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Abstract

We study quadratic perturbations of the integrable system (1 + x)dH, where H = 2+ yz) /2. We
prove that the first three Melnikov functions associated to the perturbed system give rise at most to three
limit cycles.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and statement of the main result

Planar vector fields x = X (x,y), y = Y (x, y) defined in the real plane, when X (x,y) =0
and Y (x, y) = 0 are arbitrary conics, are usually called quadratic systems. The Hilbert sixteenth
problem [5] restricted to them asks for the number and distribution of limit cycles inside this
family. It is known that each limit cycle must surround a unique singularity of focus type, that at
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most two nests of limit cycles can coexist and that the following distributions of limit cycles exist:
(0,0), (1,0), (2,0), (3,0), (1, 1), (2, 1) and (3, 1), see [1-3,8]. It has been recently proved that
(2, m) distribution is only possible for m € {0, 1}, see [10,11]. It is also generally believed that
no more distributions of limit cycles than the ones listed above can exist and so, that quadratic
systems have at most four limit cycles. Nevertheless the proof of this assertion turns out to be a
very elusive problem. So, nowadays some people pretend to prove this result while other people
study different degenerate bifurcations inside quadratic systems to check whether there appear or
not more limit cycles. This paper goes in this second direction. We study how many limit cycles
can appear in the following quadratic system

x=—=y(l+x)—¢eP(x,y),
y=x(1+x)+eQ(x,y), (1

where ¢ > 0 is a small parameter and P and Q are arbitrary polynomials of degree two given
by P(x,y) =aoo + aiox +aoy + axx* + anxy + apy?® and Q(x, y) = boo + biox + bory +
baox? + by1xy + boay?. The unperturbed system (i.e. for &£ = 0) has a center at the origin and
the first integral H = (x2 + y?)/2 in the region x> 4+ y? < 1. Using the energy level H = h as a
parameter, we can express the Poincaré map P of (1) in terms of /4 and ¢. For the corresponding
displacement function d(h, ¢) = P(h, ¢) — h we obtain the following representation as a power
series in €:

d(h, &) =eMi(h) + &> Ma(h) + > Ms(h) + - - -, )

which is convergent for small ¢. The Melnikov functions My (k) are defined for h € (0, 1/2).
Each simple zero hg € (0, 1/2) of the first non-vanishing coefficient in (2) corresponds to a limit
cycle of (1) emerging from the circle x> + y? = 2ho. We compute these functions by using the
algorithm developed in [4,7]. Our main result is:

Theorem 1. For i =1,2,3, let M;(h) be the first Melnikov functions associated to system (1).
Then My has at most 2 zeros, taking into account their multiplicities. If M1 (h) = 0 then My has
also at most 2 zeros, taking into account their multiplicities. If M1(h) = M>(h) =0 then M3
has at most 3 zeros, taking account their multiplicities, and all these upper bounds are sharp.
Moreover, the functions M;(h), i =1, 2,3, can be explicitly obtained from the coefficients of the
polynomials P and Q given in (1) and are elementary functions of h.

We have the following corollary:

Corollary 2. For system (1) at most three limit cycles can bifurcate from the set of periodic orbits
of the unperturbed system, when considering the expansion of the displacement map (2) up to
third order in ¢. Furthermore this upper bound is reached.

2. Proof of Theorem 1

We consider the following 1-form

Q(x,y) P(x,y)
w= dx d
1+x 1+x
such that we rewrite (1) in a Pfaffian form

dH =¢w.

v, 3)
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The Melnikov functions will be calculated using the ideas of Francoise [4] and Iliev [7]. For
example, the first order Melnikov function is given by

Mi(h) = ‘% w.

H=h
In order to go further with the calculation of M and, after, to give the integral expression of M>,
we need the relative cohomology decomposition of w (see [4,6]). We denote
R — s (S ;=
Pii= +x YT 1 4x
and we give first the decomposition of these forms.

dy, 0<i+j<2,

Lemma 3. All the 1-forms w;; and §;j, for 0 <i + j <2, can be expressed as follows:
1 y
do1=——dH —d(x —In(1 , 810 =dy — 800, dpp=——dH — w1,
0 =T (x —In(1 +x)) 10 =dy — doo 02 =177 1

X 2

81 = dH —d[ = —x+In(1+x)), 80 =2Hb0p — ——dH + w1,
2 1+x

1+x

and
%2
wo():d(ln(l—l—x)), w]ozd(x—ln(1+x)), wz():d(?—x—i—ln(l—i—x)),

w1 =d(xy) — dy + %dﬂ + (1= 2H)d00 — 2011,

2
w02=2d(H1n(1 +x)) —2In(1 +x)dH—d<% —x +In(1 +x)).

Proof. First of all, by definition, we have
_dy? dQH-x) 1
S 2(14+x)  2(14+x) I4x
In a similar way, we can check one by one the following relations, where we omit some relations
whose validity is obvious.

So1 dH —d(x —In(1 4 x)).

d 2
240D Y g Y g Y gH

802 = = —
2(14+x) 14x 14+x 1+x
2
Sii=—2dy=—"_qH - dx,
1+x 1+x 1+x
2H —y? y
$og=—"""—dy=2Hbyy —S6pp =2HSy9) — ——dH — ,
20 T y 00 — 802 0~ TS w11
and
y y
= dx=d —d ——dH 1 —2H)d8qo. O
wo1 — x=d(xy) y+1+x +( )00

With the above notations, the 1-form w given by (3) becomes w = agpdoo + a10810 + ao1801 +
a20820 + a11d11 + a02802 + boowoo + browio + boiwor + baowao + briwi1 + borwoz. Replac-
ing these with the expressions given in Lemma 4 and collecting the terms correspondingly, the
following result can be found.
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Lemma 4. The 1-form w given by (3) can be expressed in the following way
w=r1dH+dS| + Ny, “4)
where ri =r1(x,y), dS1 =dS1(x,y, H) and Ny are given as follows:

_ao1 +anx + (a2 —ax + bo1)y
o 1+x
dSy = (a10 — bor) dy + bo1 d(xy) + 2bop d(H In(1 + x))
n boo + (b1o — a10)x + (b2 — boz — ary)x?
1+x
Ny = (b1 + az0 — ap2 — 2bo1)w11 + 2(az0 — bo1) Hdoo + (aoo — aio + bo1)doo-

r — 2bgo In(1 + x),

dx,

Using (4) the expression of the first order Melnikov function Mj(h) = sz , @ follows as

My (h) = (b11 + az0 — a2 — 2bp1) J1(h) + 2(axo — bo1)hJo(h)

+ (apo — aio + bo1) Jo(h), (5)
where
Jo(h) = ?g 800, Ji(h) = jg w11-
H=h H=h

The explicit expressions of Jo(h) and Ji(h) are

ﬁ) Ji(h) =27 (1 — h) — 27+/1 — 2h.

We notice that, for each z € (0, 1),

Jo(h) = 271(1 —

M((1-2)/2) == E(a+ Be+C2),

where A =2m(ajp — apo — az0), B =w(b11 + axo — ao2 — 2bo1) and C = (a0 — b11 + ap).
Then, the equation Mj(h) =0, h € (0, 1/2), is equivalent through the change 2h = 1 — z* with
A+ Bz+Cz2=0,z¢ (0, 1). Now it is clear that M| has at most 2 zeros, taking into account
their multiplicities, and there are some coefficients such that M has exactly 2 simple zeros.
Since Jo(h), hJo(h) and Ji(h) are linearly independent, My (h) = O if and only if all the
coefficients of Jy(h), hJo(h) and Jy(h) vanish, namely,
bo1 = axo, ajo = azo + aoo, bi1 = ax + aoa. (6)

From now on we assume that
Mi(h) = yg w=0.
H=h
Then, from (4) and (6) we have the decomposition
w=r1dH+dS;,
where r; and dS; are given in Lemma 5. This assures that Assertion 2.1 from [7] holds true. On
the basis of this assertion, it is proved in [7] that the second order Melnikov function is given by
M>(h) = f ro.

H=h



A. Buica et al. /J. Math. Anal. Appl. 331 (2007) 443-454 447

In order to go further with the calculation of M and, after, to give the integral expression of
M3, we need the relative cohomology decomposition of rjw. Before stating this result, we make
some notations.

co=ap1 —aii, c1 =boo — b1o + a1 + by — b2 — aiy, c2 =bgy — c1,
= by — bz — an1.
Lemma 5. The following decomposition holds,
riow=rydH +dS> + N>, 7
where
N2 = (agoco + aozc1 + apzcz + 2apobo2)doo + 2(ao2bor — azoco — apaca — 2aooboz) Hdoo
+ (ao2c3 + 2a20boz — 2axoco — 2ap2c2 — 4apoboz) w11,

and where ro =ry(x,y) and dSy =dS>(x, y, H) are given by the following relations

1
ra=r{ + agaz + (2coboz + anzao — 61020!20) T+ x — 2b3, (In(1 + X))
In(1 +x In(1 4+ x
— 2amaz In(1 + x) + 2Coboz¥ + Za()zbozL
14+x 14+x

+ (coazo + c2a02 + 2apoboz + Zaozboz) +

dSy = (aj1¢2 + coc3 — 2amazy + ap2apo) dx + (ar1¢c3 — 2amaz)x dx

dx

1
+ (ar1c1 + cocz — cocs + agoaoz — 2ap2a20)
1+x

1
+coc1 ——— dx — 2bgrcy In(1 + x) dx — 2bgoczx In(1 + x) dx
(I+x)
In(1 4+ x)

H
—2byycq T dx + 2a11b02d(H In(1 + )C)) 2b02€0d(m>

— Zbgz d(H (ln(l + x))z) —apcy d(ﬁ) — 2byrano d(y In(1 + x))
— 2bpazod (xyIn(l + x)) + (agoar — apacz — 2apoboz) dy

H
— 2ambo d(ﬁ) + (axoai1 + azxoco + agpcz + 2apobo2) d(xy).

Proof. First we notice that rjw = rl2 dH + r1dS;. We sketch in the sequel how the decomposi-
tion of | d S can be obtained.

r1dS1 = a1 dS1 + agocodoo + cocrwoo + coczwio + coazpdio + coazowor

H In(1 + x) 1
7(1)(4—26‘ b 7dH+C C —dx
(1 +x)? 0Ty 112
+ agoap2801 + aozCzwm + agaczwi + apxazodi1 + apazowo?
yIn(1 4 x)

Yy
dx +2apnbpp——dH d
(1~|— )2 X + 2a02b02 T+ x +6102€1(1+x)2 X

+ 2C()b()2

+ 2ap2bg
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— 2byago In(1 + x) dy — 2bgaco In(1 + x) dx — 2bgpczx In(1 + x) dx

Hin(l
— 2bgaze In(1 + x)d(xy) — 4b32¥ dx — 4%, (In(1 + x))> dH
X
In(1 + x)
—2eibpr T gy
C1002 l+x X

In the above relation, we replace all the expressions of these 1-forms given in Lemma 4 and also
the following equalities

y y
— _dx =380 —d| ——),
(1270 <1+x)
In(1+x)dy = d(yIn(l +x)) — wor,
In(1 4+ x)d(xy) = d(xyIn(l + x)) — w1,

and

By gx = tsg—a( 2 )+ 2 am
(1+x)2 00 T+x) 14x "

Then the decomposition follows by collecting these terms correspondingly. O

Using (7), the expression of the second order Melnikov function, M>(h) = SEH: W10, is given
by

M>(h) = (apoco + azc1 + apacz + 2agobo2) Jo(h)
+ 2(an2boz — axoco — apacz2 — 2apobo2)h Jo(h)
+ (agzc3 + 2ax0bo2 — 2ax0co — 2ap2c2 — 4agobez) J1(h).

It is not difficult to see that the coefficients of Jo(h), hJo(h) and J;(h) involved in the above
expression of M; are independent and, hence, they can be considered like three arbitrary real
numbers. The discussion concerning the number of zeros of M> is the same as for M. Thus, the
statement of Theorem 1 about M, is proved.

The relation M>(h) = 0 holds if and only if one of the following three cases holds.

ag = azo = apo =0, 3
agy =bp =co=0, )
an # 0, apcy = axoco — apoco — an2boz,

a2z = agzbox — coazo — 2apobo2, agzc3 = —2bgz(azo — apy)- (10

From now on we assume also that
M>(h) = % rio=0.
H=h

Then, from (7), in each of the three cases listed above, we have the decomposition

rio=rydH +dSs,
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where r and dS, are given in Lemma 5. Since this decomposition holds true, according to

Remark 2.3 from [7], the third order Melnikov function is given by

M3 (h) = f ro.
H=h
Theorem 6. We assume that M| (h) = M,(h) = 0. Then, when (8) or (9) holds true,
Mi(h)=0, k=3.

When (10) holds true, the third order Melnikov function has the following general form:

M3(h) = (a0 + Boh) Jo(h) + a1 Ji(h) + aa J2(h),

where

In(1
H=h

and
2 2 2 2
ag = 2agoag, — 6by,a00 — 4agyar + agyanz — 3cobozaoo + ap2azoao,

2 2 2 2
Bo = —2(3ag2az0a00 + aoag, — 6bgrac — anazy — 2agax + 3acaiibo:

+ 6coag2boz — 3anrborazo — 3anboragy — 3boacoa),

2 2 2 2 2 p
a1 = —2(—=6baoo + aoodgy, + 3byaz0 — aypan — 2anayy — 3byao + 3anaiibe

+ 6c0anboz + 3anazacn — 3anboraz — 3anzborac — 3bo2coaz),

ap = —2amnber(—co — a1 + azo + ago).

Y

12)

Proof. We denote s = rp — rl2 and we write rno = rlza) + sow = rirndH + r1dS> +

sor1 d H + 52 dS;. Then, the third order Melnikov function can be calculated as

M3(h) = f rw= f r1dSy+s2dS;.
H=h H=h
Now we notice that we can write
ri(x,y) = fi(x) + g1 (x)y, dS) = Fi(x)dx +dG(x, H) + d(Ri(x)y)
5200, y) = fax) + g2(x)y,  dS2=Fa(x)dx +dGa(x, H) + d(Rz(x, H)y),

where

apl +anx (ao2 — azo + bo1)
A0 =2T00  obpIn(l4+x),  gi(r) = 2T
1+x 1+x

R1(x) = (a10 — bo1) + bo1x, Gi(x, H)=2bpHIn(1 + x),
boo + (b1o — a10)x + (bao — boa — ai1)x>

Fi(x) = T ,

and
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1 2
J2(x) = agzaz0 + (2coboz + aozaoo — ao2a20) i 26, (In(1 + x))

I+

In(1 +x
— 2appayoIn(1 + x) + ZCObozg,
14+x

In(1 4+ x)

82(x) = 2ap2bpy ————— + (coazo + c2a02 + 2apoboz + 2a02b02) ,
1+x 14+x

F(x) = (ar1c2 + cocs — 2apaz0 + apzaeo) + (a11¢3 — 2a02a20)x

+ (ar1c1 + cocz — cocs + agoapr — 2ap2a20)

14+x
1
+ coc m — 2b02C2 ln(l + x) — 2b()2C3.x ln(l +x)
In(1 + x)
—2b _,
02C1 1+x
H 2 2
Go(x, H) =2a11boo H In(1 4+ x) — 2bgo g T — 2b02H(11’1(1 +x)) ,
X

1
Ry(x, H) = —agpac T — 2bgraoo In(1 + x) — 2bgpazox In(1 + x)
X

H
+ (apoair — ap2c2 — 2ap0bo2) — 2a02bo2
14+x
+ (axoai1 + axoco + apacz + 2appbp2)x.

Then

f”ld&: f [ F(x)dx + fi(x)dGa(x, H) + fi(x)d(Ra(x, H)y)
H=h H=h
+ g1(x)yFa(x)dx + g1(x)ydGa(x, H) 4 g1 (x)y d(Ra(x, H)y)

= yg [ R (x, H)ydx + g1(x) F2(x)y dx + g1(x)y dGa(x, H)

H=h
and, analogously,
f s2dS1=— ¢ f()R(x, H)ydx + g2(x) Fi(x)ydx + g2(x)ydG1 (x, H).
H=h H=h

Taking into account the conditions between the coefficients that guarantee that M (h) =

M3 (h) = 0 and the notations (7) we make the following substitutions:

bo1 = ao, aio = azo + aoo, by = ax + am, ap1 = co +aii,

b1o = boo + ao1 + bao — bo — a1 — ci, boo =c2 +c1, by =c3+ b2 +an
and, moreover,

Case (i):  app =azy =agy =0,

Case (ii):  agr =byp =co =0,

Case (iii): ¢; = (a20c0 — aooco — aozboz) /a2,

c2 = (ap2boz — coazo — 2apoboz) /a2, c3 = —2bga(axo — ap2)/ap:.
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After these substitutions, all the remaining coefficients are independent.

In Case (i) we have g1 = g» = R| = Rp =0, while in Case (ii) we have r{ = a1 and 52 =0.
From all these we deduce that, in both cases, M3(h) = 0. Moreover, going further with the pro-
cedure of Frangoise [4] and Iliev [7] for finding higher order Melnikov functions (described for
example in Remark 2.3 from [7]), it can be seen that all the Melnikov functions vanish in these
cases.

In Case (iii), the expression of M3 is found as linear combination of J>(h) and the integrals
of the following 1-forms:

H 2
de, *y dx, Y dx, ﬁdx.
(14 x)2 (1+x)? (1+x)2 (14 x)2

Using the following relations

w11, @o1,

f o1 = I (h), f wo1 = (1 — 2h)Jo(h) — 201 (h),

H=h H=h

y Xy
% dx = Jo(h), f dx =—=2hJo(h) —2J1(h),
H=h H=h

(14 x)2 (14 x)?
22V e = 2hdoth) + 3010k
% m X = o(h) +3J1(h),
H=h

the expression (11) is obtained. O

The function J> given in the integral form (12) can be expressed in terms of elementary
functions as

2 2 1+/T=2h
hy=———|2h = (1+v1=20) ' In——Z 4401 - nVT-21|. (1
Ja(h) m[ (1+ ) In 7 +4( )In } 13)

Since the method of calculating J> is not a standard one, we will present it in Appendix A at the
end of the paper. It remains to study the number of zeros of M3. Through the change 2/ = 1 —z?,
the equation

M3(h)=0, he(0,1/2),

is equivalent with

2_i 2 2
A+BZ+CZ_2711—ZJ2((1 2°)/2)., z€(0, 1),

where A = Qg + Bo) /202, B =—0a1/20p and C = (—Bo + 1) /203
We denote

<
1—

1
=_— L((1=2)/2),
f@ =373 2 ((1—-2%)/2)
and g(z) = f(z) — A— Bz — Cz? such that we need to study the number of zeros of the function g.
We have

142)?% 142 1472
f(z)=l—|—z—( ) In +2 Inz
1—z 2 1—z
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and g (z) = f"(2) = ﬁP(z), where

20— 22— 1924 + 723 42272 — 14z + 4 _lnz—i-l
2473(z + 1) 2z

After noticing that lim,_,o P(z) = 0o, P(1) =0 and that for all z € (0, 1),

P(z) =

_ 442482 +12:46) - 1)

P 1224z + 1)2

07

we deduce that, for all z € (0, 1), P(z) > 0 and, as a consequence, g"’(z) > 0. By applying the
Rolle’s rule we have that g has at most 3 zeros, taking into account their multiplicities. Hence,
M3 has also at most 3 zeros, taking into account their multiplicities, as we wanted to prove.

We consider now the system (1) with the following coefficients ago = 0, ajg = 3/4, ap1 =
—/3759/358 + 3/4, axg = 3/4, a;1 = —3+/3759/1253 + 3/4, apy = —1, boo = 0, bjop =
—+/3759/1432, b1 = 3/4, bag = 75+/3759/716 + 3/4, b11 = —1/4 and by, = +/3759/42. By
direct calculations, it can be seen that relations (6) and (10) hold, i.e. M{(h) = M»(h) = 0. The
coefficients from the expression (11) of M3 are ¢g = —3, Bp =0, 1 = —25, op = 1/2 and, more-
over, A= —6, B =25, C = —25. It can be easily seen that g(0.01) <0, g(0.1) >0, g(0.4) <0
and g(0.8) > 0. Hence, g has at least 3 zeros. Since we have proved before that g has at most
3 zeros, it follows that it has exactly 3 zeros. Then, the corresponding M3 has exactly simple 3
zeros and the theorem follows.

Appendix A

This appendix is devoted to proving that the function J> (%) defined in (12) is given by (13),
i.e. that

Io(h) = 7§ xyld+x)

I+
H=h
2 2. 1+/1-2h
=——|2h—(1 1—-2h) " In———+4(1 —h)l 1-2h|. (A1
m[ (VT2 =y }()

First denote for each —1 <r < 1,

2
70 :/‘ sin? 6 cos @ In(1 + r cos6)

do.
(14rcosh)?

Once the expression of J is known, we calculate J; as
Jr(h) = —2hv2h](v2h), forO<h <1/2.

In order to find J we will find first the expression of

2

Fk(r):/‘coskéln(l—i—rcose) a6,
14+ rcos6

0
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for k =0 and k = 2. We will prove that for each —1 <r < 1,
2 | 2(1 —r?)

i) Fo(r)= n )
\/1—r2 14++1—7r2
2 14++/1—r2 2 2(1 —r?
(i) F(r)= (1— 1—r2)——72Tln + - T a=r )
r 2 r2J1=r2 14+J1—=72

Proof of (1): Mainly, we use the Poisson’s formula [9]. A function f that is harmonic in the
unit disk of the complex plain can be calculated using only its values on the boundary of the disk
according to the formula:

1—p
19
de,
zn/f |1—pe”e 19|2

forall0 < p <1and 0 <t <2m. For t =0 we have

2 i0
/ f") d0 = 2p P
14 p2—2pcosH 1—p2

Now let fi(pe'’) =In|1 — spe'’| which is a harmonic function in the unit disk of the complex
plain for each fixed 0 < s < 1 and we write the above equality for this function:

1+ p%2—2pcosh =2 1—p2
p2—2p P

2
/ In(14s2—2scos6) — _ In(l—sp)?

Taking s = p in this last formula, we have

2
/ In(1 + p% —2pcosb) 10— In(1 — p?)

1+ p2—2pcos =dn 1—p2
p2—2p P

Using this we obtain
2p (1+p?) > (1+p%) >
where we have also used that
2

1
/—d9:2n’ .
14 p%2 —2pcosd 1 —p2
0

Then (i) follows now for —1 < r < 0 and, using that it is an even function, also for —1 <r» < 1.

Proof of (ii): Denote
2 2
f@r)= /cos@ln(l +rcosf)dd and g(r) :/ln(l + rcos6)do.
0 0
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Then

1
F(r) = —f(r) - g(V) T3 5 Fo(r).

In order to find f and g we notice that
2

2
, cos“ 6 2

= do = 1—v1-1r2),
Fo /1+rcos€ r2«/1—r2( ' )

0
2
) /7“’56 do = —rf')
r)= =—rf(r).
& 1+ rcosf
0

Then, taking also into account that f(0) = g(0) = 0 we obtain

J1 — 2
f(r):z—n(l—\/l—rz) and g(r):2nln¥,
r

and (ii) follows.
The last step in finding the expression of J is noticing that

J(r) = Fz’(r) — F(;(r) + h(r),

where
2

s 2
sin“ 6 cos O 2 2
hr)y= | ————df = —————=(1 — V1 —r2)".
") (1+rcos0)? 3 /1_r2( r?)
0

Hence we obtain

= e zlﬂ_,z[ — (1 +V1=r2)"In 1+” 2(2—r2)lnm:|.

From the above formula the expression (A.1) follows.

References

[1] N.N. Bautin, On the number of limit cycles which appear with the variation of coefficients from an equilibrium
position of focus or center type, Mat. Sb. 30 (72) (1952) 181-196 (in Russian); Transl. Amer. Math. Soc. 100 (1)
(1954) 397413 (in English).

[2] L. Chen, M. Wang, On relative locations and the number of limit cycles for quadratic systems, Acta Math. Sinica 22
(1979) 751-758 (in Chinese).

[3] W.A. Coppel, A survey of quadratic systems, J. Differential Equations 2 (1966) 293-304.

[4] J.-P. Francoise, Successive derivatives of a first return map, application to the study of quadratic vector fields,
Ergodic Theory Dynam. Systems 16 (1996) 87-96.

[5] D. Hilbert, Mathematical problems, Transl. Bull. Amer. Math. Soc. 8 (1902) 437-479; Bull. Amer. Math. Soc.
(N.S.) 37 (2000) 407—436.

[6] L.D. Iliev, Perturbations of quadratic centers, Bull. Sci. Math. 122 (1998) 107-161.

[7] LD. Iliev, On second order bifurcations of limit cycles, J. London Math. Soc. 58 (1998) 353-366.

[8] S. Shi, A concrete example of the existence of four limit cycles for plane quadratic systems, Sci. Sinica 11 (1979)
1051-1056 (in Chinese); Sci. Sinica 23 (1980) 153-158 (in English).

[9] V.S. Vladimirov, The Equations of Mathematical Physics, Mir, Moscow, 1984.

[10] P. Zhang, On the distribution and number of limit cycles for quadratic system with two foci, Acta Math. Sinica 44
(2001) 3744 (in Chinese).

[11] P. Zhang, On the distribution and number of limit cycles for quadratic systems with two foci, Qual. Theory Dyn.
Syst. 3 (2002) 437-463.



