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Abstract

In this paper we study the limit cycles of the system & = —y(x+a)(y+b)+ecP(z,y),
y=xz(x+a)(y+b) +eQ(x,y) for £ sufficiently small, where a,b € R\ {0}, and P, Q
are polynomials of degree n. We obtain that 3[(n—1)/2]+4 if a # b and, respectively,
2[(n —1)/2] + 2 if a = b, up to first order in &, are upper bounds for the number of
the limit cycles that bifurcate from the period annulus of the cubic center given by
e = 0. Moreover, there are systems with at least 3[(n — 1)/2] 4 2 limit cycles if a # b
and, respectively, 2[(n —1)/2] + 1 if a = b.

2000 Mathematics Subject Classification. Primary 34C07, 34C23, 37G15.
Key words and phrases: limit cycle, bifurcation from a center, Melnikov function, Abelian

integral, argument principle.

1 Introduction and statement of the main results

One of the main problems in the qualitative theory of real planar differential systems is
the study of their limit cycles. Probably, the more classical way to produce limit cycles is
by perturbing a system which has a center, in such a way that limit cycles bifurcate in the
perturbed system from some of the periodic orbits of the period annulus of the unperturbed
system (see [1, 2, 10]).

Perturbing the linear center by arbitrary polynomials P and () of degree n, i.e. consid-
ering £ = —y + ep(x,y), § = v+ £q(x,y), we can obtain at most [(n — 1)/2] bifurcated
limit cycles up to first order in €, where [-] denotes the integer part function (see [5]). Also
it is known that perturbing the quadratic center & = —y(1+4z), § = x(1+z) (note that es-
sentially it is the linear center with a straight line of singular points) inside the polynomial

differential systems of degree n we can obtain at most n limit cycles up to first order in ¢
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(see [8]). The perturbation of the linear center with a conic of singular points inside the
class of all cubic polynomial differential systems has been studied in [6]. The authors of [12]
studied the perturbation of the cubic center & = —y(1+2)(2+x), y = x(1+2)(2+2) inside
the polynomial differential systems of degree n and they obtained that 2n+2—(—1)" is an
upper bound for the number of limit cycles that bifurcate, up to first order in €, from the
period annulus. We notice that, a lower upper bound can be obtained using the variation

of the argument principle, like we used here.

In this paper we are interested in the maximum number of limit cycles that can bifurcate
from the period annulus surrounding the origin of the cubic polynomial differential systems
of the form

i=—ylz+a)y+b), g=uzx+a)ly+b) (1)

when we perturb them inside the class of all polynomial differential systems of degree n
having the origin as a singular point, that is, we want to study the maximum number of

limit cycles for the systems

t= —ylx+a)y+b) +eP(x,y),

L (2)
y= x(z+a)(y+0b)+eQ(v,y),

which bifurcate from the period annulus of system (1) up to first order in . Here P, Q) €
P,.(R?), where P, (R?) denotes the set of all real polynomials in two variables of degree at
most n > 3 such that P(0,0) = Q(0,0) =0, a,b € R\ {0} and |¢| a sufficiently small real

number.

Note that system (1) is mainly the linear center with two straight lines of singular points.

It has the first integral H(z,y) = x?+y?* and the integrating factor R(x,y) = m
x+a)(y

We describe the period annulus of (1) as
I, : 2*+3y°=h, 0<h<d

The periodic orbit ', of (1) is called a generating periodic orbit if the perturbed system (2)
has at least one limit cycle which depends continuously on ¢ for small |¢|] and which tends
to I', as € — 0. This problem of bifurcation of limit cycles from the periodic annulus can
be reduced to the problem of bifurcation of zeros of a real function in the following way (for
more details see [1, 2, 10]). We consider the Poincaré return map r — P(r,e) for system
(2) defined on the transversal section given by the positive semiaxis. The corresponding
displacement map is defined by d(r,e) = P(r,e) — r, for r € (0,a) and || small. It is
known that some r(¢) is an isolated zero of d(-, €) if and only if the trajectory of (2) passing
through the point r(¢) of the positive semiaxis is a limit cycle. Also, it is known that d is an
analytic function and, consequently, whenever d(-, ¢) has a zero, it is isolated. In the case
that the function fY: (0,a) — R given by d(r,e) = £f°(r) + O(g?) is not identically zero,
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by the Weierstrass Preparation Theorem, the function d(-, ¢) has at most as many zeros as
the function f° (counting multiplicities). In our work, we will study only the case that the
coefficients of the polynomials P and @ are such that the corresponding function f° is not
the zero function. This is what is called in the literature, the study of bifurcation of limit
cycles up to first order in . The function f° is called a first-order Melnikov function and
it is given by the formula

0 _ P(z,y)dy — Q(z,y)dx )
f(\/ﬁ)_ﬁh Grawtn 0 €0 (3)

The integral representation (3) is called Abelian integral (although the system (1) is not

Hamiltonian).

We present now the main result of our work.

Theorem 1 An upper bound for the number of zeros of the Abelian integral (3) and also
for the number of limit cycles of system (2) that bifurcate from the period annulus of system
(1) up to first order in € is 3[(n — 1)/2] + 4 if a # b and, respectively, 2[(n — 1)/2] + 2 if
a = b. Moreover, there are systems (2) with at least 3[(n — 1)/2] 4+ 2 limit cycles if a # b
and, respectively, 2[(n —1)/2] + 1 if a = b.

The structure of the paper is the following. In Section 2 we give the main ideas for the proof
of Theorem 1, while Sections 3 and 4 contain the proof of two lemmas used in Section 2.
By direct but tedious calculations we will find the exact expression of the Abelian integral
(3). In order to give the upper bound for the number of its zeros we use the variation of
the argument principle (see [7, 11]) . As far as we know this method has been used very

few times for studying the zeros of Abelian integrals, see for instance [4, 9, 13].

2 Main ideas for the proof of Theorem 1

A direct calculation of the Abelian integral (3) gives the formula (h = r?)

/2” rcos@P(rcosf,rsinf) + rsinQ(r cos b, rsinh)
0

for) = (a+7cosf)(b+ rsinf)

o, re(0,a). (4)
From now on we will denote
N = [(n—1)/2].

We notice that, due to symmetry, it is sufficient if, with respect to the real parameters

a,b € R\ {0}, we study only two cases: 0 < a < b and, respectively, 0 < a = b.

Case 0 < a < b. The exact expression of the function f° is given in the following lemma

that will be proved in Section 3.



Lemma 2 The following system of 3N + 3 linearly independent functions

a b ab — a2 — r2/b2 — r?
l— ——, 1-— , N S
Va2 —r? Vb2 — 12 (b2 + a2 —r2)\Va? —r? (5)
2 4 2N 2 4 2N

r T T
) [ ) ) AR )
‘/(12—7"2 /a2 —T‘2 /CLQ—TQ /bQ_TQ /b2_T2 /bQ_TZ

s a basis of the linear space

{f° : f° given by (4) where P,Q € P,(R?)}. (6)

In order to give an upper bound for the number of zeros of f° in (0, a), we write f° as

a linear combination of the functions (5) and we obtain that, for each r € (0, a),
1 1
= ——=R(r*) + ——=9
VB — 12 o

where R and S are polynomials of degree N +1 and 7T is a polynomial of degree N. Hence,

(b +a® =) f2(r) (r?) (r®) + (b + a® = )T (r?),

an upper bound for the number of zeros of f° is an upper bound for the number of solutions

of the equation obtained by putting h = 72,

R(h)Va? —h+ S(h)Vb —h+ (b +a®> — h)T(h)Va2 — /b2 —h =0, he(0,d®). (7)

In what follows we will obtain an upper bound for the number of complex roots of equation
(7). In order to do this, we need the complex extension of the function defined by the
left—hand side of (7). Throughout this paper we consider the following holomorphic branch
of the complex square root function

\/E:{ V(2] + Rez)/2+iy/(|z| — Rez)/2, if 0 <argz <m,

V(2] + Rez)/2 —i\/(|]z]| — Rez)/2, if —7m<argz<0,

in the domain C\{z € C : Imz =0 and Rez < 0}. Now it is easy to see that the complex

function

f(2) = R(2)Va2 — 2+ S(2)Vb? — z + (b + a® — 2)T(2)Va? — 2V — 2 (8)

is holomorphic in the domain @ =C\ {2z € C : Imz =0 and Rez > a®}. In Section 4 we

prove the following lemma.

Lemma 3 Let f: Q — C be the complex function defined by (8) and No(f) be the number
of zeros of f in Q. Then Ny(f) < 3N +5.

1 1
Since f°(0) = 0, the following relation must hold ER(O) + =5(0) + (b* + a*)T(0) = 0.
a
Hence, also f(0) = 0 and we deduce that an upper bound for the number of zeros of
fO=f%r) in (0,a) is 3N + 4.



In order to prove the last part of Theorem 1, it is sufficient to prove that there is a
function f° in the linear space (6) having at least 3N + 2 simple zeros because, by using
the Implicit Function Theorem, one obtains that the displacement map d(-, ¢) has at least
3N + 2 different zeros for |¢| small enough. We will use Lemma 4.5 from [3] that is stated

in the following.

Lemma 4 [3] Consider p+ 1 linearly independent analytical functions f; : U — R, i =
0,1,...,p, where U C R is an interval. Suppose that there exists j € {0,1,...,p} such
that f; has constant sign. Then there exist p + 1 constants C;, ¢ = 0,1, ...,p such that

P
flz) = Z Cifi(z) has at least p simple zeros in U.
i=0

In order to apply this lemma, we use again that f° is an arbitrary linear combination of the
3N + 3 linearly independent functions (5). All these functions are analytic in U = (0, a)
and we can see that there are some of them which are strictly positive on U. Hence, the
hypotheses of the above lemma are fulfilled. It follows that there exist coefficients such
that f° has at least 3N + 2 simple zeros.

Case 0 < a = b. We will follow some of the ideas from the study of the previous case.

Now, a basis of the linear space (6) is formed by the following 2V 4 2 linearly independent

functions )
1— a r P2 g4 2N
Va2 —r2’ (2a® — r?)va? —r? ’ o ’
2 ~t 2N 9)

Vaz—1r2 a2 —r2 a2 =2’

In order to give an upper bound for the number of zeros of f° in (0,a), we write f° as

a linear combination of the functions (9) and we obtain that, for each r € (0,a),
(20 = ™)) =

where S is a polynomial of degree N + 1 and 7' is a polynomial of degree N. Hence, an

mS(TQ) + (2a* — r*)T(r?),

upper bound for the number of zeros of f° is an upper bound for the number of solutions

of the equation obtained by putting h = 72,

S(h) + (20> = ) T(h)Va2 —h =0, he (0,a%). (10)
Any solution of (10) is also a solution of

S%(h) = (2a* — h)*T?*(h)(a® — h), h € (0,a?), (11)

which is a polynomial equation of degree at most 2N + 3. Since f°(0) = 0, we obtain that
an upper bound for the number of zeros of f° = f°(r) in (0,a) is 2N + 2. Using Lemma
4, like in the previous case, we also obtain that there exist some function f° with at least

2N + 1 simple zeros.



3 Proof of Lemma 2

We write the polynomials P and @ as P(z,y) = ZPk(x,y) and Q(z,y) = ZQk(x,y),
k=1

with Py(z,y) = Z pij o'y’ and Qx(z,y) = Z gij 'y’ . We define

it+j=k it+j=k

fr(8) = cos 0Py (cos B, sin 0) + sin 0Q(cos 0, sin 0)

and we write

_ _ o fi(0)
=710 = Zrk+1/0 (a+rcos€)(b+rsin9)d0’ for all 7 € (0,a).

Moreover,

) =3 Gy, (12)

where
Cr = Ci(r) = Z (Pij Liv1 () + qij Lij (1)) (13)
itj—=k
and
2 cosP 0 sin? 6
I =1 = . 14
pa = Tpq(7) /0 (a+rcosf)(b+rsind) d0 (14)

From (13), we write Ck = pk70[k+1,0 + Z (pi,j + Qi—f—l,j—l) [i+17j + QO,kIDJH—l- Without
i+j=Fk,j#0
loss of generality, we rename the coefficients of C}, as

k+1

Ci(r) = Zpk—j,jfk—j+1,j(7‘)- (15)

Hence the set (6) is the space of all linear combinations of the functions
rk+1[kfj+1,j(r>7 1 S k S n, 0 SJ S k + 17 (16>

or we also say that f° is a linear combination with arbitrary coefficients of these functions.
In order to prove that (5) is a basis in (6), since they are linearly independent, it is sufficient

to show that f° is also a linear combination with arbitrary coefficients of (5).

From now on we consider that n > 3 is an odd number. The case when n is even can
be studied in a similar way. Since N = [(n — 1)/2] we have that n = 2N + 1 and N > 1.

We also denote,

2™ cosP A sin? 0
Y. =Y = ) /7] 1
P p.a(T) /0 @+ 1cosd ) (17)



2 cosP 0 sin? @
Zoo=27 = ——— dof. 18
P.q p7q(r) /0 bt rsind (18)

The recurrence relation .
Ip,q = ; (Y;mq—l - b]p,q—l) ) (19)

will be used in the following to replace in (12) all the integrals of the form I, 9,41. Thus,
for N =1 we have fO(r) = r2Cy(r) + r3Cy(r) + r*Cs(r) and, using (15) and (19) we write:

r’C, = poar (Yi0 —blig) + r? (P1,0120 + p-12102)
Cy = 1r? (p11Y20 +p-13Y02) + r? (=bp11120 — bp_13102) + r? (p2,0130 + po2li2),
r'Cy = 1% (pa1Ys0 +po3Y12) +1° (=bpailso — bposliz) + 1 (p3olso + proales + p-14lo4) -

Then
% = poar Yip—blig) + 7% (p11Yao +p_13Y02) +7° (p21Y30 + po3Yi2) +

r? (P10 — bp1.1) L2 + (P12 — bp_13)102] + r? [(p2,0 — bp2,1) 150 + (Po2 — bpos)f12) +
rt (p3,0lao +p1olos+p_14lp4).

It is not difficult to notice that the coefficients of the functions of the form rklm- and rkY;J
are independent. For example, since p; o does not appear anywhere else, we will write as

coefficient of 7“2]2’0 only p; o instead of p; o — bp;1. Hence, for N =1 we can write

fo = poir (Yio—0bl1o) + 7 (p11Y20 +p-_13Y02) + 7 (p21Y30 4+ posYi2) +
+7? (p10l20 + p-1202) + r (p3.0la0 + P12l +p_14l04) + r? (p2,013,0 + Po2112) -

It can be proved inductively, in a similar way, that for all N > 1,
O = poar (Yip—blig) +

N s N s
2s 2s+1
E E D2s—2i—1,2i417 Y2s—2i2; + E E D2s—2i,2i+17 Yos—2it1,2i + (20)

s=1 =0 s=1 =0
N+1 s N s
2s 2s+1
E E DP2s—2i—1,2iT [23721',21‘4— E E P2s—2i,2iT [2572i+1,2i7
s=1 i=0 s=1 i=0

and the coefficients are independent.

For each ¢ > 2 even, by replacing (sin®)%? = (1 — cos?#)%/? in the formula (17) one
q/2
2
obtains Y, , = Z(—l)s ( af ) Y4250 Using this, we replace Yas_9;9; in the first sum
s
s=0
appearing in f° and obtain:

N s N N N

2s 2s 2t 2(s—t
E r E D2s—2i—1,2i+1Y25—2i2i = Y00 E Cs,0T + E 7" Y50 E Cs,tT( ) )
s=1 =0 s=1 t=1 s=t
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where

Cot = Z )~ s+tp2s—2j—1,2j+1<j_i+t >, I<s<N,0<t<s. (21)

j=s—t

It is possible to proceed in a similar way for the remaining sums appearing in f° and finally

we obtain
fo= por (Y10 —blip) + Io,oQo(Tz) + 7"[1,0@1(7“2) + YO,OPO(Tz) + ?"Yl,OPl(Tz)-i-
N

Z Y, 0 Pos (1%) + 12 o011 0 Pary 1 (12) 4 7% Loe 0 Qo (%) + r2t+112t+1,0Q2t+1<T2)}7
=1

(22)
where P, Poiiq, (Qorrq are real polynomials of degree N — ¢, (o is a real polynomial of
degree N+1—t for each t =0, ..., N. Moreover, the polynomials P, P;, () and )7 have no
free term. In order to see that the coefficients of the functions of the form r*I; ; and rkY;J-
in (22) are independent, we go back to (20) and first notice that each sum appearing there
has a different set of coefficients. Then it is sufficient if we study only the first sum, for
example, whose new coefficients are ¢,, and they satisfy (21). We notice that pa;_1 2s—2¢+1
appears in cgs; but not in cg 4+ for s* < s and t* < t. From this we deduce that the

coefficients c,; can be taken as arbitrary real numbers.

In the next step we use the recurrences

1
Ip,O = ; (Zp—l,O - aJp—l,D) ) (23)
1
Yoo = - (2mmy-1 —aYp_10), (24)
(p— D! . .
where m, = T for p > 1 and mg = 1 (with (2¢)!! is denoted the product of all even

natural numbers less or equal with 2¢, and analogously for (2¢ — 1)!!). Using (23) and (24)

we replace all the integrals I5:11 0 and Yo in (22). We obtain the expression

N
o= po1 (2m —aYoo — bZy o + ablyp) + 27TP1(T‘2) + 27 Z r2tm2tP2t+1(r2) +

t=1
N

Yoo [Po(r?) = aPi(r?)] + D r*Vauo [Pu(r?) — aPoua ()] +
t=1

Zo0@Q1(r?) + Ioo [Qo(r?) — aQ1(r?)] +

N N

ZT2tZQt,0Q2t+1(7”2) + Z’f’QtIQt,o [ta(rz) - CLQ%H("’Q)] :
t=1 t=1

Since the coefficients of the polynomials involved in this expression are arbitrary, we can



write

N
= po1 (2m —aYoo — bZy o + ablyp) + P1(7“2) + YO,OPO(TQ) + Z TQtht,OPQt(T?)+

=1 (25)

N N
Zo,le(T2) + IO,OQO(TQ) + Z TQtZQt,0Q2t+1(7”2) + Z T2t[2t,0@2t(7“2)7
t=1 t=1

where P; and @); are new polynomials with arbitrary coefficients, like above.

Using the recurrences (23) and (24) we obtain for each even p > 2 that

Tp]-p’o = a,pil (CLIQO — ZO,O) — (CLP732270T2 —+ ...+ aZp,Q,O’f’p72) s (26)

Y, = a’"! (Yoo — 2m) — 27 (P Pmar® + ... + amy,_or? 7). (27)

Now we use them for replacing Iy and Yo in (25). One can easily obtain

fO(T) = po1(2m — aYop) + p1o (aloo — Zop) + P1(7‘2) + Yb,opo(7“2)+

N

28

Zo,le(TZ) + [o,oQo(r2) + Z 7“2t22t,0Q2t+1(7"2)> ( )
t=1

where P; and (); are again new polynomials with arbitrary coefficients.

Using recursively that for each even p > 2 we have

we obtain

1

Zp70 = _ﬁ ((b2 — TZ)ZP_Q’O — 27Tbmp_2) >

(=117 Z, 0 = pP72 (p*Zop — 27b) + 27b (0P *mar? — ... + (= 1)P/2my,_orP7?) (29)

where p = v/b? — r2. After replacing Zy o with formula (29) in (28), we have

fo(r) = po1 (21 —aYop) + pro (aloo — Zoo) + poo (27 — bZop) +

30
Py (r?) + Yoo Po(r?) + Zo,0Q1(r?) + InoQo(r?), (30)

where po1,p1.0,P00 are arbitrary real numbers, P, Py, Q1,Qo are new polynomials with

arbitrary coefficients but without free term, the first three polynomials have degree N and
the last one has degree N + 1.

Using the Residue Theorem [7, 11] we find the formulas

WE 2

foolr) = 27(()2 +a? —r2)yva2 — r2/b2 — 12’ (31)
Yoo(r) = QWV%: (32)
Zoo(r) = 27; (33)

V2
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It follows that
7‘2]070(7') = (b2 + QQ)IQ,()(’/‘) — CLZO’O(’I"> — beQ(T).

We use this formula in a recursive way to find r41,o(r), ..., r* 21y (r) and obtain

r? 2 Lo (r) = (b* 4 a®)*r?loo(r) + ZooQa(r?) + Yoo Pa(r?),
where P, and ()2 are polynomials of degree k without constant term. Now we notice that,
moreover,

b? + a? b
— a (27'(' — bZO’()) .

b
r*Ioo(r) = a (2m —aYo) + (aloo — Zoyp)

We replace these last two expressions in (30) and obtain

fo(r) = po1 (2m —aYo) + p1o (aloo — Zoo) + poo (2 — bZp ) +

34
Pi(r?) + Yoo Po(r?) + Zo0Qu (1), (39

where po 1, p1,0, P00, Pri, Fo, Q1 are new, but with the same qualities as before. We use again
the expressions of Iy, Yy and Zy given by (31), (32) and (33), respectively, and obtain
that, indeed, f° is an arbitrary linear combination of the functions (5). Hence, Lemma 2

is proved.

4 Proof of Lemma 3

In the beginning of this section we state some useful results of complex analysis, see [7, 11].
A continuous function v : [0,1] — C\ {0} is called a path in C\ {0}. The indez (or winding
number) of the path v in C\ {0} with respect to 0 is defined by

1 dz

w(v,0) = omi | 2
Y

The next theorem is known as the variation of the argument principle.

Theorem 5 Let G be a Jordan closed curve and we denote by D its interior. Let f be

a holomorphic function in a neighborhood of D and such that it has no zeros on G. We
denote No(f) the number of zeros of f in D. Then

Another useful result is the following.

10



Proposition 6 Let vy and v, be two paths in C\ {0} such that

V(&) =@ < Im@)]  for allt € [0,1]. (35)

Then, connecting the points P = v(0) with Py = 71(0), and Q = (1) with Q1 = 71(1) by a
segment having these endpoints, we obtain a closed curve that does not contain the origin
inside. Moreover,

w(7,0) = w(n,0) + w(PP,0) — w(QQ1,0). (36)

Proof. We define the continuous function ¢ : [0,1] x [0,1] — C by ¢(t,\) = 7 (t) +
A (y(t) —7(t)). It is not difficult to see that the relation (35) assures that ¢ has values
in C\ {0}. This means that any straight segment connecting ~(¢) with ~;(¢) does not
contain the origin. Hence, indeed, the closed curve obtained by connecting with segments
the endpoints of the curves v and <, does not contain the origin in the interior. This
implies that the index of this curve is 0 and from this we obtain (36). O

In the case that 7 is piecewise smooth, using that In z = In |z| 4+ i arg z, the index can

be calculated with the formula

1 dz I |y 1
N=— [ Z=_"1n 2L ~A 37
w.0) =95 T 2mi Vo) T2 MY (37)

where A argy denotes the increasing of the argument on the curve +. If, moreover, « is a
closed curve then we have )

w(y,0) = -Aargy.

Proof of Lemma 3. The zeros of the function f are among the zeros of some polynomial of

degree 4N + 8. This can be seen after noticing that any zero of f also satisfies

R*(2)(a®—2)+2R(2)S(2)Va? — 2vVb2 — 2+ 5%(2)(b*—2) = (b*+a*—2)°T?(2)(a®—2)(b*—2)
and, moreover,

4R*(2)S?%(2)(a® — 2)(b* — 2) =
(b2 + a2 — 2)2T2(2)(a® — 2)(b? — 2) — R2(2)(a® — 2) — S2(2)(b? — 2)]°.

Then No(f) < 4N + 8, but we will use only that Ny(f) is finite in order to choose a closed

curve whose interior is included in € and contains all the zeros of f.

From now on p will denote a sufficiently large positive constant and ¢ a sufficiently
small positive constant. We denote by C, the circle centered at the origin and having the
radius p and consider the points A, A" € C,, A = (z4,¢), A = (x4, —¢), B = (a%¢) and
B' = (a* —¢). By C,. we denote the curve obtained by removing the arc AA’ from the

11



circle C,, and by C. we denote the arc BB’ from the circle with center at (a?,0) and radius
¢ (the one contained in ). The segments that join A and B, respectively B’ and A’, are
denoted by L%, respectively L2, and we denote also I,. = LT U C. U L. Now we define

the following closed curve in the complex plane,
G=G,.=C,.Ul,,, (38)

and denote its interior by D. The counterclockwise orientation is considered on G. Since
No(f) is finite, p is sufficiently large and ¢ is sufficiently small, all the zeros of f are in D.
We apply Theorem 5 and deduce that

1 dz

No(f) = 5—

= ) 39

We denote by X ; X ;
L=l T BTmm) T
f(Cppe) fIpe)
and we have that No(f) = Z; + Zs.
In order to estimate Z; we use that there exist oy € C and an integer m > 0 such that

m/2 < N + 2 and

: (40)

lim f(z)

|z| =00 2m/2

= aq. (41)

Then the following inequality also holds,
|£(2) — apz™?| < |agz™?|  for z € C,..

The hypotheses of Proposition 6 are fulfilled for the curves f(C,.) and g(C,.), where we
denoted g : C — C, g(2) = apz™/2. Here P = f(A) and Q = f(A’), respectively P, = g(A)
and 1 = g(A’) are conjugate. From this we have that |P| = |Q], |P1| = |@1] and the
angles <POP; and <QOQ); are equal. Using relation (41) we get that f(A)/g(A) — 1 as
p — 00. The argument of f(A)/g(A) is equal to the measure of the angle <POP; and we
have that it tends to 0 when p — oco. These facts assure that, by applying the formula
(37), w(PP,0) —w(QQ,0) = O(1/p), where O(1/p) denotes some function that goes to
0 when p — oo. A direct calculation gives that

w(g(Cpye), 0) = zim/c ‘(;((j))dz - % +0(e),

where O(e) denotes some function that goes to 0 as ¢ — 0. Now we replace all these in

(36) of Proposition 6 and obtain the following estimation

Zy < N+2+4+0()+0(1/p). (42)
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In order to continue our analysis we need to consider the functions v, ,v_ : [a?

,00) = C
given by vy (x) = li{% f(z +ie) and v_(z) = l% f(x —ig) for all z > a®. A direct calcula-

tion gives for v, (x) the expressions

iR(z)Vr — a2+ S(x)Vh? —x +i(b* + a® — )T (z)Vr — a2V —x, for a® <z < b
(43)
iR(z)Vr —a? +iS(x)Vr — b2 — (0> + a®> — 2)T(2)Va — a®>Va — b2, for x> b?

and v_(z) = v, (z) for all x > @?. In the case that v, (x) # 0 for all x € [a?, o00) we will be
able to give an estimation for Z;. We will call this Case 1. Otherwise we need to write the
function f as f(z) = h(z)fi(2) such that f and f; have the same zeros and f; fits in Case
1.

Case 1. v, (x) # 0 for all z € [a? 00). For the curve f(L%) we have the parametrization
x € [a?, p] — f(x + i), while the parametrization x € [a?, p| — f(z — i) is good for the
(oriented) curve — f(L). Since ~y, is continuous on [a?, p|, 4 (z) # 0 for all z € [a?, p] and

the convergence f(x + i) — . (z) as € \, 0 is uniform on [a?, p|, we have

|[f(z +ie) = v4(z)] < |7s(2)] forallx € [a®, p].

The hypotheses of Proposition 6 are fulfilled for the curves f(-+ie) and ~y, and, using also

that the endpoints are e—closed, we obtain the relation

w (f(L3),0) = w (74,0) + O(e).
Analogously,
w (f(L2),0) = —w (y-,0) + O(e).

If we write v, (x) = r(x) exp(i6(z)) then v_(x) = r(x) exp(—i6(zx)) and, using the formula
(37) we have

0(74,0) = 51n [é@) + 5-[0() — B,

and . ) .
w(3,0) = oo — o 10(e) — 0(a?)),
Since | £2)
Zy =w (f(L3),0) +w (f(L2),0) + %/C ) dz,
using the above relations we obtain
7, =~ [6(p) ~ 8(a”)] + O(c), (44)

where [0(p) — 6(a?)] is the variation of the argument on the curve v, ([a?, p]). From the

formula (43) we have that the number of zeros of Re~; has the upper bound 2N + 3.
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We notice that in the case that 7" has degree less then N we can provide a lower upper
bound. It is also useful to notice that the starting point of the curve vy ([a?, p]) is on the
real axis. About its ending point we can say that either is very close to the real axis, i.e.
Im~y(p)/Revi(p) = O(1/p), or to the imaginary one. This last case can happen only if T’
has degree less then N. From all these we deduce that

6(p) — 6(a%)] < (2N + 3)w + O(1/p).

Hence,
| Zs] < 2N +3+0(1/p) + O(e),

and we obtain the conclusion of the lemma by using also (42).
Case 2. There exists some x* € [a?, 00) such that v, (z*) = 0.

For each such z* € (a?,b%) U (b?, ), we consider h*(z) = (z — z*)*, where k, is the

multiplicity of z* as zero of v,. Note that v, is analytic on (a?,b%) U (b?, 00).

If 2* = a? then we take h*(2) = (Va2 — 2)¥, where k, = 2min{k,1, koo + 1/2}, ka1
being the multiplicity of a? as zero of S and k. being the multiplicity of a? as zero of the
function z +— R(x) 4 (b* + a® — 2)T(2)v/b®> — x. A necessary condition for the fact that a?
is a zero of v, is that k,; > 1.

If 2* = b? then we take h*(2) = (Vb2 — 2)™, where ky = 2min{ky +1/2, kyo, kps+1/2},
k1 being the multiplicity of b? as zero of S, kyy the multiplicity of b% as zero of R and ks
the multiplicity of b* as zero of T'. A necessary condition for the fact that b% is a zero of
v+ is that Ky > 1.

2

Clearly 7, has finitely many zeros in [a*, 00). So, we can choose p sufficiently large in

%, 00) are contained in [a?, p]. We consider a function h

order that all the zeros of v, in [a
as the product of all the functions h* defined as before for each z* € [a? 00) zero of 7y,

and another function f; by

_f(®)
fl(z) - h(Z) :
Both h and f; are holomorphic in €2, and the number of zeros of f in D is equal to the

number of zeros of f; in D, i.e.

1 dz
No(h)=Nolf) =5 % (45)
T @) #
We denote by
v 1 dz v 1 dz ( 4 6)
1= 5 ] 2 = T . —
27 J11(Coe) % 210 g1 (1) 2

and we have that No(f1) = Y1 + Ya.
Since f(z) = h(z)fi(z) and h is the product of the functions h*, the integral Z; defined by

14



the formula (40) can be written as

1 (h*)(2)
7 — Y. L ANLVAS
! ! IZ 271 /Cp,e h*(z) dz

Moreover, the expression (h*)'/h* is either k,/(z—x*), or k,/ (2(2 — a?)), or ky/ (2(2 — b?)).

In particular, we notice that (h*)’/h* is continuous on C,. Then, we can write

%Aﬁ%dz:%mﬁp(z?—é?dz+0(a):k*(or % or %) + O(e).

We denote with & the sum with respect to all zeros of v, of all positive numbers of the
form k., k./2, ky/2. Using also the estimation (42) for Z;, we deduce that

Vi < N+2—k+0(). (47)

In order to give an estimation for Y5, we define h, () = h{% h(x +ig), h_(z) = li\r\% h(zx — ig),

By(z) = li{% fi(z +ie) and f_(x) = li{% fi(z —ig) for all x > a®. Tt is easy to check that

h_(x) = hy(z) and, as a consequence, f_(x) = F4(x). In what follows, we will justify that
. is continuous and it has no zeros in the interval [a?, 00). Since 3, (x) = v, (z)/h. () for
all z € [a? 00) it is sufficient to study this function in the points z*, the zeros of v, which,
in fact, are also the zeros of h,. We will do here an analysis only at the point * = b? in the
case k, = 1, i.e. the corresponding factor of h is h*(z) = v/b% — 2. Since the other factors
of h do not influence our analysis, for simplicity, we write h(z) = v/b2 — 2. We have that

b (2) Vb2 —x  for a? <z < b2,
) =
- ivo — b2 for x > b

and, using formula (43), we obtain that 3, (z) has the expressions

R(z)

b2 —x

Vo —a?+ S(x) +i(b> +a® —2)T(z)Va — a2, for a® <z < b

l

(48)
R(z)
Vi —b?

From the fact that b% is a zero of R (we already emphasized that this is a necessary condition

Vo —a?+ S(x) +i(b* +a® — 2)T(z)Vr — a2, for z > b

from the fact that b is a zero of v, ) we obtain that $, is continuous at b?>. We have that
B4 (b*) # 0 because k;, = 1, which assures that b* is not a zero for both polynomials S and
T.

The discussions for the other zeros with their multiplicities are similar, but we will not

write them here. Hence, 3, is continuous and it has no zeros in the interval [a?, 0o). This
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assures that, by repeating the arguments performed for obtaining the formula (44), we also
obtain that ]

Yy = - [6(p) — 6(a®)] + O(e),
where [0(p) — 6(a?)] is the variation of the argument on the curve 3, ([a?, p]). We claim
that

0(p) — 0(a”)] < (2N +3)m + O(1/p), (49)

that gives
Yal < 2N +340(2) + 0(1/p),

and, moreover, using the estimation (47) for Y; and that Ny(f) = Y] + Y5, we obtain that
No(f) <3N +5.

In order to justify the claim (49), again we consider only the case when h(z) = Vvb? — 2
and, consequently, k = 1/2 and 3, is given by (48). Therefore, the number of zeros of
Ref, in the interval [a?, b?] has the upper bound N + 1, while that of Im/3, in the interval
(0%, p] has the upper bound N + 1. The starting point, 5, (a?), is on the real axis. From all
these facts we can deduce that, indeed, the increasing of the argument satisfies (49). The

other cases can be treated in a similar manner. [
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