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1. INTRODUCTION

The multiparameter global bifurcation problem for inclusions was first studied by
Alexander and Fitzpatrick [1]. In that paper, by using the homotopy group theory
the authors considered the global bifurcation at (0,0) for solutions of a family of
inclusions of the form

x € F(z, ),

where F: O € X x R*¥ — X is a condensing upper semicontinuous multivalued
mapping with convex and compact values, while X is a Banach space. Goérniewicz
and Kryszewski [15, 16] considered the case when F is a multivalued mapping with
acyclic values in finite-dimensional spaces. Recently, Gabor and Kryszewski [10, 11]
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354 MULTIPARAMETER GLOBAL BIFURCATION

studied the multiparameter global bifurcation problem for linear Fredholm inclusions
of the form
Lz € F(x,)\),

where L: X — Y is a linear Fredholm operator of nonnegative index and F': O C
X x R¥ — Y is a c—admissible multivalued mapping with compact values, while
X,Y are Banach spaces. A cohomological index of Fuller type for periodic orbits of
differential inclusions in finite-dimensional spaces was constructed in [22] and applied
to investigate a multiparameter bifurcation of periodic orbits from an equilibrium
point.

One frequently occurred in the study of global bifurcation is the problem of evalu-
ation of that called global bifurcation index (see, e.g. [10, 21, 24]). In [21] Kryszewski
used the method of guiding functions to evaluate the global bifurcation index and to
describe the global structure of branches of periodic orbits for families of differential

inclusions of the form
u'(t) € g(t, u(t), A),
u(0) = u(T),

where g: [0, T] x R” x R¥ — R™ is a upper-Carathéodory multivalued mapping with
compact and convex values. Another construction for the evaluation of the global
bifurcation index (for one-parameter case) via guiding functions and integral guiding
functions was suggested by Loi and Obukhovskii (see [24]).

In the present paper, after necessary preliminaries, by using the method of integral
guiding functions we consider in Section 3 the global bifurcation problem at (0,0) for
a class of operator-differential inclusions with C'.J—multivalued perturbations (see the
definition of C'J—multivalued mappings in Section 2). In Section 4 we demonstrate
how the abstract result can be applied to the study of bifurcations of branches of
periodic trajectories of a feedback control system.

2. PRELIMINARIES

2.1. Notation. Throughout this paper by the symbol C we denote the space
C([0,T]; R™) of continuous functions and by £P (p > 1) the space LP([0,T];R™) of
p—th integrable functions with usual norms:

tel0,T

T »
lzlle = max, [z(t)] and £l = (/0 If(S)pd8> , n> L

An open ball of radius r centered at 0 in C [R"] is denoted by B¢ (0, ) [respectively,
B™(0,7)]. The unit open ball [unit sphere] in R™ are denoted by B" [resp., S"}].
Consider the space of all absolutely continuous functions x : [0,7] — R™ whose
derivatives belong to £P. It is known (see, e.g. [2]) that this space can be identified
with the Sobolev space WP ([0, T]; R") endowed with the norm

1

lally = (Il + 1a15) " -

We will denote this space by WP, Notice that (see, e.g. [6]), for the case p = 2, the
embedding W2 — C is compact. By the symbol lew’p we will denote the subspace
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of all functions € W' such that z(0) = z(T).

2.2. Multimaps. Let X,Y be metric spaces. Denote by P(Y') [K(Y)] the collections
of all nonempty [respectively, nonempty compact] subsets of Y. For the case when
Y is a normed space, Kv(Y) denotes the set of all nonempty compact and convex
subsets of Y.

Definition 1. (see, e.g. [3, 4, 14, 20]). A multivalued mapping (multimap)
¥: X — P(Y) is said to be: (i) upper semicontinuous (u.s.c.) if for every open
subset V. C Y the set

2N V)={z e X:X(z) CV}

is open in X ; (it) closed if its graph {(x,y) € X XY :y € X(x)} is a closed subset of
X xY; (iti) compact, if the set $(X) is relatively compact in'Y .

Definition 2. 4 set M € K(Y') is said to be aspheric (or UV, or co-proximally
connected) (see, e.g. [23, 3, 14, 21]), if for every € > 0 there exists 6 > 0 such
that each continuous map ¢: S™ — Os(M), n = 0,1,2,--+, can be extended to a
continuous map ¢: BT — O:(M), where O.(M) denotes the e—neighbourhood of
M.

Definition 3. (see [19]). A nonempty compact space is said to be an Rs-set if it
can be represented as the intersection of a decreasing sequence of compact, contractible
spaces.

Definition 4.(see [14]) A w.s.c. multimap ¥ : X — K (Y) is said to be a J-
multimap (X € J (X, Z)) if every value X (x), x € X, is an aspheric set.

Now let us recall (see, e.g. [5]) that a metric space Z is called the absolute retract
(the AR-space) [resp., the absolute neighborhood retract (the AN R-space)| provided
for each homeomorphism h taking it onto a closed subset of a metric space Z’, the set
h(Z) is the retract of Z’ [resp., of its open neighborhood O(h(Z)) in Z’]. Notice that
the class of AN R-spaces is broad enough: in particular, a finite-dimensional compact
set is the AN R-space if and only if it is locally contractible. Therefore, it means that
compact polyhedrons and compact finite-dimensional manifolds are the AN R-spaces.
The union of a finite number of convex closed subsets in a normed space is also the
AN R-space.

Proposition 1. (see [14]). Let Z be an AN R-space. In each of the following cases
a u.s.c. multimap ¥ : X — K (Z) is a J-multimap:
for each x € X the value X (x) is
a) a conver set;

b) a contractible set;

¢) an Rs-set;

d) an AR-space.

In particular, every continuous map o : X — Z is a J-multimap.

Definition 5. Let F : X — P(Y) be a multimap. For a given € > 0, a continuous
map f: X — Y is called an e-approximation of the multimap F if for each x € X
there exists @' € X such that ox(x,2') < e and

f(x) € O(F(z")), foralxz e X.




356 MULTIPARAMETER GLOBAL BIFURCATION

It is easy to see that the e-approximation may be equivalently defined as the
map whose graph belongs to the e-neighborhood of the graph of the corresponding
multimap. The fact that a map f: X — Y is an e—approximation of a multimap
F: X — P(Y) is written as f € a(F,e).

Definition 6. A multimap F : X — K(Y) is called approximable if for every
€ > 0 it admits a single-valued e—approximation and, moreover, for every e > 0 there
exists 69 > 0 such that for all 6 with 0 < § < dg and any two S—approximations
fs, ﬁ; : X =Y of the multimap F there exists a continuous map h: X x [0,1] =Y
such that

(i) h(z,0) = f5(z), h(z,1) = fs(x) forall z e X;

(i7) h(-,A) € a(F,e) for each A € [0,1].

The main approximation property of a class of J—multimaps can be expressed by
the following assertion (see [23, 13]).

Proposition 2. Let X be a compact AN R—space, Y a metric space. Then each
J-multimap F : X — K(Y) is approximable.

Definition 7.Let O C X. By CJ(O, X) we will denote the collection of all mul-
timaps F': O — K(X) that may be represented in the form of composition F = foX,
where ¥ € J(O,Y) for a certain metric space Y and f: Y — X is a continuous map.

2.3. Linear Fredholm operators. Let X,Y be Banach spaces.
Definition 8.(see, e.g. [12]). A linear bounded operator L: domL C X — Y is
called Fredholm of index q (q > 0) if

(1i) ImL is closed inY;
(21) KerL and CokerL =Y/ImL have the finite dimension and, moreover,

dimKerL — dimCokerL = q

Let L: domL C X — Y be a Fredholm operator of index ¢, then there exist
projectors Pr: X — X and Qr:Y — Y such that ImP;, = KerL and KerQp =
ImL. If the operator

Lp, : domL N KerPr, — ImL

is defined as the restriction of L on domL N KerPy, then it’s clear that Lp, is an
algebraic isomorphism and we may define Kp, : ImL — domL as Kp, = L;Ll.
For the case ¢ = 0, if we let I, : Y — CokerL be the canonical surjection:

Iy z=z+ImL
and Ay : CokerL — KerL be a one-to-one linear mapping, then the equation
Lr=y,yeY
is equivalent to the equation
(i — Pr)z = (ALllp + K1)y,
where i denotes the identity operator and K : Y — X be defined as
K, =Kp, (i—Qpr).
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2.4. Coincidence index. For readers’s convenience, we recall in this section the
definition of coincidence index presented in [21] (see, also [7, 8, 9]). Firstly, let us
recall the definition of the topological degree of a continuous map between two finite-
dimensional spaces (for the notion of the homotopy groups and the cohomotopy sets
we refer readers to [18, 25]).

Let U C R™ be an open bounded subset and f: U — R” a continuous map, where
m > mn > 1. Assume that f(x) # 0 for all  belonging to the boundary OU of the
set U. Therefore, the distance d(0, f(OU)) from 0 to the set f(OU) in R™ is positive.
Taking p = 1d(0, f(9U)), we obtain f(0U) C R™\ B"(0, p). Hence, the map

f:(U,0U) — (R",R™\ B"(0,p))
induces a map between cohomotopy sets
froam(R™,R™\ B™(0,p) ) — 7"(U,0U)

Consider the following sequence of maps

_ i
7 (R, R™\ B"(0,p) )L 77 (T, 0U) <

A R\ U) (R R BT0,1)),
where r > 0 is such that U ¢ B™(0,r),
i1: (U,@U) — (RWR’”\U),

and

ig: (R™,R™\ B™(0,r)) — (R™,R™\U)
are inclusion maps.
The map zti is a bijection (by the excision property), therefore according to the re-
lations 7"(S") = =" (R™,R"™ \ B"(0,p)) and 7" (5™) = 7" (R™,R™ \ B™(0,r)), the
map

wp=ibo (i) o fran(ST) — " (™)
is well-defined.

Definition 9. The element ws(1) € #™(S™) = 7, (S™) is called the topological
degree of the map f on U and it is denoted by deg (f,U), where 1 is the homotopy
class of the identity map id: S™ — S™ in 7" (S™) 2 Z.

Notice that the topological degree deg(f,U) does not depend on the choice of
r > 0. For illustration of the above definition let us recall an example presented in
[10, Example 4.1]

Example 1. Let U = B™ and f = f|_,_,: S™"' — R"\ B"(0,p), where p is
taken as above. Consider the diagram

" (S™) =2 1™ (R™, R™ \ B™(0, p)) *>fn 7 (B™, 8" =2 1 (8M) ———— T (S™)

T :

7.‘.n—l(Sn—l) o ﬂ_n—l(Rn \ Bn(07p)) 5 7T.n—l(Sm—l) - 5 ﬂ.m_l(sm—l)
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where 6, §; are the respective coboundary operators and X is the suspension homo-
morphism. This diagram is commutative. Therefore, if f: (B™, S™"1) — (R", S"~1),
then deg(f, B™) = X([f]) € 7m(S™), where [f] € m,—1(S™ 1) is the homotopy class
of f: §m=1 — gn—1,
Now let X,Y be Banach spaces; U C X an open bounded subset; L: X — Y
a linear Fredholm map of index ¢ > 0 and F = (foX) € CJ(U,Y) a compact
multimap such that Lz ¢ F(z) for all € OU. Let C = {x € U: Lz € F(z)} be the
set of coincidence points of L and F'. Since the restriction L|_ is proper, the set C' is
compact. Hence, there exists an open bounded set N such that
(a) CCNCNCU,
(b) N is a compact AN R—space.

Let 0 = 1disty (0, (L — F)(ON)). For € € (0,8] let p.: F(N) — Y be the Schauder
projection of the compact set F(N) into a finite-dimensional subspace Z of Y such

that ||pey — y|| < e for all y € F(N). Denote by W’ the finite-dimensional subspace
of ImL such that Z C W = W' @& Im(Qr). Set T = L=Y(W), Npr = NNT. It is
clear that L|.: T'— W is Freholm operator of index ¢ and

dimT = dimW + q.

W.lo.g. assume that dimW = n > ¢+ 2. Then the coincidence index Ind(L, F,U) is
defined as
Definition 10.

Ind(L,F,U) := deg(L — pc o fs, Nr) € 7™ (S"19) 2 11,

where f, is an k—approzimation of F on Nt while k € (0,¢) is sufficiently small and
I1, denotes g—th stable homotopy group of spheres (see, e.g. [18]).
The given coincidence index has the following properties.
(i) (Existence) If Ind(L,F,U) # 0 € II,, then there exists z € U such that
Lz € F(x).
(73) (Localization) If U’ C U is open and

C:={zxeU:LreF(x)} CU,

then Ind(L,F,U) = Ind(L, F,U’).
(#4) (Additivity) If Uy, Us are open bounded disjoint subsets of X and U = U; UUs,
then

Ind(L, F,U) = Ind(L, F,U7) + Ind(L, F,T3).
(i77) (Restriction) If F(U) belongs to a subspace Y’ of Y, then
Ind(L, F,U) = Ind(L, F,Ur),
where Ur =UNT, T = L~ (Y").
(iii) (Homotopy) If there exists a compact C'.J—multimap ®: U x [0,1] — K(Y)
such that Lz ¢ G(z, \) for all (z,)) € OU x [0, 1], then

Ind(L, ®(-,0),0) = Ind(L, (- 1),T).
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3. A MULTIPARAMETER GLOBAL BIFURCATION THEOREM

Consider a family of operator-differential inclusions
Lz € Q(z, pn), (1)

where L: Wy* — L2, Lz = 2/, and Q: C x R¥ — K (£?) be such that

(Q1) Q is a CJ—multimap and 0 € Q(0, i) for all u € R¥, k> 1;
(Q2) for every bounded subset Q C C x R* the set Q(Q) is bounded in £2.

By a solution to (1) we mean a pair (z, ) € Wy x R* that satisfies (1). It is obvious
that problem (1) has the trivial solution (0, u) for all 4 € R¥. Denote by S the set of
all non-trivial solutions of (1).

Definition 11. A point (0, ug) € CxRF is said to be a bifurcation point of problem
(1) if for every open bounded subset U C W%’z x R¥ containing (0, o), there exists a
solution (z, ) € U to problem (1) such that x # 0.

Definition 12. A family of continuously differentiable functions V,,: R" — R,
w € R¥ s said to be a family of local integral guiding functions for (1) at (0,0), if
there exists g > 0 such that for each e € (0,e0) there is a sufficiently small number
de > 0 (which continuously and nondecreasingly depends on €) such that for every
zeC,0< |z <6, the following relation holds

T
| (Ttel). 1) ds > 0

for all p € S*=1(0,¢) and all f € Q(x, u), where VV,, denotes the gradient of V,, and
the symbol <-, > denotes the inner product in R™.

Lemma 1. If V), is a family of local integral guiding functions of (1) at (0,0) then
for every e € (0,e9):

(a) inclusion (1) has only trivial solutions (0, ) on Be(0,6.) x S¥=1(0,¢);
(b) equation VV,(w) = 0 has only trivial solutions (0, 1) on B™(0,6.)xS*~1(0, ).

Proof. (a) Assume that (z,1) € Bc(0,5:) x R¥, |u| = €, is a nontrivial solution
to (1). Therefore, there exists f € Q(x, u) such that z'(t) = f(t) for a.e. t € [0,7].
Since |p| =€ and [|z[|; < d. we have

[ (vt s)a > o
On the other hand,
T T
| (Ttao). s> 0= [ (Vi 0).a'0)de > 0=

Vu(@(T)) = Vu(2(0)) = 0,

giving the contradiction.
Similarly we obtain the conclusion (b). B
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For each ¢ € (0,¢p), set O, = B"T* (O, e+ 53) and define the map
Vo: 0. = R,
/‘—\/;(’LU,M) :{ - VVH(U)),EQ - |/j,‘2}

From Lemma 1 it follows that \A/; has no zeros on the sphere 0O.. Hence, the topo-
logical degree

deg(Vz, 0:) = wiz (1) € 7" (S™HF) = i (S™F)

is well-defined.

Let us show that this degree does not depend on the choice of ¢ € (0,g9). In
fact, let £1,62, 0 < &1 < €3 < &g, be arbitrary numbers. For each A € [0,1], set
Ext+1l — )\52 + (1 — )\)617

ngrl = B"+k (0’ \/ 5?\+1 + 6gx+1 )’

where ¢, is the constant from Definition 12, and consider the map

EX41

Vf: O.,., — R

Ex+1
Vi(w, i) = {=VVi(w), 34 — |}
Assume that there exist A, € [0,1] and (ws, p.) € 00 such that

EXw+1

V)?* (w*7 N*) =0,
or equivalently,

VV,. (wy) =0,
1| = ex.41.
From (w.,ps) € 00, ., it follows that |w.| = 4., ,,.
1(b). Hence, the topological degree deg(V.,0,) is the same for all £ € (0,0). This
element is called the index of the family of local integral guiding functions V,, and is
denoted by indV,,.
Theorem 1. Let conditions (Q1)—(Q2) hold. In addition, assume that there exists
a family of local integral guiding functions V,, of (1) such that indV, # 0. Then (0,0)
is a bifurcation point of problem (1). Moreover, there is a connected subset R C S
such that (0,0) € R and either R is unbounded or R 3 (0, u.) for some p, # 0.
Proof. It is clear that L is a linear Fredholm operator of index zero and

Ker L =2 R"™ = Coker L.

That contradicts to Lemma,

The projection
O,: £? - R,

/Tf(s) ds

is defined as

OL(f) =

Nl
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and the homeomorphism Ay : R™ — R" is an identity operator.
The space £? can be represented as

LE=Lo® Ly,
where Lo = Coker L and £; = Im L. The decomposition of an element f € £? is
denoted by
f=fo+ fi.fo€ Lo, f1 € L1
Substitute inclusion (1) by the following equivalent inclusion
z € Gle,p), (2)
where
G:CxRF = K(C),

G(z,u) = Prz+ (U + K1,)Q(z, ).
Define the map

0:CxRF - C xR, l(z,p) = (z,0).
For r,e > 0 set

By ={(z,n) € Cx R ||z||2 + |u]? < r? + €2},
and consider the multimap
G,: By — K(C xR),

Gr(mvl’(') = {G(%M)J“Q - ||$||C}

It is clear that /¢ is a linear Fredholm map of index k — 1.

STEP 1. We will show that G, is a compact C'J—multimap. Indeed, from the fact
that Q is a C'J—multimap and the operator II;,+ K7, is linear and continuous it follows
that the multimap (I, + K1) o Q is a C'J—multimap, hence G, is a C'J—multimap.
Further, from (Q2) it follows that the set (IT;, + K1) o Q(B,..) is bounded in Wy.?,
and by the Sobolev embedding theorem [6] it is a relatively compact subset in C.
Now, our assertion follows from the fact that the operator Py, is continuous and has
a finite-dimensional range.

STEP 2. Choosing arbitrarily ¢ € (0,£¢9) and sufficiently small r € (0,6.), where
go and 6. are the constants from Definition 12, we will show that ¢(x, n) ¢ G, (z, 1)
for all (x, u) € OBy .

Indeed, assume to the contrary that there is (x,u) € 0B, . such that £(z,u) €
G, (x, ). Then,

x € Gz, ), 3)
and
llle = r (4)
From (3) it follows that there is f € Q(x, ) such that z'(t) = f(¢) for a.e. t € [0,T].
Applying (4), we obtain |u| = . Moreover, from ||z||, = r < ¢. we have

T
[ et s6as > 0
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for all p € S¥=1(0,¢).
On the other hand,

T T
| (Ve £6))ds = [ (VVia().a'(s))ds =0,
0 0

giving the contradiction. Therefore, the coincidence index Ind(¢, G, B, ) is well-
defined for each € € (0,¢¢) and r € (0, 9,)

STEP 3. Fix € € (0,&9) and 7 € (0,0.). Let us evaluate Ind(¢, G, B, .). Towards
this goal, consider the multimap ¥: B, . x [0,1] — K(C x R),

S, A) = {Pra+ (I + K1) 0 a(Q(@, 1), A), 7},
where
T= A" = |lzlle) + (1= N (|ul® = &%),
and a: £2? x [0,1] — L2,
alf,A) = fo+Af1, fo € Lo, f1 € L1, f = fo + f1.

Following Step 1 we can easily prove that ¥ is a compact C'J—multimap.
Assume (x*, p*, \) € 0B, x [0,1] is such that ¢(z*, u*) € Z(x*, p*, A*). Then

N = e flg) + (1= A7) (P = %) =0 (5)
and there is a function f* € Q(x*, u*) such that
¥ = Pra* + (I + Ki) o a(f*, %)
or equivalently,
{(z*)’ =Xt
0= 15,

where f§ + fi = f*, fo € Lo and f{ € L.
From (z*,p*) € 0B, . it follows that

r? —|lz*(lg = |u*]? — &2
Hence, from (5) we obtain
|lz*lo =7 and [p*|=e.
From the choice of r it follows that
T
/ (VVur (2*(5)), f(s))ds > 0 for all f € Q(z*, pu*).
0

If A* # 0: then

giving the contradiction.
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If \* =0 then (z*)" = 0. Therefore 2* = a for some a € R™, |a| = r. According to
Definition 12, for every f € Q(a, u*) we have

T T
| (Vi) 1) s = (T, [ 5)ds) = TV (@ 11s) > 0. (6)

Consequently, IIy, f # 0 for all f € Q(a, u*), in particular, I f* # 0. But I, f* =
II., f§ = 0. That is the contradiction.
Thus multimap ¥ is a homotopy on 0B, . connecting the multimaps 3(x, p,1) =
G (x,p) and
E(.’E, /‘70) = {PLx + HLQ(CU,/J,), |/~L‘2 - 62}’
By virtue of the homotopy invariance of the coincidence index we obtain
Ind(¢,G,, Bye) = Ind({,%2(-,-,0), By.).

The multimap Py, + II; Q takes values in R", so applying the restriction property of
the coincidence degree we have

Ind(ﬁ, E(" ) 0)7 Bn&) = Ind(& Z(-, ’vO)aUr,s)7

where U,.. = B, . NR"*F,
In the space R"*! the vector field £ — (-, -,0) has the form

E(:’/nu) - E(ya /J,O) = {_HLQ(y7M)552 - |/’1“2}7 V(?/’M) € U’I‘,E - Rn+k-
Consider now the multimap: I': U,.. x [0,1] — K(R""1) defined as
F(ya ey >‘) = {*)\HLQ(ZJ,,U) + ()‘ - 1)vvu(y)352 - |,LL|2}

It is clear that I' is a compact C'J—multimap. Assume that there exists (y,u, A) €
OU, . x [0,1] such that 0 € I'(y, 1, A). Then we obtain

{ lul=¢
(A=1D)VVy(y) € AL Q(y, p),

and by virtue of (6) we get the contradiction. So, I' is a homotopy connecting ¢ —
>(-,+,0) and V,, therefore, by assumption

Ind(6,%(-,-,0),T,.) = deg(V,U,..) = indV,, # 0. (7)
STEP 4. Let O C C x R¥ be an open set defined as
O = (C x R¥)\ ({0} x (R*\ B*(0,20))).

From Ind (¢,G,, B, ) # 0 for every ¢ € (0,&9) and for all r € (0,4;) it follows that
there exists (x, u) € By such that ¢(x, n) € G,(x, 1), or equivalently

z € Gz, p),
lzlle =7,

ie., (z,u) € By is a nontrivial solution to problem (2). Therefore, (0,0) is a bifurca-
tion point of problem (2), and hence, it is a bifurcation point of problem (1). Denote
by R € SU{(0,0)} C O the connected component of (0,0). Let us demonstrate that
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R is a non-compact component. Assume to the contrary that R is compact. Then
there exists an open bounded subset U C O such that

UcCcO,RCcUandoUNS = 0.
Hence, for each r > 0

Uz, p) ¢ Gr(z, p), V(z, p) € OU.

Further, for any 0 < r < R, the compact C'J—multimaps G, and Gr on U can be
joined by the homotopy G, 1-)g- For sufficiently large R,

g(l‘,u) ¢ GR(I7M)7 V(I7H’) € ﬁa
so, Ind (¢,Gr,U) = 0. Therefore, Ind ({,G,,U) = 0 for all r > 0.
Now, let A = {u € R¥: (0, 1) € U}. From U C O it follows that
A C B*(0,¢0). (8)

From Lemma 1(a) and the continuous dependence of the number ¢, on ¢ it follows
that we can choose 0 < € < g9 and 0 < r < §. such that B,. C U and inclusion

z € Gz, p)

has only trivial solutions in the ball B¢ (0,7) for all 4 € RF: e < |u| < 0.
From (8) and the choice of 7, e (we can take r, e sufficiently small) we have
Coin(l,G,,U) :={(x, ) € U: £(x,pn) € Gp(w, 1)} C By
So, we obtain
0=1Ind(¢,G,U)=1Ind({,G,,B,.)#0,
that is the contradiction. Thus, R is a non-compact component, i.e., either R is
unbounded or RN IO # (.M

4. APPLICATION TO A FEEDBACK CONTROL SYSTEM

Consider the following parametrized control system

2/ (t) = A(p)z(t) + f(t, z(t),y(t), 1), for ae. t €[0,T],
y'(t) € G(t,x(t),y(t), ), for a.e. t €[0,T], (9)
y(0) = 0; 2(0) = =(T),

where f:[0,7] x R? x R™ x R? — R? and G: [0,7] x R? x R™ x R? — Kov(R™)
(m > 1) are given map and multimap, respectively; p € R? is the parameter and
A(p) is a family of (2 x 2)—matricies defined as

A= o e ) = ) (10

Here x: [0, T] — R? is a trajectory of the system, y: [0,T] — R™ is a control function.
The first equation describes the dynamics of the system and the differential inclusion
represents the feedback law.

The use of the family of (2 x 2)—matricies A(u) of the form (10) comes from [10].
We will use the symbols quﬁ, Wbl ¢ £, £? introduced in Section 2 with a remark
that in the present section n = k = 2.
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By a solution to the system we mean a pair (x, u) € quw’Q x R? for which there is
a function y € W1 such that the triplet (z,vy, i) satisfies (9).
Assume that
(f1) for every (u,v,u) € R? x R™ x R? the function f(-,u,v,u): [0,T] — R? is
measurable;
(f2) for a.e. t € [0,T] the map f(¢,-,-,-): R? x R™ x R? — R? is continuous;
(f3) there is a number ¢ > 0 such that
£t w0, )] < clul (o] + |l),
for a.e. t € [0,T] and for all (u,v, 1) € R? x R™ x R?;
(G1) for every (u,v,pu) € R? x R™ x R? the multifunction G(-,u,v,p): [0,T] —
Kv(R™) has a measurable selection;
(G2) for a.e. t € [0,T] the multimap G(¢,-,-,-): R? x R™ x R? — Kv(R™) is u.s.c.;
(G3) there is a number d > 0 such that

1G(t,u, v, )| = max{|z]: z € G(t, u, v, )} < d(|ul + [o] +|ul),
for a.e. t € [0, 7] and for all (u,v, ) € R? x R™ x R2.

From (f3) it follows that (0, u) is the solution to (9) for all 4 € R%. These solutions
are trivial. Denote by S the set of all nontrivial solutions to (9).

In the sequel we need the following assertions.

Lemma 2 (Gronwall’s Lemma, see, e.g. [17]). Let u,v: [a,b] — R be continuous
nonnegative functions; C > 0 a constant and

v(t) < C+ /tu(s)v(s)ds, a<t<hb.

Then
v(t) < Cela (s g <t <.

Lemma 3 (see Theorem 70.6 [14]). Let F: [0,T] x R™ — Kv(R™) be a multimap
such that

(F1) multifunction F(-,w): [0,T] — Kv(R™) has a measurable selection for every
w € R";
(F2) multimap F(t,): R™ — Kv(R") is u.s.c. for a.e. t €[0,T];
(F3) there is b > 0 such that
17 (& w)ll < (1 + |w])
for all (t,w) € 0,T] x R™.
Then the solution set of the Cauchy problem
u'(t) € F(t,u(t)), for a.e. te0,T],
u(0) = wo,
is an Rs—set in C([0, T];R™).

Lemma 4 (see Theorem 5.2.5[20]). Let & be a separable Banach space, A a metric
space, and F: [0,T] x Ex A — Kv(E) a multimap satisfying the following conditions:
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(F1) multifunction F(-,w,A): [0,T] — Kv(E) has a measurable selection for every
(w,A) € & x A;

(F2) multimap F(t,-,-): € x A — Kv(€) is w.s.c. for a.e. t €[0,T);

(F3) there is k > 0 such that

1F(tw, Ml < k(14 [lwllg + [[All4)

for all (w,\) € € x A and for a.e. t € [0,T7;
(F4) there ezists a function v € LY [0,T)] such that

X(F(t,QA)) < ~(t) x(Q)

for every nonempty bounded subset 2 C &, where x denotes the Hausdoff
measuare of noncompactness.

For each A\ € A denote by Ei;("")‘) the solution set of the Cauchy problem

{u’(t) € F(t,u(t), ) for a.e. t € [0,T],

u(0) =up € €.
Then the multimap \ — Efo(""/\) is u.s.c. .

Now let us describe the global structure of the solution set of problem (9).
Theorem 2. Let conditions (f1)—(f3) and (G1)—(G3) hold. In addition, assume
that
c(1+Tde™) < 2.

Then (0,0) € leﬂ x R? is a bifurcation point for solutions of (9) and, moreover,
there is a unbounded subset R C S such that (0,0) € R.
Proof. For a fixed (z, 1) € C x R? consider the following multimap

Gy [0,T] x R™ — Ko(R™), Gy,(t, 2) = G(t,x2(t), 2, ).

It is easy to verify that G, ,) satisfies all conditions of Lemma 3. So, for every
(x, 1) € C x R? the set W, ) of all solutions to the problem

{ y'(t) € G(t,z(t),y(t), ) for a.e. t € [0,T]

y(0) =0

is an Rs—set in C'([0,T];R™).

Moreover, for each r > 0 take A = B¢(0,7) x B2(0,7), and consider the multimap
IT: [0,7] x R™ x A — Kv(R™), TI(t,w,z, u) = G(gu)(t,w).

It is easy to verify that multimap II satisfies conditions (F1) — (F4) in Lemma 4.

Therefore, the multimap (z, ) — ¥, ,) is ws.c. at all points (z,u) € A. Since we
can choose arbitrarily r > 0, so if we define the multimap

U:CxR? = K(C([0,T;R™)), U(z,p1) = Ve,

then it is u.s.c., too.
Now define the following maps and multimaps

U:CxR? — K(Cx C([0,T];R™) x R?), W(x) = {z} x U(zx, ) x {u},
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B:C x CO([0,T);R™) x R? — £,
B, y, p)(t) = A(pw)a(t) + f(t,2(t),y(t), ), t € [0,T].
Then problem (9) can be written in the form
Lz € Oz, p), (11)
where L: W;® — £ is the differentiation operator and
Q:CxR?* = K(L£?), Q(x,u) = Bo {Iv/(x,,u).

It is clear that Q is a C'J—multimap, and hence, condition (Q1) is fulfilled.
Let  C C x R? be a bounded subset and (, 1) an arbitrary point in €. For
g € Q(z, ) there is y € U(x, 1) such that

o(t) = Al)e(t) + £(t2(0) y(t). 1) for ac. ¢ € 0.7, (12
Since y € U(x,p), there exists h € L' such that h(t) € G(t,z(t),y(t), ) for ae.
t € [0,7T] and
t
y(t) = / h(s)ds, for all t € [0,T].
0
From (G3) it follows that
t t
0 < [ e)lds < d [ (i2(6)]+ lo(e)| + ) s
t
< dT(lelc+1u) + [ diys)as.
According to Lemma 2 we obtain
y(0)] < Td(ll + )™ for all ¢ € 0,7]. (13

Now, the boundedness of the set Q(2) follows from (12)-(13) and (f3). So, condition
(Q2) also holds true.
Let us show that the family of functions V,,: R?* — R,
Vi(w) = pwf + 2ppwiwy — pws, w= (wi,wz), = (p1, p2),

is a family of local integral guiding functions for (11) at (0,0). In fact, let € > 0 and
w € S(0,¢) be arbitrary. For x € C take any g € Q(x, ). Then there is y € ¥(x, u)
such that

g(t) = A(p)z(t) + f(t,z(t),y(t), p) for ae. t €[0,T].
By virtue of (f3) and (13) we have

/0 (VY (1)), g(t) it = / (A(u)(t), AGu)(t) £ £ (t,2(8), y(2), 1) Yot
T T
> / |A(e)a ()Pt — / A2 (O£t 2(0), y(b), p)lde

T
24lul2llw\|§—2lu\/0 2 (t)] ez @I (ly(®)] + |ul)dt
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T
2
> Alpl?|lll; — 2CIMI/O ()] (Td(|xle + [uh)e™ + |ul)dt =

2 2
= dlpl?|llly — 2lul l|z]l; (Tde™ ||zl + Tde™ || + |ul)
2 2
= 2|p’l|z]l3(2 = e(1+ Tde™)) = 2¢Tde™|ul ||z [l ]l ;

= 2luf 23 (|1 (2 = e(1 + Tde™) = cTde™ |z ).

Therefore,

T
/ (VVu(x(t)), g(t))dt > 0
0
provided
(2 = c(14+Tde"™))  e(2— (14 Tde™?))
cT'deTd N cT'de™

Thus, V), is a family of local integral guiding functions for problem (11) at (0,0).
For each ¢ > 0, choose d. such that

_ 16(2 — (14 Tde™))

0 <zl < (14)

& 2 cT'deTd
Set O, = B*(0, \/e% 4 62 ) and consider the map
Vo: 0: - R,

Ve(w, 1) ={ = YV, (w),e* — |u*}
= {— (2w + 2pows), — (2uawy — 2p1ws), % — |uf?},
Let us show that indV,, # 0. Toward this goal, consider the following continuous
map
H: 0. x[0,1] — R3,
H(w, 11, )) = {=VV,(w), \w|* + (1 = \)e® — |/}
Assume that there exists (w, u, A) € 90, x [0,1] such that H(w, p, A) = 0, then we
have
—VV,(w) =0,
Ajwl? = |u[* = (A = 1),
fwl? + |l = 2 + 62,
From the second and third equations of the above system it follows that
|w|2:)\52+(5§ | |2:52+)\53.
14+ 1+A

Therefore, w and z are non-zero elements in R?. That contradicts to the first equation
of the system. Thus, H is a homotopy connecting the maps V. = H(-,-,0) and
H(-,-,1). By the homotopy invariance property of the topological degree we obtain

deg(Vz,0.) = deg(H(-,;1),0x).

and
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On the other hand, the map H(-,-,1): R* — R3 vanishes only at (0,0) and the
restriction h = —H (-, -, 1)|s3 : §% — S? is the Hopf fibration (see, e.g. [18]). Hence,

d@g(H(‘, 31)7d) = deg(H(7 31)7B4) = de.g(*ha?) = Z[ih] 7é 07

where ¥ is defined in Example 1.

Therefore, (0,0) is a bifurcation point for solutions of (9). Moreover, from the fact
that relation (14) holds true for all € > 0 it follows that (0, 0) is the unique bifurcation
point for solutions of (9). Now, the application of Theorem 1 ends the proof. B
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