() >a (zeU).
ZE gy
f(2)
Let (f * g)(z) denote the Hadamard product or convolution of two functions
f(2) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by

(1.11) g(z) = z+Zbkzk,
k=2
then
(1.12) (fx9)(z) =2+ apbp2".
k=2
Let Sy (A, a,y) be the subclass of A consisting of functions f(z) such that
2Pn(2)
(1.13) Re _Pna(2) >a (2€U).
2Pny(2)
A————+(1-]N)
Pn~(2)

where 0 <a<1,0<A<1,0<y<1,ne Ng=NU{0)} and
(1.14) Pny(2) = (D"f % 54) (2)-
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We observe that Sy(0,a,v) = R,(«) is the class of y-prestarlike functions
of order o, which was introduced by Sheil-Small et al. [13].
Let T' denote the subclass of A consisting of functions f(z) of the form

(1.15) f(z)=2z- Zakzk (ar > 0).
k=2

We denote by T'(\, @) and T, (A, , y) the classes obtained by taking intersec-
tions, respectively, of the classes S(\, a) and S, (A, v, y) with the class T'. The
class T'(\, o) was studied by Altintas and Owa [1].
We note that, by specializing the parameters A\, «, v and n, we obtain the
following subclasses studied by various authors:
(i)  Th(0,a,v) = R[y,a,n] (Aouf and Salagean [4]);
(ii)  7o(0,7,7) = R (Silverman and Silvia [15]);
(iii)  To(0,0,7) = Ry[a] (Silverman and Silvia [16], Uralegaddi and
Sarangi [17] and Aouf and Salagean [3]);
(iv)  T1(0,a,7v) = Cy[a] (Owa and Uralegaddi [7] and Aouf and Salagean
3]);
(v) T\ a,1/2) =T,(\,«) (Aouf and Cho [2]);
(vi)  Tn(0,a,1/2) = T(n,a) (Hurand Oh [5]);
(vii) Tp(0,a,1/2) = T'(0) and T1(0,r,1/2) = C(a) (Silverman [14]);
(viii) Top(A\,a,1/2) =T(\, ) and T1 (N, 0, 1/2) = C(A, )  (Altintas and
Owa [1]).
In the present paper we purpose to investigate several important properties
and characteristics of the class T, (\, a,y) which we have defined here.

2. COEFFICIENT ESTIMATES

THEOREM 1. Let the function f(z) be defined by (1.15). Then f(z) €
Tn(\ o, 7y) if and only if

(2.1) > Kk —a[l+ Ak = D]}ely, kap < (1 - a).
k=2

The result is sharp.

Proof. 1t is known from [1] that a necessary and sufficient condition for f(z)
defined by (1.15) to be in the class Ty(A, @) = T'(\, «) is that

> {k—all+A(k - D]}ag < (1—a).

k=2

Since

(D"f5,) () = 2= S Kely, Wans¥,  (ag = 0)
k=2
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where s,(2) is given by (1.5), the result (2.1) follows. Further, we can see that
the function f(z) given by

B (1—-a)
(22) N =2~ o ol Ak = DT, k:)zk (k=2)

is the extremal function of Theorem 1.

COROLLARY 1. Let the function f(z) defined by (1.15) be in the class
Tn(\ o, 7). Then we have

(1-o)
(23) WS TRl Ak = e ) k22

The equality in (2.3) is attained for the function f(z) given by (2.2).
3. SOME PROPERTIES OF THE CLASS T}, (), a,7)

THEOREM 2. Let 0 <a<1,0< A <X <1,0<y<1andn € Ng.
Then

Tn()\la «, ’Y) c Tn()\Za «, 7)'
Proof. 1t follows from Theorem 1 that

i Kk — ol + Aa(k — D)]}e(v, k)ax <
k=2

D k' —all + M (k- D}e(y, k)ap < (1 - a)
k=2

for f(Z) € Tn()‘laaa’)/)' Hence f(Z) € Tn(A27a77)'
THEOREM 3. Let 0 < a<1,0<A<1,0<y<1andn € Ny. Then
Tn-i—l(Ahaa’y) g Tn(AaaafY)'

The proof follows immediately from Theorem 1.
4. DISTORTION THEOREMS

THEOREM 4. Let the function f(z) defined by (1.15) be in the class Ty, (A, o, ),
with0<a<1,0<A<1,0<y<1/2 andn € Ny. Then

(1) DG 2 41 - e =
and
(12) Dif()] < 2| + 1 ~a) 2P,

21112 — a1+ \)](1— 7)
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for z € U, where 0 < i < n. The equalities in (4.1) and (4.2) are attained for
the function f(z) given by

i _ (1-0o)
(43) D@ =2~ s s s VA=)

Proof. Note that f(z) € Tn(\, ,7) if and only if D'f(z) € Th_i(\, a,7)
and that

(4.4) Dif(z) =z — Z Klagz*.
k=2
Since k™{k —a[l+ A(k—1)]} and ¢(v, k), 0 <~y < 1/2 are increasing functions

of k (k > 2) for a fixed n, since f(z) € T, (\, a,7), in view of Theorem 1, we
have

(4.5) 272 — a1 4 N)]e(v, 2 Zk%ak<

>k —all + Ak = D)]}te(y, k)ar < (1 - a),
k=2

that is, that

(4.6) i Kay < __(1-9)
k=2

2012 — a1+ N)](1 =)
It follows from (4.4) and (4.6) that

(4.7 D)) 2 |2l ~ |4 z%mk
(1-a)
21~ g e o
and
(1.9 DI <+ Y K
k=2

(1-a)
2= = a(l+ N1 —7)
Finally, we can see that the results in Theorem 4 are attained for the function

f(z) given by (4.3).

COROLLARY 2. Let the function f(z) defined by (1.15) be in the class
Tn(\ a,7). Then we have

< |z[ + |22

(19 £ 2 14 - g o=
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and

(1—-a)
2012 —a(1+ N)](1—7)
for z € U. The equalities in (4.9) and (4.10) are attained for the function f(z)
gien by

(4.10) [f(2)] < 2] + |2,

B (1—-a)
(4.11) f(z)_z_2”*1[2—04(14—)\)](1_7)22'

Proof. Taking i = 0 in Theorem 4, we can easily show (4.9) and (4.10).

COROLLARY 3. Let the function f(z) defined by (1.15) be in the class
T.(\, a,v). Then we have

/ (1-«a)
(1.12) £ 1 - r—aa
and
! (1 —Oz)
(413) £ < 1+ e

for z € U. The equalities in (4.12) and (4.13) are attained for the function
f(2) given by (4.11).

Proof. Note that Df(z) = zf'(z). Hence taking i = 1 in Theorem 4, we
have the next corollary.

COROLLARY 4. Let the function f(z) defined by (1.15) be in the class
T\ a,7). Then the unit disc U is mapped onto a domain that contains
the disc

272 — a1+ N)](1—7) — (1 —a)
2712 — a(1+ N)](1 —7) )
The result is sharp with the extremal function f(z) given by (4.11).

(4.14) lw| <

5. CLOSURE THEOREMS

THEOREM 5. The class Ty, (A, «,7y) is closed under linear combination.

Proof. Let each of the functions fi(z) and f2(z) given by
o0

(5.1) fi()=2= a2 (ar; 205 j=1,2)
k=2

be in the class T}, (A, a,7y). Then it is sufficient to show that the function h(z)
defined by

(5.2) M=) = th(z)+ 1 -t fz) (0<t<1)
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is also in the class T, (A, a, ). Since, for 0 <t <1,

(5.3) h(z) =z — Z {tag, + (1 —t)apa} 2¥,
k=2

with the aid of Theorem 1, we have

o0

(5.4) > {k—a[l+Ak—1)]}e(y, k){tars+(1-t)ara} < (1—a) (0<t<1)
k=2

which implies that h(z) € T, (X, o, 7).

As a consequence of Theorem 5, there exist the extreme points of the class
T(A @, ).

THEOREM 6. Let

(5.5) filz) ==
and
(5.6) fu(z) =z — (1=a) ok >2).

En{k — a1l + Mk — 1)]}e(r, k)

Then f(z) is in the class Ty (N, o, ) if and only if it can be expressed in the
form

(5.7) F(2) = tfil2),
k=1

where t, > 0 (k> 1) and Y 72, = 1.
Proof. Assume that

fz) = D tufu(2)
k=1

_ - (1-a)
(5.8) Je) = == ; k{k — ol + Ak — D]}e(7, k)t’fzk
Then it follows that
(5.9)
2k E —a[l+ Ak —1D]}e(r, k) (1—-a)
kZ:Q 1-a) kZ:; Kk —a[l+ Ak — D]}e(y k)

o0
=Y tr=1-t <1.
k=2

Therefore, by Theorem 1, f(z) € T,,(\, 7).
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Conversely, assume that the function f(z) defined by (1.15) belongs to the
class T, (X, a,7y). Then we have

(1-a)

(5.10) WS Tk el Ak =D k) k22
Setting
(5.11) = Mk = all ZEA_(Z)_ De@k) o > 9)
and
(5.12) t = l—itk,

k=2

we see that f(z) can be expressed in the form (5.7). This completes the proof
of Theorem 6.

COROLLARY 5. The extreme points of the class T, (A, a,7y) are the functions
fr(z) (k> 1) given by Theorem 6.

6. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

THEOREM 7. Let the function f(z) defined by (1.15) be in the class Ty (A,
a,7) 0<a<1l,0<A<1,0<~v<1/2andn € Ny). Then f(z) is
close-to-convez of order p (0 < p <1) in |z| < r], where

[ = )Rk — a1 4+ Ak — D)]}e(y, k)] 7T
(6.1) ri= Hlif 1o

The result is sharp, with the extremal function f(z) being given by (2.2).

(k > 2).

Proof. Tt is sufficient to show that
If'(z) =1 <1—p for |z] <rf.

Indeed, we have
F/(2) =11 <> kaglz*
k=2

Thus |f'(z) =1 <1—pif

(6.2) i <1kp) aplz[F71 < 1.

k=2
But Theorem 1 confirms that
Kk —al+Ak—1 k

—~ (1—a)
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Hence (6.2) will be true if
k|z|F1 < E"{k —a[l + Xk — 1)]}e(r, k)
(1—-p) ~ (1-a)

(6.4)
or if
The theorem follows easily from (6.5).

THEOREM 8. Let the function f(z) defined by (1.15) be in the class
To(Na,y) 0<a<1,0<A<1,0<vy<1/2andn € Ny). Then f(z) is
starlike of order p (0 < p < 1) in |z| <13, where

1
(6.6) ) =inf [(1_””“ {k(;f[;)zi(’;)_ D}y, k)]k " k>2).
The result is sharp, the extremal function f(z) being given by (2.2).
Proof. We must show that
2f'(2)
f(2)

—l‘gl—p for |z| <r3.

Indeed, we have

wa)_4<:2?z%—1MMd“1

f(2) T ekl

Thus ’i{gz) — 1‘ <1-—p if
S (R i

(6.7 Z;(l—ﬂ> et <1,
Hence, by using (6.3), (6.7) will be true if
B (S R T B T
that is, if
09) | < |EEREZ Al SRS DGR s )

Theorem 8 follows easily from (6.9).

COROLLARY 6. Let the function f(z) defined by (1.15) be in the class
T.(Na,v) 0 <a<1l,0<A<1,0<~vy<1/2andn € Ny). Then
f(2) is convex of order p (0 < p < 1) in |z| <1}, where

(1= Pk {k = all + Ak = D]}e(y, k) | T
ey CELS

(6.10) 13 = ir’;f [
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The result is sharp, the extremal function f(z) being given by (2.2).

7. INTEGRAL OPERATORS

THEOREM 9. Let the function f(z) defined by (1.15) be in the class
T\ a,7), and let d be a real number such that d > —1. Then the function
F(z) defined by

(7.1) Fz) = d;l /O [y dt (d> —1)

also belongs to the class Ty (X, a,7y).

Proof. From the representation (7.1) of F(z) it follows that

F(z)=2z-— Zbkzk,
k=2

where

Therefore, we have

[e.e]

D E{k = all + Ak — 1)]}e(y, k)by

k=2

S~ d+1
= DKk oll A= U)elrh (M) ar
< SRk - all + Ak — D]}e(y. Kag

k=2
S (1 - O[),

since f(z) € Tp,(A, «,7y). Hence, by Theorem 1, F'(z) € T,,(\, o, 7).

THEOREM 10. Let the function F(z) = z — > reyarz® (ar > 0) be in
the class Ty,(\, «,y) and let d be a real number such that d > —1. Then the
function f(z) defined by (7.1) is univalent in |z| < R*, where

(72) R =inf <d+1>k”‘1{k—a[1+k<k—1>J}c<w,k>]kll

; A+ B0 —a) (k22).

The result is sharp.
Proof. From (7.1), we have

B 2l [zdF(z)]/
(7.3) fz) = v (d=>-1)

(7.4) = z— i <dj:]1“> apz®.

k=2
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In order to obtain the required result it suffices to show that |f/(z) — 1] < 1
in |z| < R*. Now

> d+k 1
—1<§
’_k: d+1 kl2]
Thus |f'(z) —1] <1 if

> k(d+ k) _
(7.5) é(dﬂ)amk <.

Hence, by using (6.3), (7.5) will be satisfied if

B(d+ R _ Kk = afl + Ak = Dl}e(y, k)

d+1 = 1-a) (k=2)

or if
(d+ DE" " {k — a[l + A(k = D)}e(7,k) |7
(d+k)(1—-a)

Therefore f(z) is univalent in |z| < R*. Sharpness follows if we take

(7.6) 2| <

(k> 2).

(1-a)(d+k) s

(7.7) f(z)=2- E{k — o[l + Ak — 1)]}e(r, k;)(d+1)z -

8. MODIFIED HADAMARD PRODUCTS

Let the functions fj(z) (j = 1, 2) be defined by (5.1). The modified
Hadamard product of fi(z) and fa(2) is defined by

(8.1) f1#* fa(z —Z—Zamamz

THEOREM 11. Let the functions fj(z) (j =1, 2) defined by (5.1) be in the
class T,(A\,a,7) 0<a<1,0<A<1,0<vy<1/2andn € Ny). Then
f1* fa(z) belongs to the class T, (A, B(n, )\ ,0,7Y),7), where

(

. (1= N1 -0
2012 — a1+ A)}2(1—7) — (1 +A)(1 —«a)?

(82) B, A a,v) =

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [12],
we need to find the largest 5 = B(n, A, a,7y) such that

Qg 10F

-5 ’
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Since
(84) Z kn{k — a[l ?;A_(l;)_ 1)]}6(77 k) k1 <1

k=2
and

k=2
by the Cauchy-Schwarz inequality we have
(5.6) Z kn{k—a[lz)\_(kza)— 1)]}6(%k)\/mé 1

k=2
Thus it is sufficient to show that
(87) k" {k —B[1 zrl/\_(/l;)— D]te(y, k) Ghrs
< k' {k — [l ?—1)\_(12)— D]}e(ry, k:)\/m (k> 2),
that is that
(1=PB){k—a[l + A(k—1)]}

& VORI S (o) (kBT A D))
Note that
(8.9) (1=a) (k> 2).

VORI S g T A G - DJe(n k)
Consequently, we need only to prove that
(1-a)

E{k — o[l + XMk — D)]}e(v, k)
or equivalently, that

(1= B){k —a[l + Mk —1)]
(1= a){k = BlL+ Ak — D]}

-

(8.10)

<

(k—1)(1=XN)(1—a)?
k{k —a[l + Ak — 1)]}2c(v, k) — [1+ Ak —1)](1 — )2’

(811) B<1-—

Since
(k—1(1 =M1 - a)?
Er{k — a1l + X(k — D)) Fe(y, k) — [T+ Mk — 1)](1 — )?
is an increasing function of k (k > 2), letting £ = 2 in (8.12) we obtain
(1-X)(1—a)?
2012 — a1l + A\ }2(1 —7) — (1 + M) (1 — a)?’
which completes the proof of Theorem 11.
Finally, by taking the functions f;(z) given by

l-« )
B10) 5= g e 2 =12

(8.12) A(k)=1—

(8.13) B<A@2) =1-
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we can see that the result is sharp.

COROLLARY 7. For fi(z) and fa(z) as in Theorem 11, we have

oo
(8.15) Z \/@k,lak,QZk

k=2
belongs to the class T,(M\,a,7) (0 < a<1,0<A<1,0<~<1/2and
nec No)

The result follows from the Cauchy-Schwarz inequality (8.6). It is sharp for
the same functions as in Theorem 11.

THEOREM 12. Let the function fi(z) defined by (5.1) be in the class
Tn(Na,y) 0<a<1,0<A<1,0<vy<1/2andn € Ny) and the function
fa(z) defined by (5.1) be in the class T,(A\,7,y) (0 <7 < 1,0 < X <1,
0<~vy<1/2 andn € Ny). Then f1* fa(2) € Tp(\,n(n, X\, a0, 7,7),7), where
(8.1

6) n(n, A, a,7,7) =

1-MN1=-a)(l-7)
20t —a(14+NH2—71+ N1 —7) -1+ N1 —a)(1 —7)
The result is the best possible for the functions:

1—

— (1 — OZ)
(8.17) fi(z) =z - 2n+1{2—a(1+)\)}(1*7)22
and
(8.18) falz) =2 - o .

202 —7(14+ M) }H1 —7)
Proof. Proceeding as in the proof of Theorem 11, we get
(8.19) n< Bk) =

1—(k=1)(A=N(1=a)A=7){k"c(y, k){k—al+ A(k = 1)]H{k =71+ A(k —
D} =1+ Ak = D]A — )1 = 1)} (k> 2).

Since the function B(k) is an increasing function of k& (k > 2), setting k = 2
n (8.19), we get

(8.20) n<B(2)=1-
(I-=XN1—-a)(l—-1)
(1 —){2—a(l+MH2-7Q0+ N} -1+ NA —a)(1—7)
This completes the proof of Theorem 12.

COROLLARY 8. Let the functions f;j(z) (j =1, 2, 3) defined by (5.1) be in
the class Tp,(A\,a,7) 0<a<1,0<A<1,0<y<1/2 andn € Ny). Then

fl * f2 * f3(Z) € Tn()‘af(nv )\7 O‘va)va); where
(8:21) E(n, A, o, y) =
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. (1- N - o)’
2 — a1+ NP1 =92 = 1+ A1 - a)®
The result is best possible for the functions

11—« .
(8.22) fi(z) =z — 2n+1{2_g(1+l)}(1_7)22 (j=1,2, 3).

1

Proof. From Theorem 11, we have f1* fo(z) € T,(X\, B(n, A\, @,7),7)), where
B(n, A, a,y) is given by (8.2). We now use Theorem 12, we get f1 * fo * f3(z)
e TTL(A’ 5(”7 A’ a’ ’7)77)7 Where

f(nv/\7aa7) =
. (1= X1 -a)(1 - §)
20e(7,2{2 - a1+ )H2 =B+ N} = 1+ )1 —a)(1 =)’
- (1-=N(1-aw)?
S A ey =1 G i NP - N =)
This completes the proof of Corollary 8.

THEOREM 13. Let the functions fj(z) (j =1, 2) defined by (5.1) be in the
class Tp (N, 0,7) 0<a<1,0<A<1,0<vy<1/2 andn € Ny). Then the
function

(8.23) h(z)=z-=  (a},+aiy) 2
k=2

belongs to the class Tp(X,(n, A\, a,7),7y) where

(1-=A)(1 - a)?
22— T+ NP1 —7) - 1+ N1 —a)?
The result is sharp for the functions f;j(z) (j =1, 2) defined by (8.14).

(8.24)  ¢Y(n, A\ a,y)=1

Proof. By virtue of Theorem 1, we obtain

00 n “ . 2
(8.25) 3 [k tk (glj:)(k 1)]}} [e(, k)] aiq
k=2
© n _ _ 2
< [Z il (Elj;\)(k Dl} c(v,k)agi| <1
k=2
and

(8.26)

= [k”{k: —a[l + Ak —=1)]}

(1 _ a) :| [C(’Y’k)]Qa%,Q

k=

IN

=k k- a[l + Mk — 1))}
DI

2
6(77 k) ak,Q] <L
k=2
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It follows from (8.25) and (8.26) that

0o n —a _ 2
san Y g PSSR AEZ DR e @+ <1
k=2

Therefore we need to find the largest ¢ = ¢ (n, A, a,y) such that
E™{k =1+ Xk —1)]}
(1-7)
S;[qu—au+A(

(8.28)

aisk
A e )

that is, that
2(1 =N (k—1)(1 — a)?
k{k — a[l + Xk — 1)]}2e(v, k) = 2[1 + Ak — D](1 — a)?
(k> 2).

(829) ¢ <1-—

Since
2(1 = \)(k—1)(1 — a)?
Er{k —al + Xk — 1)]}2c(v, k) — 2[1 + Ak — D)](1 — «)?
(k> 2)
is an increasing function of k (k> 2) for 0 < a<1,0<A<1,0<y<1/2
and n € Ny, we readily have

(8.30) D(k)=1—

(1=A)(1—)?
27{2 — a1+ N)]|P(1—-7)— 1+ N1 —«a)?
which completes the proof of Theorem 13.

(8.31) W< 1—
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