Contributions to coincidence degree theory of homogeneous operators

Adriana Buică

Department of Applied Mathematics Babes-Bolyai University, 1 Kogalniceanu str.

3400 Cluj-Napoca, Romania email: abuica@math.ubbcluj.ro

Abstract. The aim of this paper is to establish some formulas for the coincidence degree of nonlinear homogeneous operators in Banach spaces. As applications, we shall consider the periodic problem for general functional differential equations. We succeed to abstract and even to extend similar results of A. Capietto, J. Mawhin and F. Zanolin for the periodic problem for ordinary differential equations and retarted functional differential equations.

Mathematics Subject Classifications (1991). 47H11, 54H25, 34C25, 34K15

1 Introduction

A. Capietto, J. Mawhin and F. Zanolin have established some formulas for the coincidence degree of some nonlinear homogeneous differential operators [1], and retarted functional differential operators [2] in spaces of periodic functions. The aim of this paper is to prove similar formulas for the coincidence degree of nonlinear homogeneous abstract operators in Banach spaces. As applications, we shall consider the periodic problem for general functional differential equations (FDE). We succeed to abstract and even to extend the mentioned results from [1,2].

More exactly, the abstract equations and FDE have the forms Lx = N(x) + N_p(x), (1) x^′(t) = F (x)(t) + F_p(x)(t). (2)

L : X → Y is a Fredholm linear continuous operator of index 0 and N, N_p : X → Y are completely continuous between Banach spaces X and Y . F , F_p : C_ω → L_ω are continuous operators, taking bounded sets into bounded sets. We denote by C_ω the space of ω- periodic continuous functions x : R → R^m and by L_ω the space of ω-periodic integrable functions x : R → R^m, with the usual norms.

For the nonlinear operators involved, N, N_p, F, F_p we shall assume to be positively homogeneous.

Our results are formulated in terms of computation of coincidence degrees (see [3]). Existence results are easy consequences.

2 Preliminaries

In this section we present with an adapted proof two theorems, which are essentially from [3] (Theorem III.3, page 24 and Theorem IV.2, page 31). They will be used in the next section.

Let us denote X_1 = KerL, Y_1 = coImL and consider the linear isomorphism J : X_1 → Y_1 and the continuous projectors P : X → X_1 and Q : Y → Y_1. Let us remember that the operator M : X → X, M = (L + JP )^{−1}(N + JP ) is completely continuous (see also [6]) and the coincidence degree of (L, N) is defined as the Leray-Schauder degree of M (on some open and bounded subset of X).

Ω will denote an open and bounded subset of X.

Theorem 1 Assume that Lx ≠ N(x) for each x ∈ ∂Ω.

Then there exists μ > 0 such that μ ≤ inf_{x∈∂Ω}||Lx − N(x)|| and for every N_p with sup_{x∈∂Ω}||N_p(x)|| < μ, d((L, N + N_p), Ω) = d((L, N), Ω). Proof. By using formula L − N = (L + JP )(I − M) and the facts that (L + JP ) : X → Y is a homeomorfism and (I − M) : Ω → X is proper, we deduce that (L − N) : Ω → Y is proper, too. Thus, (L − N) is a closed operator, which implies that (L − N)(∂Ω) is a closed subset of Y . From our hypothesis, 0 ∉ (L − N)(∂Ω). Then we obtain inf_{x∈∂Ω}||Lx − N(x)|| = dist(0, (L − N)(∂Ω) ≥ μ > 0.

Finally, let us consider the homotopy H(x, λ) = N(x) + λN_p(x), which is admissible because for all x ∈ ∂Ω and λ ∈ [0, 1] the following inequalities are valid. ||Lx − H(x, λ)|| = ||Lx − N(x) − λN_p(x)|| ≥ ||Lx − N(x)|| − λ||N_p(x)|| > μ − λμ = (1 − λ)μ ≥ 0. Using the invariance of the coincidence degree under an admissible homotopy, we obtain the conclusion.

Theorem 2 Assume that QN(x) ≠ 0 for all x ∈ ∂Ω ∩ X_1 . Then there exists ε_1 > 0 such that for every ε ∈ (0, ε_1] the equation Lx = λεN(x) has no solutions on ∂Ω for every λ ∈ (0, 1] and d((L, εN), Ω) = d_B(J^{−1}QN, Ω ∩ X_1, 0). Proof. It is readily checked that Lx ≠ QN(x) for each x ∈ ∂Ω. Then, by Theorem 1, there exists μ > 0 such that μ ≤ inf_{x∈∂Ω} ||Lx − QN(x)||. Let us consider now for λ ∈ (0, 1], the operator N_p = λ(I − Q)(εN) and notice that the solutions of equation Lx = QN(x) + N_p(x) are the same as for equation Lx = λεN(x). The facts that N is completely continuous and (I − Q) is a linear bounded operator imply that the set N_p(∂Ω) is bounded and contained in a ball of radius R(ε) such that R(ε) → 0 as ε → 0. Then, there exists ε_1 > 0 such that for every ε ∈ (0, ε_1], sup_{x∈∂Ω} ||N_p(x)|| < μ. By Theorem 1, this fact implies the first part of conclusion.

Now, by applying the well-known continuation theorem ([3], Theorem IV.1, page 27), we obtain that d((L, εN), Ω) = d_B(J^{−1}QN, Ω ∩ X_1, 0).

3 Main results

In this section we shall give perturbations results in the coincidence degree theory, using the good properties of homogeneous operators. We denote by B_r(0) the ball of center 0 and radius r > 0 from the Banach space X.

Theorem 3 Let N, N_p : X → Y be two positively homogeneous operators of order α and β, respectively.

Assume that QN(y) ≠ 0 for all y ∈ X_1 with |y| = 1. Then there exists r_0 > 0 such that, if r ≤ r_0 and 1 < α or r ≥ r_0 and α < 1 equation Lx = N(x) has no solutions x with |x| = r and

(i) d((L, N), B_r(0)) = d_B(J^{−1}QN, B_r(0) ∩ X_1, 0).

Similarly, there exists r_1 > 0 such that, if r ≤ r_1 and (1 < α ≤ β or 1 = α < β), or r ≥ r_1 and (β ≤ α < 1 or β < α = 1), (1) has no solutions x with |x| = r and

(ii) d((L, N + N_p), B_r(0)) = d((L, N), B_r(0)).

Proof. It can be easily proved that, in our hypotheses, the Brouwer degree of J^{−1}QN is well-defined on B_r(0) ∩ X_1 and is constant with respect to all r > 0. From Theorem 2 we have that there exists ε_1 > 0 such that for every ε ∈ (0, ε_1] and for all λ ∈ (0, 1],

Ly ≠ λεN(y) for every y ∈ B_1(0). (3)

Now let us consider x ∈ B_r(0) such that, for some λ ∈ (0, 1] Lx = λN(x). Then y =^1_r x satisfies |y| = 1 and Ly = λr^{α−1}N(y). If we consider r ≤ r_0 =

ε^{1α−1}_1 when 1 < α, or r ≥ r_0 when α < 1, this last relation contradicts (3). Thus, for all λ ∈ (0, 1],

Lx ≠ λN(x), for all x ∈ B_r(0) and (see [3]) the conclusion (i) follows. In order to prove (ii) we shall consider two cases. a) The case α ≠ 1 .

Repeating the arguments from the proof of Theorem 2 we obtain that there exists ε_2 > 0 such that for all ε ∈ (0, ε_2], γ ≥ 1 and λ ∈ (0, 1] we have

Lz ≠ ε(N(z) + λε^{γ−1}N_p(z)), for every z ∈ B_1. (4)

If we consider x ∈ B_r(0) such that for some λ ∈ [0, 1], Lx = N(x) + λN_p(x), then z =^1_r x satisfies |z| = 1 and Lz = r^{α−1}N(z) + λr^{β−1}N_p(z), or, equivalently, Lz = r^{α−1}(N(z) + λ(r^{α−1})^{β−1α−1 −1}N_p(z)). If we take r_1 = ε^{1α−1}_2 and r ≤ r_1 when 1 < α ≤ β or r ≥ r_1 when β ≤ α < 1, then this contradicts (4). For such an r and for all λ ∈ [0, 1] we have

Lx ≠ N(x) + λN_p(x), for all x ∈ B_r(0).

Using the homotopy invariance of the coincidence degree we obtain the conclusion.

b) The case α = 1.

Now the hypotheses assure that the only solution of Lx = N(x) is x = 0. From Theorem 1 we obtain that there exists μ_1 > 0 such that for all μ ∈ (0, μ_1] and every λ ∈ [0, 1], Lz ≠ N(z) + λμN_p(z), for all z ∈ B_1. The conclusion follows like in the previous case.

Theorem 4 Assume that the following conditions are fulfilled: (i) the operator N is positively 1-homogeneous; (ii) the equation Lx = N(x) has only the solution x = 0;

(iii) there exist ε, b, r_0 > 0 such that ||N_p(x)|| ≤ ε||x|| + b for all x ∈ X with ||x|| ≥ r_0. Then there exist ε sufficiently small and r sufficiently large such that

d((L, N + N_p), B_r(0)) = d((L, N), B_r(0)).

Proof. The operator M : X → X, M = (L + JP )^{−1}(N + JP ) is completely continuous, positively 1-homogeneous and has a unique fixed point x = 0. Then, (by Theorem 1, [7]) we obtain that there exists c > 0 such that ||x − M(x)|| ≥ c||x||, for all x ∈ X. Further, c||x|| ≤ ||x − M(x)|| = ||(L + JP )^{−1}(L + JP )(x − M(x))|| = = ||(L + JP )^{−1}(Lx − N(x))|| ≤ ||(L + JP )^{−1}|| · ||Lx − N(x)||. It follows that there exists d > 0 such that d||x|| ≤ ||Lx − N(x)||. Finally, we choose ε < d and r ≥^b_{d−ε} , r ≥ r_0 and apply Theorem 1.

4 Applications to FDE

The aim of this section is to obtain some consequences of Theorems 1-4 above in the case of ω-periodic problems for FDE.

In order to skip the detailed proof of these results, let us make the following considerations.

We denote (see also [4]) X = Y = C_ω, Lx = x(t)−x(0), N(x) = ∫_t 0 F (x)(s)ds, N_p(x) = ∫_t 0 F_p(x)(s)ds. Then X_1 ≃ R^m, Y_1 ≃ R^m and P (x) = x(0), Q(x) = x(ω), J(a) = ωa. The function J^{−1}QN is f : Ω ∩ R^m → R^m given by the formula f(a) = 1 ω ∫_ω 0 F (a)(s)ds. Let us consider also the ω-periodic problem for the equation

x^′(t) = F (x)(t). (5)

The main results of this section are the following.

1. Small perturbations Theorem 5 There exists ε > 0 sufficiently small such that, providing ||F_p(x)|| < ε for all x ∈ ∂Ω, d((L, N + N_p), Ω) = d((L, N), Ω).

2. Small right hand side

Theorem 6 If f(a) ≠ 0, for all a ∈ ∂Ω ∩ R^m then there exists ε_1 > 0 such that for every ε ∈ (0, ε_1] d((L, εN), Ω) = d_B (f, Ω ∩ R^m, 0). 3. Homogeneous right hand side

Theorem 7 Let F, F_p be positively homogeneous operators of order α and β, respectively. Assume that f(a) ≠ 0 for all a ∈ R^m with |a| = 1. Then there exists r_0 > 0 such that if r ≤ r_0 and (1 < α ≤ β or 1 = α < β) or r ≥ r_0 and (β ≤ α < 1 or β < α = 1)

d((L, N + N_p), B_r(0)) = d((L, N), B_r(0)) = d_B(f, B_r(0) ∩ R^m, 0).

4. Asymptotically homogeneous perturbations

Theorem 8 Suppose that the following conditions are satisfied: (i) F is positively 1-homogeneous;

(ii) the ω-periodic problem for the equation x^′ = F (x) has only the solution x = 0;

(iii) there exist ε, b, r_0 > 0 such that ||F_p(x)|| ≤ ε||x|| + b for all x ∈ C_ω with ||x|| ≥ r_0. Then there exist ε sufficiently small and r sufficiently large such that

d((L, N + N_p), B_r(0)) = d((L, N), B_r(0)).

We consider now the retarted FDE x^′ = g(t, x_t) + g_p(t, x_t), where g, g_p : R × C_r → R^m are continuous mappings, taking bounded sets into bounded sets, ω-periodic in t, and positively homogeneous of order α and β, respectively, in the second variable. C_r = C([−r, 0], R^m) and, for each t, x_t is the element of C_r defined by x_t(θ) = x(t + θ), θ ∈ [−r, 0]. If we denote by F (x)(t) = g(t, x_t) and F_p(x)(t) = g_p(t, x_t) we could apply Theorem 5-8. The corollary of Theorem 7 obtained in this way generalize Theorem 2 [2], where g_p does not depend on x_t.

In the case of the periodic problem for ordinary differential equations, corollaries of Theorem 7 and Theorem 8 are little extansions of Example 2 [1], Corollary 8 [1] and Theorem 2 [7], respectively (where the nonperturbed equation is autonomous).

References

[1] A. Capietto, J. Mawhin and F. Zanolin: Continuation theorems for periodic perturbations of autonomous systems, Trans. Amer. Math. Soc. 329(1992), 41-72.

[2] A. Capietto, J. Mawhin and F. Zanolin: The coincidence degree of some functional-differential operators in spaces of periodic functions and related continuation theorems, Lecture Notes in Mathematics 1475(1991), 76-87.

[3] R.E. Gaines and J. Mawhin: The coincidence degree and nonlinear differential equations, Lecture Notes in Mathematics 568, Springer, Berlin, 1977.

[4] A. Granas, R.B. Guenther and J.W. Lee: Some general principles in the Caratheodory theory of nonlinear differential systems, J. Math. Pures Appl. 70(1991), 153-196.

[5] J. Mawhin: Continuation theorems and periodic solutions of ordinary differential equations, Topological methods in differential equations and inclusions, edited by A. Granas and M. Frigon, Kluwer, 1994, 291-377.

[6] R. Precup: Existence theorems for nonlinear problems by continuation methods, Nonlinear Analysis 30(1997), 3313-3322.

[7] M. Zhang: An abstract result on asymptotically positively homogeneous differential equations, J. Math. Anal. Appl. 209(1997), 291-298.