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We deal with nonlinear T-periodic differential systems depending on a small parameter. The unperturbed
system has an invariant manifold of periodic solutions. We provide the expressions of the bifurcation
functions up to second order in the small parameter in order that their simple zeros are initial values of the
periodic solutions that persist after the perturbation. In the end two applications are done. The key tool for
proving the main result is the Lyapunov-Schmidt reduction method applied to the T-Poincaré-Andronov
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1. Introduction

We want to study the existence of T-periodic solutions of the
differential systems of the form,

X (t) = Fo(t, X) + eF(t, x) + e2Fy(t, x) + £3R(t, x, €), (1)

where ¢ is a small parameter, Fy, F1,F, : R x 2 — R"andR :
R x £2 x (—¢f, &) — R™ are C? functions, T-periodic in the first
variable, and 2 is an open subset of R". We work in the hypothesis
that there exists a k-dimensional submanifold of £2 (k < n) whose
points are initial values of T-periodic solutions of the unperturbed
system

X' (t) = Fy(t, x). (2)

Our objective is to study the periodic solutions of the unperturbed
system (2) which can be continued to the perturbed system (1) for
values of ¢ sufficiently small.

For z € §2 we denote by x(-,z, &) : [0, t,) — R" the so-
lution of (1) with x(0, z, £) = z. From Theorem 8.3 of [1] we de-
duce that, whenever t(, 0y > T for some z, € £2 there exists a
neighborhood of (zg, 0) in £ x (—¢f, &) such that, for all (z, €)
in this neighborhood, t;; .y > T. Under this assumption there ex-
ists an open subset D of £2 and a sufficiently small &g > 0 such

* Corresponding author. Tel.: +34973702778; fax: +34973702702.
E-mail addresses: abuica@math.ubbcluj.ro (A. Buica), gine@matematica.udl.cat
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that, for all (z,¢) € D x (—é&p, &9), the solution x(-, z, ¢) is de-
fined on the interval [0, T]. Hence, we can consider the function
f D x (—&g, &) — R", given by

f(z,e) =x(T,z,¢) — z. (3)
Then, every (z., ¢) such that
fze,e) =0 (4)

provides the periodic solution x(-, z., &) of (1).

The converse is also true, i.e. for every T-periodic solution of
(1), if we denote by z, its value at t = O then (4) holds. Then,
the problem of finding a T-periodic solution of (1), can be replaced
by the problem of finding zeros of the finite-dimensional function
f(, €) given by (3).

We denote the variational equation of (2) associated to one of
its solutions x(t, z, 0) with

y =P(t,2)y, (5)
where
P(t,z) = DyFy(t, x(t, z, 0)), (6)

and with Y (-, z) some fundamental matrix solution of (5).

We denote the projection onto the first k coordinates by 7 :
R¥ x R"* — RK and the one onto the last (n — k) coordinates
by 7+ : R¥ x R"* — R"*, For the n-dimensional function g
of n variables z = (a, B) € R¥ x R" ¥ we denote by Dg(7g)
the k x (n — k) matrix whose entries are the first order partial
derivatives with respect to each component of 8 € R" ¥ of the
first k components of g.
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The next theorem is our main result. In its proof we shall apply
a version of the Lyapunov-Schmidt reduction method (provided in
Theorem 4 of Section 2) to the function (3) after a suitable change
of coordinates.

Theorem 1. Let 8 = (B4, ..., Bnx) : V — R" ¥ be a C? function,
where V C R¥ is open and bounded. We assume that

(i) Z = {zo = (@, B(@)),@ € V} C D and that for each z, €
Z, the unique solution x(t, z,, 0) of (2) with x(0, z,,0) = z,
(denoted shortly x, (t)), is T-periodic; and

(ii) for each z, € Z, there exists a fundamental matrix solution
Yo (t) = Y(t,z,) of (5)such that the matrix Y;'(0) — Y, '(T)
has in the right up corner the null k x (n — k) matrix, while in
the right down corner has the (n — k) x (n — k) matrix A, with
det(A,) # 0.

The corresponding bifurcation functions f; : V. — R* of first order in

gis

T
f] (a) =7 </ Y_](tv Z()Z)Fl (t7 X(t’ Zy, 0))dt> ) (7)

0

and f, : V. — R¥ of second order in ¢ is

fale) = 2mgy(a) +2 (Dﬂ(ﬂgl)(la)) y (@)

+Za:31

where y : V. — R" % is defined by
y(@) = -4 (7181 (),
and

80(2) =Y (T, 2) (x(T, z,0) — z),

(D,s (780)(2a)) ¥ (@), (8)

T
2:1(2) =/ Y~I(t, 2)F; (¢, x(t, z, 0))dt,

0

T
&(2) = %/ Y~U(t, 2)F.(t, x(t, , 0))dt,
0

with

F. =2F + 2(DXF1)

Zax’ 0, o)
ax

t
== Y(t,z)/ Y~1(s, 2)F; (s, x(s, z, 0))ds.
de 0
If there exists a zero a € V of f1(«) such that its Jacobian det((D.f1)
(a)) # O, then there exists a T-periodic solution ¢(-, &) of system
(1) such that ¢(0, ) — zgase — 0.

If fi(e) = 0 and there exists a zero a € V of fo(«) such that its
Jacobian det ((Dyf>) (a)) # O, then there exists a T-periodic solution
(-, ) of system (1) such that ¢(0, &) — z;ase — 0.

We remark that in the expression of F,, the notation a%i(DxFo)
stands for the matrix-valued function whose entries are the first
order partial derivatives with respect to x; of the entries of the
matrix-valued function D,Fy. Each term in the sum that appeared
in the expression of F, is, then, a product between a scalar and
an n-dimensional column vector obtained of applying an n x n
matrix to an n-dimensional column vector. Similar notation for the
k-dimensional column vector f, ().

Theorem 1 is proved in Section 3.

The first order bifurcation function f; (o) was already obtained
by Malkin [2] and Roseau [3], see also the book of Francoise [4].
For a shorter proof see [5]. What really is new in Theorem 1 is
the expression of the bifurcation function f,(«) corresponding to

second order analysis in ¢ of the existence of T-periodic solutions
of system (1). In the particular case that k = n the expression of
f> was found in [6], while when F; is identically zero (in particular
this implies k = n), the expressions of the second order and third
order bifurcation functions are known (see for instance [7] and the
references therein). We remark that, in this particular case Fy =
0, the construction of these bifurcation functions are part of the
averaging theory (for general results on averaging theory see for
instance the books of Sanders et al. [8], Verhulst [9]). Sometimes,
also in the general case Fy £ 0 it is said that results like Theorem 1
describe the averaging method. Moreover, in the particular case
Fo = 0 and for scalar equations (1) (i.e. for n = 1) the recursive
expressions of the bifurcation functions up to any order are known,
see [6,10].

We do two applications of the new averaging theorem at second
order in ¢, i.e. of Theorem 1. In the first application we consider a
differential equation of order four of the form

4
de
This class of equations have been studied in [11,12]. Here we will
analyze the particular fourth order differential equation

d*x
det
where a, b € R, or equivalently the first order differential system
in R*

+ax+ Y, t) =0.

—x—e¢ela+bcos’t) —e*sin(x +t) = 0, (9)

x=y,
y=z,
s —w (10)

w=x+e(a+bcos’t) + &?sin(x + t),

where the dot denotes the derivative with respect to the time
variable t. Our result on the periodic solutions of the fourth order
differential equation (9) is the following.

Proposition 2. For |¢| # 0 sufficiently small the differential system
(10) has an arbitrary number of limit cycles bifurcating from the
continuum of the periodic solutions of the 2-dimensional isochronous
center that the system has for ¢ = 0.

The proof of Proposition 2 is given in Section 4, and uses
Theorem 1.

In the second application we deal with the homogeneous
polynomial differential system

= -y +y),
¥ =x( -y,
of degree 3 that has the C* flat first integral

2x?
x2 + y2 :

Proposition 3. The homogeneous polynomial differential system
(11) has a global center at the origin (i.e. all the solutions contained
in R? \ {(0, 0)} are periodic). Let Pi(x,y) and Q;(x,y) fori =1, 2 be
polynomials of degree at most 3. Then, for convenient polynomials P;
and Q;, the polynomial differential system

(11)

H(x,y) = (x> +y*) exp (—

x=—y(3x* +y*) + ePi(x,y) + £*Pr(x, Y),
¥y =x(¢ —y*) +eQi(x,y) + £2Q(x, ),

has at first order averaging one limit cycle, and at second order
averaging two limit cycles bifurcating from the periodic solutions of
the global center (11).

(12)
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As far as we know this is one of the first examples for which
the limit cycles bifurcating from the periodic solutions of a 2-
dimensional center of a polynomial differential system having
a non-rational first integral have been studied. The other two
examples that we know in this direction were given recently by
Jiming Li [13] and Llibre et al. [14].

We remark that the result of Proposition 3 with the averaging
method of first order is already contained in Theorem 2 of [ 14].

The proof of Proposition 3 is also given in Section 4. More
precisely, we will apply Theorem 1, which gives a method to
determine bifurcation of periodic solutions from a submanifold
of isochronous periodic solutions. We note that the degenerate
center of system (11) it is not isochronous because it cannot
be linearized see [15] but, after a change of variables to polar
coordinates (r, 6), it becomes isochronous with respect to the new
time 6 and Theorem 1 can be applied.

2. Lyapunov-Schmidt reduction for finite dimensional
functions

The Lyapunov-Schmidt reduction method is the main tool that
we shall use for proving our Theorem 1. Here we provide a version
of it adapted to our necessities. For a general introduction to this
reduction method see [16].

Theorem 4. Let g : D x (—&o, &0) = R"and B = (B1, ..., Bn—i) :
V — R" X be C? functions, where D is an open subset of R" and V is
an open and bounded subset of R¥. We assume that

2z, 8) = g0(2) + £81(2) + £°%(2) + 0(?),

and that

(i) Z = {zo = (@, B(@)) ,@ € V} C D and that for each z, €
Z, go (z4) = 0, and

(ii) the matrix G, = D,g (z,) has in the right up corner the null

k x (n — k) matrix, while in the right down corner has the
(n — k) x (n — k) matrix A, with det(4,) # 0.

We consider the function f; : V — R¥ defined by
fila) = 7g1(z0). (13)

If there exists a € V with fi(a) = 0 and such that the Jacobian
det ((Duf1) (a)) # O, then there exists o, such that g(z,,,¢) = 0
and zo, — zgas e — 0.

We consider the functionsy : V — R *andf, : V — RK
defined by
y(@) = -4 (781 (2),
fHla) = 2(rgy)(za) +2Dﬂ(ng1)(za)y(a) (14)

nk

+ Z—(a 0~

If file) = 0 and there exists a € V with f,(a) = 0 such that
the Jacobian det ((D,f>) (a)) # O, then there exists «, such that
8(zy,. &) =0andz,, — zgase — 0.

Dﬁ (7780) (Za) Y ().

Proof. We consider the function
atg : RF x R™* x [—&p, £o] = R"F,
(a, B, &) — nlg(a, B, ¢).

Then, we have 7+g(z,,0) = 0 and Dy (7g) (24, 0) = A,. Since
det(A,) # 0, we apply the Implicit Function Theorem and deduce
that, for || sufficiently small, there exists a function 8 with

(a, &) — B(a, &) suchthat B(a,0) = B(a) and
mrg(a, e, £),£) = 0.
Now we consider the function

8 RF x [—¢p,80] = R, S(a, ) = wg(a, B, €), €).

We have

8(“7 O) = ”g(zas 0) = 05

B g (g

= Dg (7g) (24) 5% (a) + 9% (Za)-

Using (ii) we see that Dg(g) (24, 0) = Ogx (n—k), Where Ogy (n_i) 1S
the null k x (n — k) matrix. Hence d5/de(«, 0) = f1(«). We claim
that 328/9&2(ar, 0) = fo(ax), such that we can write

88( )
—(a, &
de

2
S(ar £) = efi (o) + %fz(a) +0(?).

Applying the Implicit Function Theorem to §(«, €)/¢ in the case
that f; has a simple zero, respectively to §(«, €)/&? in the case that
fi = 0and f, has a simple zero, we obtain for || sufficiently small,
the existence of «(¢) such that «(0) = a and § (x(¢),¢) = 0.

Moreover, denoting z,, = (a(¢), B(a(¢), €)) we have g(z,,, £)
=0.
In order to justify the claim we write shortly the expressions
as B d(mg)
—(,e)=D o ,
ag(ot €) B(”g) - T %
%8 ok aﬂ, 5 3 EY:
— 7D —_
10 @O = LG aaDr g+ gD
2 d(mwg) d % (m
+Dp (18) 35 ﬂ + Dy (g)—ﬂ+ (8) 5

de 0O¢ 0g?

Corollary 5. Notice that the case k = n is a trivial particular case of
the above theorem. Indeed, when k = n, hypothesis (i) is satisfied if
and only if go = 0 and in this case hypothesis (ii) is automatically
fulfilled. The bifurcations functions are f1(z) = g1(z) and f,(z) =
2g,(2).

3. Proof of Theorem 1

We need to study the zeros of the function (3), or, equivalently,
of

gz, e) =Y (T, 2)f(z,&) =Y '(T,2) x(T.,z,¢) — 2).

To this function we shall apply Theorem 4. It is sufficient if we
identify the functions gy, g1 and g» and we prove that they satisfy
the hypotheses of Theorem 4. Of course, g9(z) = g(z, 0) and we
have that gy (z,) = 0, because x(-, z,, 0) is T-periodic. We shall
prove that

Go = D280 (z2) = Y, '(0) = Y, \(T). (15)
For this we need to know (D,x) (t, z, 0). Since it is the matrix
solution of (5) with (D,x) (0,z,0) = I,, we have that (D,x)
(t,z,0) = Y(t,z)Y1(0, z). Moreover,

D,f(z,0) = D,x(T,z,0) — I, = Y(T,2)Y (0, 2) — I,
and
D.g(z) = Y~ '(0,2)

ay—! ay—!
+ ( 3 (T,2)f(z,0), ..., (T, 2)f (z, O)) ,
Z1 0z,

that, for z, € Z reduces to (15).
We have

og 1 0x
—(z,00 =Y (T,z) —(T,z,0).
e de

—Y T, 2)

Taking the derivative with respect to ¢ in the relations
X(t,z,e) = Fo(t,x(t,z,¢)) + eFy(t, x(t, z, &))

+e’Fy(t, x(t, z, ) + 0(e?), (16)
x(0,z,8) =z,

one can see that the function (dx/d¢) (-, z, 0) is the unique solution
of the initial value problem

¥y = DFo(t, x(t, z, 0)y + Fi(t, x(t,z,0)), y(0)=0.
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Hence

0x Lo
8—(t,z,0)=Y(t,2) Y™ (s, 2)F1 (s, (s, z, 0))ds.
& 0

Now we have

g /T -1
81(2) = —(2,0) = | Y7 (s, 2)Fi(s, x(s, z, 0))ds.
88 0

Taking the second order derivative with respect to € in the relations
(16), one can see that the function (32x/0¢?) (-, z, 0) is the unique
solution of the initial value problem

¥ = DyFo(t, x(t, z,0))y + Fu(t, x(t, z,0)),  y(0) =0,
where the expression of F, is given in the statement of the
Theorem. Hence

3°x ¢
2620 = Y(t,Z)/ Y~1(s, 2)F.(s, X(s, z, 0))ds.
0

Now we have
19%g
2 0g?

This completes the proof of Theorem 1.

T
2@ =5 5@0= / Y(s, 2)F. (s, (5, 2, 0))ds.
0

Corollary 6 (The Isochronous Case). We assume that there exists an
open set V with V. C D and such that for eachz € V,x(-,z,0) is
T-periodic, that is the hypothesis of the above theorem are fulfilled for
k = n. In this case gg = 0 and the bifurcation functions have simpler
expressions f1(z) = g1(z) and f,(z) = 2g,(z), where g, and g, are
calculated according to the formulas of Theorem 1.

4. Proof of the two applications

Proof of Proposition 2. The linear part at the origin of the
differential system (10) is given by the matrix

0100
0010
000 1) (17)
100 0

and its eigenvalues are +1 and =+i. Doing the change of variables
*x,y,z,w) — (X,Y,Z, W) given by

X 1 -1 =1 1\ /x
y| [-1 =1 1 1]y
z|=11 1 1 1]z
w -1 1 -1 1) \w

system (10) becomes

X = —Y+e(@a+bcos’t)
+esin((4t +X — Y +2Z —W)/4),
Y = X + e(a+ bcos? t)
+e?sin((4t +X — Y +Z — W)/4),
Z = Z+e(a+bcos’t)
+esin((4t +X — Y +2Z —W)/4),
W = —W 4 e(a+ bcos*t)
+e?sin((4t +X — Y +Z — W)/4).

(18)

Note that the differential of this system at the origin is the real
normal Jordan form of the matrix (17).

Now we shall apply Theorem 1 to the differential system (18)
taking

x=X,Y,Z, W),
Fo(tvx) = (_vaazv _W)s

Fi(t,x) = (A, A A A), (19)
F(t,x,¢) = (B, B, B, B),
2 =R4,

where A=a+bcos’t,and B =sin((4t +X — Y +Z — W)/4).

Clearly system (18) with ¢ = 0 has a linear center at the
origin in the (X, Y)-plane. We remark that all linear centers are
isochronous. Using the notation from the Introduction (mainly the
notation related with the statement of Theorem 1), the periodic
solution x(t, z, 0) of this center with z = (X, Y, 0, 0) is

X(t) = Xgcost — Ygsint,

Y(t) = Yocost + Xpsint,

Z(t) =0,

W(t) =0,

with period T = 27. The k, V and « of Theorem 1 are k = 2,
V={XY):0<X*+Y%<p}

for some real number p > 0,and o = (Xp, Yp) € V.

For the function Fy given in (19) and the periodic solution
x(t, z, 0) given in (20) the fundamental matrix solution M (t) of the
differential system (5) such that M (0) is the identity matrix of R*
is

(20)

cost —sint 0 O
sint cost 0 O
MO=1"09 0o & o
0 0 0 et

We remark that for system (18) with ¢ = 0 the fundamental

matrix does not depend on the particular periodic orbit x(t, z);
i.e. it is independent of the initial conditions z. Therefore, an easy
computation shows that

0 0 0 0
0 0 0 0
-1 -1 _
M~ (0)—M (2m) = 0 0 1_e2" 0
0 0 0 1—e>™

Consequently all the assumptions of Theorem 1 are satisfied.
Hence the corresponding bifurcation function at first order f; («) is
given by
2

filw)=rg1(z) =7 ( M~ (s)Fi (s, x(s, 2, 0))d5)

0
which is identically zero because we have that the following
integrals
2
(a + b cos? s)(cos s + sins)ds = 0.
0

Therefore, we must go to second order of bifurcation. In this case
we must study the zeros in V of the system f,(a) = 0 of two
equations and two unknowns, where f, is given by (8). More
precisely, we have f>(a) = (f2,1(Xo, Yo), f2.2(Xo, Yo)) where

2
fa1 = (cost + sint)
0
T Xo — Yp)cost — (Xo + Yp) sint ]
« sin t_’_(o 0) (Xo + Yo) .
. 4 -
2
fa2 = (cost — sint)
0
T Xo — Yp)cost — (Xo + Yp) sint ]
« sin t+(0 0) 4(0 0) dt.
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After a tedious calculation (which can be checked using an
algebraic processor) and the change of variables (Xp, Yy) — (1, s)
given by

Xo — Yo = 4rcoss,
Xo + Yo = —4rsins,

we obtain for
hi(r,s) = f,j(2r(coss — sins), —2r(cos s 4 sins)),
withj = 1, 2, that

hi(r,s) = m[Jo(r) 4+ Jo(r)(cos 2s — sin 2s)],
hy(r,s) = —m[Jo(r) + Jo(r)(cos 2s + sin 2s)],

where J,, (1) is the u-th Bessel function of first kind (see [17]).
Adding and subtracting the two equations h;(r,s) = 0, for
j =1, 2, we obtain the system

p1(r,s) = Jo(r)sin2s =0,
p2(r,s) = Jo(r) + Jo(r) cos 2s = 0.

It is known that the zeros of the functions J, (r) are distinct for
different p's, then either s = 0, or s = /2. We are not interested
in all the solutions of this system, we are only interested to show
that it has as many solutions as we want satisfying the assumptions
of Theorem 1. So, in what follows we only study the solutions with
s = 0. Consequently, from the second equation of (21) we obtain

Jo(r) +J2(r) = 0.

Since Jo(r) 4+ Jo(r) = 2J1(r)/r, and the function J; (r) has infinitely
many positive zeros tending to be uniformly distributed whenr —
0o, because the asymptotic behavior of J;(r) is «/2/(zr) cos(r —
31 /4), it follows that system (21) has infinitely many solutions of
the form (ro, 0) being ry a positive zero of J;(r). Then, (X, Yy) =
(219, —2r9) is a solution of the system f, j(Xp, Yo) = Oforj =1, 2.
Moreover, the determinant of 9(f 1, f2.2)/9(Xo, Yo) at the point
(2rg, —2r9) is

(21)

2
det(rg) = %rgﬂ@, —15/2) [# 3, —15/2) — #(2, —15/2)]

where J¢ is the regularized hypergeometric function, see [17].
Using the formula

2

4
= —FH 1, —2%/4
Jn(@) = S K+ 1, =274),
we get
72 2 2
det(rp) = Len l20o) J; (o) .
T,

0

Since the zeros of J1 (r) and J, (r) are different, we get that det(rg) #
0.Hence, by Theorem 1 for each (2ry, —2rg) contained in V we have
a periodic orbit of system (18) with |&| # O sufficiently small.

Finally, for a given positive integer N we can fix p in the defi-
nition of V in such a way that the interval (0, p) contains exactly
N zeros of the function J;(r). Then taking |¢| # 0 small enough,
Theorem 1 guarantees the existence of N periodic solutions for sys-
tem (18). Moreover, choosing |¢| 7% 0 smaller if necessary, since
system (18) with ¢ = 0 has its periodic solutions strongly stable
and unstable in the directions Z and W respectively, it follows that
the N periodic solutions for system (18) obtained using Theorem 1
are limit cycles; i.e. they are isolated in the set of all periodic solu-
tions. This completes the proof of the proposition. O

Proof of Proposition 3. First we show that the homogeneous
polynomial differential system (11) has a global center at the

origin. In polar coordinates (r, 8) defined by x = rcosf,y =
rsin @, system (11) becomes

i = —r’sin20,

b=r.

Of course, to study this system is equivalent to study the
differential equation

dr .
— = —rsin26, (22)
do

whose solution r (8, z) satisfying r(0,z) = z is

r(0,z) = zexp (—sin®0). (23)

Therefore all the solutions of the differential equation (22) and
consequently all the solutions of the homogeneous polynomial
differential system (11) are periodic with the exception of the
origin which is a singular point. Hence it is proved that the origin
of system is a global center.

Now we want to study the limit cycles of the perturbed system
(12) for |e| # O sufficiently small, which bifurcate from the peri-
odic solutions of the center of system (11).

We write the polynomial P;(x, y) and Q;(x, ¥) of degree 3 of sys-
tem(11)as

P1 = dgo + G10X + do1y + G20X* + a11Xy + goy” + azeX’
+ a01X°y + apxy* + apsy’,

Py = boo + biox + bo1y + baox* + b11xy + boay* + b3ox’
+ by1X’y + biaxy? + bosy?,

Qi = Aoo + AroX + Aoy + Asox® + Ar1xy + Apzy® + AsoX’
+ AnX’y + Axy? + Ay,

Boo + Biox + Bo1y + BaoX® -+ B11xy + Booy?
+ B30X3 + 321x2y + Blzxyz + 303y3.

Q

Doing change to polar coordinates to system (12), we obtain
that it can be written as
dr

7= sin20 + eF; (0, 1) + £2F,(0, 1) 4+ 0(s3), (24)

where

F1(0,1) = A1(0) /1% + Ax(0) /1 + A3(0) + As(O)r,

E(0,1) = B1(8)/r° + B2(9)/r* + B3(0)/r* + B4(6) /r?
+ Bs(0)/r + Bs(0) + B;(0)r,

where A; and B; are trigonometric polynomials. Now we shall ap-
ply Corollary 6 to the differential equation (24) takingk = n = 1
and

x=r, t=60, F(0,x)=-rsin20, £ = (0,00). (25)

Clearly the differential equation (24) is T = 2 periodic in
the variable 6. Moreover this equation for ¢ = 0 has all its solu-
tions 2 -periodic and given by (23). The V and « of Theorem 1 are
V ={r:0 < r < p}, for some real number p > 0,and ¢ =
zeV.

For the function Fy given in (25) and the periodic solutionr (6, z)
given in (23) the 1 x 1 fundamental matrix M(0) of the differen-
tial equation (24) with ¢ = 0 such that M(0) = (1) is M(#) =
(e~ 5" ). We remark that for system (25) the fundamental matrix
does not depend on the particular periodic orbit r (8, z); i.e. it is in-
dependent of the initial condition z. Therefore M~ (0) = (5" ?).

Since all the assumptions of Theorem 1 are satisfied, by Corol-
lary 6 we must study the zeros in V of the function g;(z), where g;
is given by
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2
g1(2) = M~ (6)F; (¢, x(t, z, 0))dt,
0

= ;—Z((aao + 2bo3 + by1)Z2 + 2e(bor (Jo (1)
F21(1) + ai (1))).

In order to obtain the bifurcation function of second order we im-
pose that first order vanish identically. Hence we must to impose
bg1 = a19 = 0 and by = —azg — 2byps. In this case we have that
g1(z) = 0. To determine the bifurcation function of second order
we must to compute

t
x_ M(t) / M~ (0)Fi(t, x(t, z, 0))dt.

de 0

The computation of this integral gives some terms that cannot be
expressed by means of elementary functions or in function of the
error function erf(z) where the error function is the integral of the
Gaussian distribution given by

2 z 2
erf(z) = ﬁ e dt.
0

We avoid this terms fixing the some of the arbitrary parameters
in the following form ag; = —3az0 + 3b11, a0 = by1 and apy =
0. Moreover the second order derivative of F is identically zero.
Therefore we have that

ax
F, = 2F, 4+ 2DyF; - —,

ae

and the bifurcation function of second order is given by

£(2) = ;fOT M~ (O)F(t, x(t, z, 0))dt,
— =5 { (16003012 + 32403030 — 128430 — 112003005

— 256Bgy3 — 32a3b1; — 64asgbi; — 32bgsbyy

— 128By; — 16a15b39 — 32asobsg — 144bysbso)z*

+ 128ez°[—2(A10 + Bo1 + ao1(a12 — 4(aso + bos))

+ 2a1zb10 — 7azob1o — 8bozb1o — b11ba0)Jo(1) + (4A10

+5a01a12 — 17ap1a30 — 4Bo1 — 22a01bo3

+8azb1o — 33asobio — 37bo3bio — anibn

+ boab11 — 3b11b20)J1 (1) | + 256bgob11€°]2(2) ).
Consequently this bifurcating function can have two zeros and two

limit cycles can bifurcate from the periodic solutions of the degen-
erate center and this completes the proof of the Proposition. O
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