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Abstract An abstract unified theory of both monotone iterative and general-
ized quasilinearization methods is presented for operator equations of coincidence
type in ordered Banach spaces. Applications are given for semilinear problems in
C (ﬁ; Rk) and LP (Q;Rk) .

1 Introduction

The monotone iterative method and the Newton’s method are known to be two
very available and efficient techniques for finding roots of nonlinear equations.
The first one applies to equations involving monotone operators and produces a
sequence which is monotone and convergent towards a solution. However, like
as Banach’s Contraction Mapping Principle, the convergence of the monotone
iterations is slow. The Newton’s method has the advantage of providing quadrat-
ically convergent sequences. Historically, the first general convergence theorem
for Newton’s method for solving iteratively the equation F'(u) = 0 was given
by L.V. Kantorovich (1948) assuming certain bounds for F” and the inverse of
F’, and also that the first approximation is chosen close enough to the solution.
Later, Kantorovich himself and many other authors have adapted this method
for equations in ordered normed spaces, to produce monotone and quadratically
convergent sequences. For this purpose, the main assumption was the convexity
or a convexity-like property of F. For references and much information about the
stage of art in the sixties we refer the reader to the paper of Vandergraft [22]. For
further contributions see [2, 9, 18, 21].

Applied to differential equations Newton’s method is known as the quasi-
linearization method. A remarkable contribution in this direction has been the
monograph of Bellman and Kalaba [3]. This method applies to semilinear equa-
tions with convex nonlinearities and provides lower approximate solutions which
converge quadratically to the solution of the given nonlinear equation. The lower
approximate solutions are solutions to certain linear equations.
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The nineties brought new extensions of the quasilinearization method. The
most interesting new idea is due to Lakshmikantham [12] (see also [13, 15]) and
consists in an extension of the quasilinearization method for equations with non-
linearities which can be represented as a difference of two convex functions. This
extension, now known as the generalized quasilinearization method, was possible
by combining the method of upper and lower solutions and the monotone iterative
technique together with differential inequalities and comparison results. This pro-
vides a very efficient tool to construct upper and lower approximate solutions that
converge monotonically and quadratically to the solution of the problem under
consideration. The method was used for solving several classes of equations; see
[1, 8, 12, 13, 14, 15, 16, 17, 20]. Nevertheless, by our knowledge, a general theory
to unify all these particular results have not been given until now.

The goal of this paper is to develop an abstract theory of the generalized
quasilinearization method for semilinear operator equations of coincidence type in
ordered Banach spaces. Our theory contains as a particular case, the monotone
iterative method (see [4, 5, 11, 19]), which is applicable to a large class of problems.
However, not all the results existed in the literature can be embedded in the
theory given in the present paper. For example, our results do not cover the case
of discontinuous problems, for which a specific theory was provided by Heikkil&-
Lakshmikantham [10] and Carl-Heikkild [7].

The general results are applied to semilinear equations in C (ﬁ; Rk) and
Lp (Q; RF ) . Finally we present two results for the initial value problem for a scalar
differential equation. The first one is given in terms of divided differences for
nondifferentiable nonlinearities, and the second one in terms of derivatives.

Similar ideas are used in [6] for finding roots of nonlinear equations by Newton
type iterations.

2 Abstract Theory

We start with a result in ordered linear spaces which provides two monotone
sequences of upper and respectively lower estimations of any zero of a nonlinear
mapping in a given order interval.

Lemma 2.1. Let D, Z be two ordered linear spaces, F' : D — Z be a mapping
and let ag, By € D. Assume

ag < fBo, F(ag) <0< F (o)

and that for every u,v € D satisfying ag < u < v < fy, there exists a bijective
linear operator A (u,v) : D — Z with positive inverse such that

F(v) <F(u)+A(uv)(v—u). (2.1)
In addition assume that for every a, B,u,v € D with a < u < v < (3,
A(u,v)z < A(a,B)z forall z€ D, z> 0. (2.2)
Then the sequences (o), (Bn) given by the iterative schemes

F (aﬂ) + A (O‘naﬁn) (an+1 - an) - 0, (23)
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(n € N) are well and uniquely defined in D and
ap<ap <. <a, << By << B < fo (2.5)
Moreover, for each u € D with ag < u < By and F (u) =0, one has

anp <u< B, foralln € N. (2.6)

Proof. We shall prove by induction that for each n € N,

Qn+1, Bn+1 are well and uniquely defined,
ap < apg < ﬁnJrl < Bn, (27)
F (an+1) <0< F(ﬁnJrl) .

First we prove (2.7) for n = 0. The bijectivity of A (ao, Bp) guarantees that oy, 5
are well and uniquely defined by (2.3) and (2.4), respectively. From (2.3) using
F (o) < 0, we obtain

A (g, Bo) n = —F (o) + A (g, o) ao > A (v, Bo) -

This yields a1 > g since A (ag,8p) has a positive inverse. Similarly, from (2.4)
and F (Bp) > 0, we deduce

A(ag, Bo) B1 = —F (Bo) + A(ao, Bo) Bo < A (o, Bo) Pos

whence 31 < fBy. Furthermore, using successively (2.3), (2.1) and (2.4), we obtain

A(ao, fo)ar = —F(ao) + A(ao, Bo) o

< —F(bo) + Alao, Bo) Bo
A (ao, Bo) Pr-
Tt follows that ay < 1. Now the inequalities F' (ay) < 0 < F (1) follow from the
next relations by using (2.2):
F(Oél) < F(Olo)‘i‘A(Olo,Oél) (a1 —ao)
= (A(ao,0n) = A(ao, Bo)) (a1 — @),

F(B1) = F(Bo)— A(Br,050) (Bo—Br)
= (A(ao, o) = A(B1, o)) (Bo — B1) -
Thus (2.7) holds for n = 0. Similar arguments can be used to prove (2.7) for n+1,
when it is assumed (2.7) is true for n.

Now let w € D be any element satisfying g < u < By and F (u) = 0. We shall
prove (2.6) by induction. Let us assume that (2.6) holds for n. Then from

A (avu ﬁn) QAp41 = —F (an) +A (anv ﬁn) Qp

< —F(u)+ A(an,u) (u—ay) + Ao, B) an
= A(an,Bn)u+ (Aan,u) = Alan, Bn)) (u— an)
< A(O‘naﬁn)u
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and
A(anu@n) ﬁnJrl = —F (571) +A(anuﬁn) /Bn
= A(anyﬂn)u_ (A (U7ﬂn) _A(Ofnyﬁn)) (ﬁn _u)
Z A (anv ﬁn) u7
since the inverse of A(ay,[3,) is positive, we deduce that (2.6) also holds for
n+ 1. O

In what follows we deal with the coincidence operator equation
Lu= N (u), u € D. (2.8)
Our first result represents a generalization of the monotone iterative technique for
coincidences.

Theorem 2.1. Let X be an ordered Banach space, Z be an ordered topological
linear space, D a linear subspace of X and ag,Bg € D. Let L : D — Z be a linear
operator and N : X — Z be a mapping. Assume that the following conditions are
satisfied:

(i) ao < o, Loy < N () and LBy > N (Bo) ;

(ii) for every u,v € X with ap < u < v < Py, there is a linear operator P (u,v) :
X — Z such that L — P (u,v) : D — Z is bijective with positive inverse,

N (u) < N (v) — P(u,v) (v—u) (2.9)
and
—P (u,v)z < —P(a, ) 2 (2.10)
or all o, p,u,v,z € with ag Lalu<v<B< Gy and z > 0;
for all a, B X with 8 <p d 0
(iii) either
(a) the positive cone of X is regular and the operators
(L - P (Oé(),ﬁo))_l N7 (L - P (a07ﬂ0))_1 P (a07ﬁ0) )
(L—P(ao,Bo) " P(u,u), ue X, ag<u<fy

are continuous on [, Bol

or

(b) the positive cone of X is normal and the operators (2.11) are completely
continuous on [ag, Byl -

Then the sequences (), (Brn) given by the iterative schemes
Lani1 = N (an) 4+ P (an, Bn) (ny1 — o), (2.11)
Lﬁn+1 =N (ﬂn) + P (O‘naﬂn) (ﬂn—i—l - 6n) (212)

(n € N) are well and uniquely defined in D. In addition, they are monotonically
convergent in X to the minimal and, respectively, to the mazimal solution in

[0, Bo] of (2.8).
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Proof. We apply Lemma 2.1. Here F = L— N and A (u,v) = L— P (u,v) . Clearly,
(ii) guarantees (2.1) and (2.2). Also (2.11)-(2.12) coincide with (2.3)-(2.4). Hence
the sequences (o), (B,) are well and uniquely defined in D, and satisfy (2.5)
and (2.6). For the convergence we discuss two cases which correspond to the
alternatives in (iii).

Case 1. Assume (iii)(a) holds. Then the regularity of the positive cone of X
implies that the monotone sequences (ay,),(8,) are convergent, say to u, € X
and u* € X, respectively. Also

anﬁu*ﬁu*ﬁﬁn,nEN

and

Uy <u <u*
for any u € D with a9 < u < fp and Lu = N (u). It remains to prove that
U, u* € D and Lu, = N (uy), Lu* = N (u*). From (2.11) we have

anp1 = (L—P(ao,B0)) " [N (an) (2.13)
+P (anvﬂn) (an—i-l - an) - P (040760) an+1]-
Also (2.10) guarantees

-P (an7ﬁn) (an+1 - O[n) (214)
—P (a0, B0) (g1 — an) -

=P (s, ui) (Qng1 — an)

IAIA

Then (2.13) yields
(L = P (a0, 50)) " [N (an) = P (00, fo) otn] <
< (L= P (a0,80)) " [N () + P (tey.) (@1 — an) = P (a0, fio) 1.
Letting n — oo and using the continuity of the operators (2.11) we obtain
we = (L= P (00, 80)) " [N () = P (a0, fo) ..

This shows that u, € D and yields Lu, = N (u.) .
Case 2. Assume (iii)(b) holds. From (2.11) we also have

tnrr = (L= P(ao,50) " [N () + (2.15)
(P (anvﬂn) - P (aO»ﬁO)) (an+1 - an) - P (040750) an]'
From (2.14),

0 (P (an, Bn) — P (o, Bo)) (g1 — )

<
< (P (usyus) = P (0, B0)) (ng1 — ) -

In particular, this implies that the sequence (v,,) given by

Tn = (L - P(OZOa/BO))il (P (u*au*) - P(Oé()aﬂ())) Qp
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is increasing. On the other hand, since the operators

(L — P(ag,50)) " P (us,u.), (L~ P(ag,fB))"" P (o, 5o)

are completely continuous, (v,) has a convergent subsequence. Now its mono-
tonicity together with the semimonotonicity of the norm of X (a consequence of
the normality of the cone) guarantees that the whole sequence (7,,) is convergent.
Consequently,

(L= P (a0, B0) " (P (o, Bn) — P (0, 50)) (1 — o) — 0.

Then from (2.15), since

(L — P (a0,0)) " N, (L~ P(ao,50))”" P(co, o)

are completely continuous, we see that («,) contains a convergent subsequence.
Thus the whole sequence («,) is convergent. Further we continue as in Case 1.
Similar arguments yield the analogue conclusion for (5,) . O

Remark 2.1. If N and P (u,v) are continuous then the assumption on operators
(2.11) in (iii) is satisfied if (L — P (v, B0)) " is continuous, in case (a), and if
N is bounded and (L — P (v, B0)) " is completely continuous, in case (b).

Remark 2.2. In particular, if P (u,v) = 0 for every u,v, Theorem 2.1 reduces
to the monotone iterative method for the operator equation Lu = N (u) with an
increasing mapping N. The reader can see that in this case, (i) (b) requires that
L='N is completely continuous.

The next result gives conditions so that (ay,), (8,) converge quadratically to
the unique solution in [ag, Bo] of (2.8).

Theorem 2.2. Assume all the assumptions of Theorem 2.1 hold. If

(iv) for every u,v € D with g < u < v < [y, there exists a mapping R (v,u) :
D — Z such that

N (u) > N (v) — R (v,u) (v—u); (2.16)

(v) L — R(v,u) is inverse positive, i.e. (L — R(v,u))z >0 implies z > 0,

then (2.8) has a unique solution u* in [ag, Bo).
In addition assume that the following conditions are satisfied:

(vi) (L—P(u,u))"":Z — X is continuous for every u € D, ag < u < fo;
(vii) there exist two constants ¢1,ce > 0 such that
(R (w,a) = P(a, ) 2|, S c1 lw —alx |z]x 2 la=Blylzlx  (2.17)
for all o, B,w, 2z € D, ap <a <w < < Fo, 22> 0.

Then the convergence of (ay,), (Bn) to u* is quadratic.
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Proof. First we prove that u, = u*, where u, is the minimal and u* is, respectively,
the maximal solution in [ag, o] of (2.8). We write (2.16) for u. < u*, replace
N(uy) by Lu, and N(u*) by Lu*, and obtain

Lu, — R(u™, us)us > Lu™ — R(u™, us)u™.

The hypothesis (v) assures that u, > u*. Then u, = u*, i.e. equation (2.8) has a
unique solution in [ag, Bo].
Let

* *
Pn=U" —Qpn, qn=[Fn—u".

Using (2.9), (2.10) and (2.16) we obtain the following two inequalities:

Lanrl - P(U*7U*)pn+1 S Lanrl - P(anvﬁn)anrl
= —-P (an,ﬁn)pn - N (an) +N (U*)
< (R (U*yan) - P(avuﬂn))pfv

Let I' = (L — P (u*,u*))” " : Z — X. Since I is positive, we deduce

0 S Pn+1 S r (R (’U/*aan) - P(anaﬁn))pn

Furthermore, the norm of X being semimonotone and I' being continuous, we
obtain

|pn+1|X < C|F| |<R (u*van) - P(anaﬁn)>pn‘z
S C |F| C1 |pn|§( + C2 ‘an - Bn|X |pn|X)
2
< clr| (erlpalk + 2 (Ipnlx + laalx) - ol )
2 2
S a’|pn|X + b‘qn|X'

Here ¢ > 0 comes from the semimonotonicity of |-| , and |T'| is the norm of the
operator I'.
A similar inequality can be established for |gn41]y - O

Remark 2.3. All the above results are valid if the operator N is defined only on
[, Bo] N D, instead on the whole space X .

As a consequence of Theorem 2.2, we obtain the following abstract version of
Lakshmikantham’s generalized quasilinearization method for the semilinear oper-
ator equation (2.8).

Theorem 2.3. Let X be an ordered Banach space, Z be another ordered Banach
space, D a linear subspace of X and ag,Byp € D. Let L : D — Z be a linear
operator and N : X — Z be a mapping. Assume that the following conditions are
satisfied:

(a) oo < Bo, Lag < N (ag) and LBy > N (Bo) ;
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(b) N = Ny — Ny, where N1, Ny : X — Z are C'-Gateaux differentiable mappings
which are convex on [ag, Bo], and for every u,v,z € X with ag < u <wv < [y
and z > 0,
N!(u)z < Nl(v)z, i=1,2;

(¢) L — N{(u) + Nj(v) : D — Z are bijective with positive inverse for every
u, v € [ag, Bo] withu < v orv < u;

(d) either
(1) the positive cone of X is regular and the operator

(L — N{ (o) + N§ (Bo)) ™" (2.18)

is conlinuous on [ag, Bo) ,

or

(2) the positive cone of X is normal, the mapping N is bounded and the
operator (2.18) is completely continuous on [ag, Bo] -

Then (2.8) has a unique solution u* in [ao, Bo] and the sequences (), (Bn)
given by the iterative schemes

Loy = N (an) + (N (an) = N3 (Bn)) (a1 — om) (2.19)

LBns1 =N (Bn) + (N (an) = N3 (8n)) (Bnt1 — Bn) (2.20)

(n € N) are well and uniquely defined in D and they are monotonically convergent
mn X tou”.

If in addition (L — N’ (u))™" : Z — X is continuous for every u € D, ag <
u < fo, and Ny, N} are Lipschitz on [ao, Bo], then the convergence of (o), (Bn)
i X is quadratic.

Proof. We shall apply Theorems 2.1-2.2. In order to prove relations (2.9) and
(2.16) we use Lemma 4.1 from [22] which assures that Ni(z)h < Ny1(z+h)— N1(2)
for all z, h with z,z4+h € [ag, fo]. A similar relation holds for Ny. Then, for every
u, v satisfying ag < u < v < By, we have

Ni(u)(v —u) < Ni(v) = Ni(u) < N{(v)(v —u),
—NJ(0)(0 — 1) < —Na(v) + Na(w) < —NJ(w)(0 — )
By summing up, we obtain that (2.9) and (2.16) hold with
P(u,v) = Ni(u) — Nj(v) and R(v,u) = Ny (v) — Nj(u).

It is easy to see that hypotheses (b) guarantees (2.10). Also, the hypothesis (d) and
Remark 2.1 imply (iii) in Theorem 2.1. As regards condition (vi) from Theorem
2.2, it is satisfied since P(u,u) = N'(u). Finally, the Lipschitz property of Ni and
N/, guarantee (vii) in Theorem 2.2. O
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Remark 2.4. The hypothesis (b) can be replaced by the assumption that Ny and
Ny are twice uniformly differentiable on every segment of X, the positive cone of
Z is normal, and N}'(u) > 0 for every u € X andi=1,2 (see [22]).

3 Applications to Semilinear Problems

3.1 Systems of Semilinear Equations

In this section we discuss the semilinear equation in R*
Lu= Ny (u), ueD, (3.1)

where D is a linear subspace of LP (Q;Rk) (Q Cc R™ open, 1 < p < ), L :
D cC LP (Q;Rk) — L9 (Q;Rk) is a general linear operator, ¢ € [1,00) and Ny
is the superposition operator associated to a given (p, ¢)-Carathéodory function
f:QxRF - RE

If p,q € [1,00), we say that a function g : Q x R¥ — R" is (p, q)-Carathéodory
if g satisfies the Carathéodory conditions (i.e. g(+, z) : © — R™ is measurable for
each z € R¥, g(z,-) : R¥ — R™ is continuous for a.e. z € Q) and there exist a
function h € L7 (; R4 ) and a constant ¢ € Ry with

lg(x, 2)| < h(z) + c|2[P/? ae. z € Q, for all z € RF.

Here |- | stands for the euclidean norm in R* or R™. Also, we say that g is (oo, q)-
Carathéodory if g satisfies the Carathéodory conditions, and for each r > 0 there
is a function h, € L9 (;R,) such that

l9(z, 2)| < hp(2) ae. € Q, for all z € R* with |2] <7

Similar definitions are given for matrix-valued functions ¢ : Q x R¥ — M (R),
by identification of My (R) and R¥”.

Recall if g is a (p, g)-Carathéodory function (1 < p,q < c0), then the superpo-
sition operator Ny : L? (Q; Rk) — L7(Q;R™), given by

Ny (v)(z) = g(z, v(z))

is well defined, bounded and continuous. Also, if g is an (oo, ¢)-Carathéodory
function (1 < ¢ < o0), and € is bounded, then N, maps C (ﬁ; Rk) into L7 (Q; R™),
is bounded and continuous.

In what follows by | - |, we denote the norm of LP (Q; Rk),

1/p
lul, = (/ |u(a:)|pdm> , if1<p<oo,
Q

|u|]oo = Inf {c€ Ry : |u(z)|<c ae z€Q}, ifp=oc.

Obviously | - | also stands for the sup-norm of the space C (Q;R*) when Q is
bounded.
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Also recall that the positive cone of C (ﬁ; ]Rk),
Kc(ﬁ;Rk) = {u eC (ﬁ; Rk) : u(z) > 0on ﬁ}
is normal, and the positive cone of L? ({;R*) (1 < p < 00),
Kirmrr) = {uerr (Q;Rk) : u(z) >0 ae onQ}

is regular. Here, as well as in what follows, the relation < in R* means the usual
partial ordering by components.

We will discuss simultaneously the cases of continuous solutions and, respec-
tively, LP-solutions (1 < p < c0) to (3.1), by considering 1 < p < oo.

In the next theorems the notation pq/(p — ¢) stands for ¢ when p = cc.

Theorem 3.1. Let Q C R™ be open, 1 < g < p < oo, f: QxRF - RF ¢
(p, q)-Carathéodory function, L : D C LP (Q;Rk) — L1 (Q;Rk) a linear operator,
and aq, By € D. Assume

(i) ao < Bo, Lag < Ny (ag), Ny (Bo) < Lfo;

(ii) there exists a (p,pq/ (p — q))-Carathéodory function a : Q x R* — My, (R)
such that

f(z,u) < f(z,v) —a(z,u,v) (v—u) (3.2)
<

forag(z) <u<v<fy(x), ae e, and
—a (JT,U,U) < -—a (xaaaﬂ) (33)

forapg(z) <a<u<v<B<B(x), ae zeQ;

Lo ={a(-,u(-),v(")): ap <u<v< By andu,v € LP (Q;RY)
forp < o0, resp. u,v € C (ﬁ; Rk) forp= oo}
then for each l € L,, the linear mapping from D to L7 (Q;Rk),
w +— Lw —I(-)w (3.4)

is bijective and has a positive inverse which is continuous from L4 (Q;Rk)
to LP (Q;Rk), resp. completely continuous when p = co.

Then the sequences (o) and (B,) given by the iterative schemes

Loy =f ('7 an) +a ('7 O‘nvﬁn) (anJrl - an) )
L6n+l = f (’7 ﬂn) +a (‘, A, 5n) (ﬂn—O—l - ﬂn)
are well and uniquely defined in D and converge monotonically in LP (Q;Rk), to

the minimal and respectively mazimal solution of (3.1) in [, Bol -
If in addition the following conditions are satisfied
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(iv) there ezists a (p,pq/ (p — q))-Carathéodory function b : Q x R?* — M.y}, (R)
such that

f(xau) > f(:L',U) - b(xavau) (”U - u) (35)
forag(z) <u<v<fy(x), ae x€Q;

(v) for everyl € Ly, the linear mapping (3.4) is inverse positive,

then (8.1) has a unique solution in [ag, Bo].
Moreover, the next condition

(vii) there exist two constants c1,ce > 0 such that
[b(z,u,0) z—a(x,a,8)z]| <ep|lu—al-|z|+e2|Bf—al-|z]
forag(z) <a<u<pB<fG(x), ae x€Q, z € R¥,

assures that the convergence of (o), (By) in LP (Q;Rk) s quadratic.
Proof. Apply Theorems 2.1-2.2 for X = L? (;R¥) if p < oo and X = C (Q; RF)
ifp=o0, Z =14 (Q;Rk), N = Ny,

P (u,v)w = a(-,u(-),v(:))w,

R(v,u)w =b(-,v(-),u(-))w.

In order to follow easily the correspondence between the hypotheses of Theorem
3.1 on one hand, and those of Theorems 2.1-2.2 on the other hand, we kept the
notations of their numbering items. For example, (i), (ii) in Theorem 3.1 imply
(i), (ii) in Theorem 2.1. Notice N is bounded and continuous, as a superposition
operator. Also, P(u,v) is continuous from X to L? (Q;Rk). Indeed, if p < oo,
since p > ¢ and ¢/p + (p — q)/p = 1, by Hoélder’s inequality we have for every
w € LP (Q; Rk),

/Q|f)<u,v>1u<ao| d < /£|a(x,u<x>7v<a»>| o ()| de

< (/Q(Iw(g;)|4)P/q dg;>q/p (/Q(|a(x,u(x),v(x))q)p/(p_q) dx) (r—a)/p

= Jf? a (1 ()0 )y ) < 0

Here we have used the fact that a is (p, pg/ (p — q)) -Carathéodory. Hence P (u,v) w €
L9 (Q;R*) and

|P (u,v) wlq <la(,u(),v ('))|pq/(pfq) |w‘1”

which shows that P (u,v) is continuous.

The case p = oo is left to the reader.

Now (iii) together with Remark 2.1 guarantees (iii) ((a) for p < oo, resp. (b)
for p = 00) in Theorem 2.1. It is easily seen that conditions (iv)-(vii) in Theorem
2.2 are also satisfied. O
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Before stating the consequence of Theorem 3.1, let us precise some notations.
For a function g :  x R¥ — R*  and a given point € 2, by ¢/(z,-) we mean the
matrix

ag;(x, 2)

92 ]1<i,j<k

/)= |

Thus, differentiability refers only to the z argument of g(z, 2).

Corollary 3.1. Let Q C R™ be open, 1 < g <p < o0, f: QxRF - RF ¢
(p, q)-Carathéodory function, L : D C LP (Q;Rk) — L9 (Q;R’“) a linear operator,
and ag, Byp € D. Assume

(i) ao < Bo, Lag < Ny (ag), Ny (Bo) < Lbo;

(ii) there exist functions fi, fo : Q x RF — R¥ with

f=5n—fe

such that for a fived x, fi(x,-), f2(z,-) are differentiable in R¥ and con-
ver on [ag (z), B (z)], ace. € Q, and f],f5 : @ x R¥ — Myyr (R) are
(p,pq/ (p — q))-Carathéodory functions;

(iii) for every 1€ L={f1(vu()) = f2(5v () : ag <u,v < fo,
u,v € LP (Q;Rk) forp < oo resp. , u,veC (Q;Rk) forp= oo},
the linear mapping w — Lw — I(-)w from D to L% (Q;Rk) is bijective and
has a positive inverse which is continuous, resp. completely continuous if
p = o0, from L4 (Q;Rk) to LP (Q;Rk).

Then the sequences (a,) and (B,) given by the iterative schemes

Lanyr = f(,an)+ (f{ (- an) — fé (s Bn)) (Qns1 — an)
Lﬁn-‘rl = f (7ﬂn) + (f{ ('7 an) - fé (76’@)) (/Bn+1 - 6n)

are well and uniquely defined in D and converge monotonically in LP (Q;Rk) to
the unique solution of (3.1) in [ao, Bo] -

If in addition fi(x,-) and f5(z,-) are Lipschitz on [ag (), 00 (z)] for a.e.
x € Q with Lipschitz constants independent on x, then the convergence of (ay,)

and (B3,) in LP (Q;Rk) is quadratic.

Proof. Apply Theorem 3.1 for
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3.2 The Initial Value Problem

Consider the initial value problem

{ ZI((T) f:(gv u), T e [OvT]v (3.7)

For any number 1 < ¢ < oo, we let W14[0,T] be the space of all absolutely
continuous functions u : [0,7] — R with v’ € L7[0,7]. We seak solutions u to
(3.7) in W14[0, T] with u(0) = 0.

We discuss (3.7) under the assumption that f can be represented in the form
f = fi— fo with fi1, fo convex in the second variable. Without any differentiability
assumptions on f, we can give an iterative procedure for monotone approximation
of the extremal solutions of (3.7) in a given interval of functions, in terms of divided
differences.

For a function g : [¢,d] — R and two given points u,v € [¢,d], u # v, we let
the divided difference of g on points u,v be defined by

9(u) —g(v)

lg;u,0) = = —

Recall if the function g is convex, then (by Jensen’s inequality),

g5 u,v] < [g;u, w] < [g;v, w] (3.8)
whenever c <u <v<w <d.

Theorem 3.2. Let 1 < g < oo, f : [0,T] xR — R, ag,By € WH4[0,T] and
a_1,B-1 € C[0,T] such that ap(0) = Fp(0) =0, a—1 < ag < fy < B-1 on [0,T]
and

ap(x) < f(z,a0(z)), Bi(x) > f(z,B0(x) a.e. on [0,T].

In addition assume that f = fi1 — fo where f1, fa : [0,T] x R — R are (o0, q)-
Carathéodory and for each fizred x € [0,T), fi(z,-), f2(z,-) are conver on [a_1(z), Bo(z)]
and respectively on [ao(x), B—1(z)], for a.e. x € [0,T]. Then the sequences (o),
(Bn) given by the iterative procedures

anr = fGan)+ ([frsamnan] = [f2; 821, 80]) (@ng1 — an),
Brnar = f(8n)+ ([frsam1, an] — [f258-1, Bn]) (Brng1 — Bn)
(0)
[

are well and uniquely defined in D = {u e Wha[0, 7] : u(0) = 0} and converge
monotonically in C'[0,T] to the unique solution of (3.7) in [ag, Bo].

Proof. Apply Theorem 3.1. Here p = oo, k = 1, Lu = 1/,
a(z,u,v) = [fi(z,);a—1(z), u] = [fa(z,);v, B-1(2)].
Using inequalities (3.8) we have
[fi(@,); a1 (), u] < [filz,);u, 0], [fa(w, )0, B-a(2)] = [falz, )su, 0],
[fi(z,);ami(@),u] > [fi(z,-);a-i(2), o],
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[fa(, ); 0, B-1(2)] < [fa(a,-); B, B-1(2)],

whenever a_1(z) < ap(z) < a <u < v < 8 < fo(z) < B-1(x). Whence, by
summing up the first two inequalities and the last two ones, we obtain (3.2) and
(3.3), respectively.

Notice the mapping (3.4) is bijective, since the initial value problem for a linear
equation has a unique global solution. Its inverse is the Volterra integral operator
V, given by

V(f)(z) = /01 el @=9) f(5)ds, for f e LI[0,T),

which is trivially positive, and completely continuous as follows by the Ascoli-
Arzela Theorem.
In order to prove the uniqueness of the solution, we choose

b(x,v,u) = [fl(x’ ')5%571(33)] - [f2($7 ~);a,1(gc);u] .

Now, we use again (3.8), and obtain that

[fl(xa ');u,v] < [fl(xv ‘);Ozfl(.’t),'l)] ) [fQ(xa ~);a,1(x),u] < [fQ(xa ~);'LL,U]

whenever ag(z) < u < v < Gy(x). Whence, by summing up we get (3.5). O

Corollary 3.2 in particular yields the following theorem which extends a similar
result from [15].

Theorem 3.3. Let 1 < g < oo, f:[0,7T] x R — R and ag, By € C*[0,T] such
that ap(0) = B (0) =0, ap < By and

ay < f(z,a0), By > f(x,80) on [0,T].

In addition assume that f = f1 — fa, where f1,fa : [0,T] xR — R, fi(x,.),
fa(z,.) are (00, q)-Carathéodory and for each fixred x € [0,T], fi(x,-), fo(x,-)
are differentiable on R and convex on [og (), Bo (x)] for a.e. x € [0,T], and
their derivatives are (00, q)-Carathéodory. Also assume that fi (z,-), f5 (x,-) are
Lipschitz on [ag (x), Bo (x)] with Lipschitz constants not depending on x. Then
the sequences (ay,) and (B,) given by the iterative schemes

O/n+1 = f (',an) + (f{ (O‘n) - fé (ﬂn)) (an+1 - an) )
ﬂf;H-l = f (7ﬁn) + (f{ (O‘n) - fé (ﬂn)) (ﬁn+1 - ﬂn)

are well and uniquely defined in D = {u € Ct0,T): u(0) = 0} and converge
monotonically and quadratically in C [0,T] to the unique solution of (3.7) in [, Bo) -

Proof. The result is a direct consequence of Corollary 3.2 with p = oo and k =
1. O
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