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Abstract. Sufficient conditions for the existence of fixed point for mappings satisfying locally
contractive conditions on a closed ball in an ordered left K-sequentially as well as right K-sequentially
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several well known existing results.
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1. INTRODUCTION

Recently, many results appeared related to fixed point theorem in complete metric
spaces endowed with a partial ordering in literature. Ran and Reurings [24] proved
an analogue of Banach’s fixed point theorem in metric space endowed with a partial
order and gave applications to matrix equations. In this way, they weakened the usual
contractive condition. Subsequently, Nieto et al. [21] extended this result in [24] for
nondecreasing mappings and applied it to obtain a unique solution for a 1st order
ordinary differential equation with periodic boundary conditions. Thereafter, many
work related to fixed point problems have also been considered in partially ordered
metric spaces (see [4, 8, 9, 10, 11, 13, 20]).

On the other hand notion of a partial metric space was introduced by Matthews
[19]. To generalize partial metric, Hitzler and Seda [15] introduce the concept of a dis-
located topology and its corresponding generalized metric named as dislocated metric
(metric-like space [3]). The notion of dislocated topology has useful applications in
the context of logic programming semantics (see [14, 16]). Further useful results can
be seen in [1, 3, 17, 26, 27]. Zeyada et. al. [28] introduced the concept of dislocated
quasi metric space.
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From the application point of view the situation is not yet completely satisfactory
because it frequently happens that a mapping 7T is a contraction not on the entire
space X but merely on a subset Y of X. However, if Y is closed and a Picard iterative
sequence {z,} in X converges to some z in X, then, by imposing a subtle restriction
on the choice of xg, one may force Picard iterative sequence to stay eventually in
Y. In this case, closedness of Y coupled with some suitable contractive condition
establish the existence of a fixed point of T. Arshad et al. [5] obtained a significant
result concerning the existence of fixed points of a mapping satisfying a contractive
conditions on a closed ball of a complete dislocated metric space. Other results can
also be seen in [6, 7]. The dominated mapping [2], which satisfies the condition
fx = x occurs very naturally in several practical problems. For example if x denotes
the total quantity of food produced over a certain period of time and f(z) gives the
quantity of food consumed over the same period in a certain town, then we must
have fz = x. In this paper, we have obtained fixed point theorems on a closed ball
for a contractive dominated self-mapping in an ordered left K-sequentially as well as
right K-sequentially complete dislocated quasi metric space. Our results generalize,
extend and improve a classical fixed point result on a closed ball (see [18]). We have
used weaker contractive conditions and weaker restrictions to obtain a unique fixed
point. We have given examples which show how these results can be used for some
mappings, when the corresponding results in quasi-metric spaces can not hold .

We give the following definitions and results which will be needed in the sequel.
Definition 1.1. [28] Let X be a nonempty set and let d, : X x X — [0,00) be
a function, called a dislocated quasi metric (or simply d4-metric) if the following
conditions hold for any z,y,z € X :

(1) If dg(z,y) = dy(y,z) =0, then x =y,

(i) dy(@,9) < dy(.2) +dy (2. ).

The pair (X, dy) is called a dislocated quasi metric space.

It is clear that if dq(x,y) = d¢(y,x) = 0, then from (i), z = y. But if z = y,
dq(x,y) may not be 0. It is observed that if dy(z,y) = dq(y, ) for all z,y € X, then
(X, d,) becomes a dislocated metric space (metric-like space). We will denote (X, d;)
a dislocated metric space. For € X and € > 0, B(x,e) = {y € X : dy(z,y) < e} is
a closed ball in X.

Example 1.2. If X = RT U {0} then dy(z,y) = « + max{z, y} defines a dislocated
quasi metric d, on X.

Reilly et al. [25] introduced the notion of left (right) K-Cauchy sequence and
left (right) K-sequentially complete spaces( see also [7, 12]). We use this concept to
introduce the following definition.

Definition 1.3. Let (X, d,) be a dislocated quasi metric space. A sequence {z,} in
(X, dgq) is called

(a) left (right) K-Cauchy if V e > 0, 3 ng € N such that V n > m > ny,
dg(@Tm, Tn) < € (respectively dy(zn, m) < €);

(b) dislocated quasi-convergent (for short d,-convergent) [28] to x if

lim dy(zy,x) = lim dy(z,z,) =0.

In this case x is called a d,-limit of {z,}.
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A dislocated quasi metric space (X, dg) is called left (right) K-sequentially complete
if every left (right) K-Cauchy sequence in it is d, -convergent.
Definition 1.4. [23] Let (X, <) be a partially ordered set. Then x,y € X are called
comparable if z <y or y <X z holds.
Definition 1.5. [5] Let (X, <) be a partially ordered set. A self mapping f on X is
called dominated if fxr < x for each x in X.
Example 1.6. [5] Let X = [0, 1] be endowed with the usual ordering and f: X — X
be defined by fz = a™ for some n € N. Since fx = 2" <z for all z € X, therefore f
is a dominated map.
Definition 1.7. Let X be a nonempty set, then (X, =<,d,;) is called an ordered
dislocated quasi metric space if:

(i) dg is a dislocated quasi metric on X , and

(ii) = is a partial order on X.

2. MAIN RESULTS

Theorem 2.1. Let (X, =<,d,) be an ordered left K-sequentially complete dislocated
quasi metric space, S : X — X be a dominated map and xg be an arbitrary point in
X. Suppose there exists k € [0,1) such that

dy(Sx, Sy) < kdy(x,y), for all comparable elements x,y in B(xo,r), (2.1)
and
dq(xo, Szo) < (1 —k)r . (2.2)
If, for every nonincreasing sequence {x,} — w implies that u < x,,. Then there exists
a point x* in B(zg,r) such that z* = Sz* and dy(z*,2*) = 0.

Moreover, if for any two points x,y in B(xg,r) there exists a point z € B(wg,r)
such that z < x and z < y, that is, every pair of elements in B(xo,r) has a lower
bound, then, the point x* is the unique fized point of S.

Proof. Consider a Picard sequence 1 = Sz, with initial guess x¢ satisfying (2.2).
Then z,4+1 = Sz, =<z, for all n € {0} UN. Now by the inequality (2.2),

dq(zo, Szo) < (1 —k)r <,
so that x1 € B(xo,r). Let x2,-- ,2; € B(zg,r) for some j € N. Using the inequality
(2.1), we obtain,

dg(25,j41) = dg(Sxj1, S5) < kdg(2j-1,7;)

S deq(;vj,g,xj,l) S R S kjdq(l'(),.%'l). (23)

Now by using the inequalities (2.2) and (2.3) we obtain,
do(z0,zj41) < dg(wo,x1) + dg(@1,22) + - -+ + dg (25, T541)
(1-K")

1—k
Thus z;41 € B(zo,7). Hence, z,, € B(xo,r), for all n € N. Now the inequality (2.3)
can be written as,

< (1-=kKr <r

dg(Zn, Tni1) < k"dg(zo,21), for all n € N. (2.4)
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By the inequality (2.4) we get,

dq(xnvanri) S dq(xnaanLl) + ...+ dq(xn+i717xn+i)
k(1 — k)

<
- 1-k

dq(xo,21) — 0 as n — oo.

Therefore the sequence {z,,} is a left K-Cauchy sequence in (B(zo,),d,). As B(zo,r)
is closed, it is left K-sequentially complete. Therefore, there exists a point z* €
B(zg,r) with

lim dy(zp,z*) = lim dy(z*, z,) = 0. (2.5)

=00 =00
Now,

de(x™, Sz™) < dg(z*,zp) + dg(zp, ST™).
By assumptions z* < z,, < x,,_1, therefore,

dg(z™,Sz*) < lim [dy(z*, zp) + kdg(zp_1,2")].

Thus,
dg(z*, Sz™) <0.
Similarly, dy(Sz*,z*) < 0. Hence z* = Sz*. Now,
dy(z*,2") = dg(Sz™, Sx™) < kdy(z*, ).
This implies that
dg(x*,2") = 0.

Uniqueness: Let y be another point in B(xg,r) such that, y = Sy. If 2* and y are
comparable then,

dq(x*,y) = dq(Sm*,Sy) S kdq(x*»y)

Similarly, dq(y,2*) < 0. This shows that 2* = y. Now if * and y are not comparable
then there exists a point z € B(zg,r) which is lower bound of both z* and y that
is z X z* and z =< y. Moreover by assumptions z* < =z, as x, — x*. Therefore
zax* 2z, ... 2 x0.

dy(z0,52) < dy(xo,21) + dg(z1,5%)
< (1 —=Kk)r+kdg(zo,2), (by (2.1) and (2.2))
dq(z0,52) < (A—k)yr+kr<r.

It follows that Sz € B(zo,r). Now we will prove that S"z € B(zo,r), by using math-
ematical induction. Let S%z,...,572 € B(zo,r) for some j € N. As Sz < §7-1z <
w. Rz R 2% K x,... 2 20, then,
dy(j41, 5771 2) = dg (S, S(572)) < kdy(x;,572)
S SN S k’j+1dq(3307 ZQ). (26)
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Now,
dy(w0, 57M2) < dy(wo, 1) + dy(@r,22) + ... 4+ dg (2, xj11) + dy (@41, 571 2)
< (.Z‘(), 1) + kd, (xo,xl) + ...+ k‘j+1dq($0, Zo), (by (26) )
dg(z0,9912) < dy(wo,x1)[L + K+ ..k + KT r, (as 2z € B(wo,7))
dg(x0,87M2) < (1- k’)’”( 1 _kk ) + kIt =
It follows that S7*'z € B(zo,r) and thus S"z € B(zg,r) for all n. Now,
de(z*,y) = dg(S™z",S"y)

As Sz < 8722 < ... <z =< 2*and S" 'z <y for all n € N. It further implies
that S"~1z < S"2* and S" 'z < Sy for all n € N as S"z* = z* and S"y = y for
all n € N. Thus,

de(z*,y) < kdy(S" 'az*,8"7%2) + kd,(S" %2, 8" ty) (by (2.1))

< dy(S"x*, 8" 2) 4+ dy (8" 2, SMy).

IA

k" 2d, (2%, S2) + k" 2d,(Sz,y) — 0 as n — oo

Similarly d,(y,xz*) < 0. Hence z* = y.

Example 2.2. Let X = [0,400) N Q with the dislocated quasi-metric d, given by
dq(z,y) = 2z + y and the order z = y iff dy(z,z) < dy(y,y). Then (X, <, d,) be an
ordered complete dislocated quasi metric space. Let S : X — X be defined by

€ .
S — ?1fx€[0,1]ﬂX
z—3ifze(lo0)NX

Clearly, S is a dominated mapping. Then, if xg = 1, r = 3, we have B(wxg,r) =
[0,1]N X and for k = £,

Gobrma-lpoi2
e 1 1 15 12
dy(z0, Szo) = dg(1,51) = d,(1, 7) 24— =<
Now if z,y € (1,00) N X, then,
dg(S, Sy) = 2x7§+y€
> %{2x+y}

dq(Sz,Sy) > kdy(z,y).

So the contractive condition does not hold on X. Now if x,y € B(zg,r), then
2x

1

1
< 3{2.%' +y} = kdy(x,y).
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Therefore, all the conditions of Theorem 2.1 are satisfied. Moreover, 0 is the unique
fixed point of S.

In Theorem 2.1, the condition (2.2) is imposed to restrict the condition (2.1) only
for o,y in B(zo,r) . Example 2.2 explains the utility of this restriction. The following
result relax the conditions (2.2) but impose the condition (2.1) for all comparable
elements in the whole space X.

Corollary 2.3. Let (X, =,d,) be an ordered left K-sequentially complete dislocated
quasi metric space, S : X — X be a dominated map and xy be an arbitrary point in
X. Suppose there exists k € [0,1) with

dy(Sz, Sy) < kdy(z,y), for all comparable elements z,y in X

If, for every nonincreasing sequence {xy}in X, {z,} — w implies that u X x,, and
every pair of elements in X has a lower bound, then there exists a unique point =¥ in
X such that o* = Sz*. Further d,(z*,z*) = 0.

In Theorem 2.1, the existence of a lower bound and for every nonincreasing se-
quence {z, }in X, {z,} — u implies that u < z,, are imposed to restrict the condition
(2.1) only for comparable elements. However, the following result relaxes these con-
ditions but imposes the condition (2.1) for all elements in B(zq, ).

Corollary 2.4. Let (X,d,) be a left K-sequentially complete dislocated quasi metric
space, S : X — X be a map and xy be an arbitrary point in X . Suppose there exists
k €[0,1) with

dy(Sx, Sy) < kdy(x,y), for all elements x,y in B(zq,T)

and

dq(xo, Szo) < (1 —k)r .
then there exists a unique point x* in B(xg,r) such that x* = Sx*. Further
dq(x*,z*) = 0.

In the following we present some results for the Kannan mappings and obtain a
unique fixed point on a closed ball in an ordered dislocated quasi metric space.
Theorem 2.5. Let (X, =,d,) be an ordered left K-sequentially complete dislocated
quasi metric space, S : X — X be a dominated map and xg be an arbitrary point in
X. Suppose there exists k € |0, %) with

dg(Sz, Sy) < kldg(z, Sx) + dy(y, Sy)l, (2.7)

for all comparable elements x,y in B(zo,r) and
dg(xo, Sz0) < (1 —0)r, (2.8)
where 0 = ﬁ If for every nonincreasing sequence {x,} — u implies that u =<

x,,. Then there exists a point x* in B(zo,r) such that * = Sz* and d,(z*,z*) = 0.
Moreover, if for any two points x,y in B(xo,r) there exists a point z € B(xg,r) such
that z = x and z =X y,and

dq(xo, Sx0) + dg(2,52) < dg(xo, 2) + dg(Swo, Sz) for all z < xy. (2.9)

then, the point x* is unique.
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Proof. Cousider a Picard sequence 1 = Sz, with initial guess x( satisfying (2.8).
Then 41 = Sz, =, for all n € {0} UN and by the inequality (2.8), we have

dg(xo,ST0) < (1 —0)r <.

Therefore, z1 € B(xg,r). Let xa,--- ,z; € B(xo,r) for some j € N. Thus, by the
inequality (2.7), we have
dq(wj,2541) = dg(Swj—1, 525) < kldg (21, S2j-1) + dy (25, S;)].
It implies that
Odg(xj-1,2;)
92dq($j,2,$j,1) S S ejdq(l'o,l‘l). (210)
Now by the inequalities (2.8) and (2.10) we get,
dg(@o, xj11) < dg(@o, 1) + dg(@1,22) + -+ + dg (25, 2j11)
(1 -6+
< 1-0)yr——<r.
< U=Or=g—g= =7
It gives that z;.1 € B(zo,r). Hence x, € B(xo,r) for all n € N. It further implies
that the inequality (2.10) can be written as,
dg(Tn, Tny1) < 0"dg(x0, 1), for all n € N. (2.11)

By the inequality (2.11), we have,

dg(zj, 1)

VARVA

Ag(@n, Tnti) < do(@n, Tnt1) + o + dg(Tntiz1, Tnti)
6™ (1 — 0°)
1-46
Thus the sequence {x,,} is a left K-Cauchy sequence in (B(xo,r),d,). Therefore there

exists a point * € B(xg,r) with nh_)ngC x, = x*. Also,

< dg(xo,21) — 0 as n — oo.

lim dy(zp,2*) = lim d (2", z,) = 0. (2.12)

n—oo n—oo

Now,
de(x™, Sz™) < dg(z*,zp) + dg(zp, ST*),
by assumptions, z* = z,, < x,,_1, therefore,
dg(z™, Sz*) < nlingo[dq(x*, zn) + k{dq(xn_1, Stpn_1) + dg(z", Sz*)}].
By the inequality (2.12) we obtain
(1 —=Fk)dy(z*,Sz") < knli_{réo dg(Tn-1,Tn),

and by the inequality (2.11)

(1 —Fk)dy(z*,Sz™) <0.
Similarly, d,(Sz*,z*) < 0 and hence, z* = Sz*. Now,

dg(x*, ") dq(Sz*, Sz*)
< E{dy(z*,Sz") 4+ dy(z*, Sz™)}.
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Thus
(1 —-2k)dg(z*,2") <0,
which implies
dg(z*,z") = 0. (2.13)
Uniqueness: Now we show that z* is unique. Let y be another point in B(xq,r)
such that y = Sy. Then following similar arguments as we have used to prove the
inequality (2.12), we obtain,

dq(y,y) = 0. (2.14)
Now if 2* and y are comparable, then,
dq(x*ay) = dq(Sﬂf*,Sy)

0. (by (2.13) and (2.14))

Similarly,

dq(y,z*) =0.
Hence we have z* = y. Now if z* and y are not comparable then there exists a
point z € B(zg,r) which is a lower bound of both z* and y. Now we will prove that
S"z € B(wg,r). Moreover by assumptions z < 2* < x,... < x9. Now by the inequality
(2.7) , we have,

dy(Sxo,Sz) < k[dy(zo,21) + dy(z,52)]
< Eldg(xo, 2) + dg(x1,S2)], by using (2.9)
dg(z1,82) < 0dy(xo, 2). (2.15)
Now,
dq(z0,52) < dg(zo, 1) + dg(21,5%)
< dg(xo, 1) + 0dg(x0,2), by using (2.15)
dg(x0,82) < (1—6)yr+6r=r.

It follows that Sz € B(xg,r). Next, we show that S"z € B(xg,), by using mathe-
matical induction to apply the inequality (2.7). Let S2z, ..., 57z € B(xq,r) for some
JEN.As §72 <8771z < ... < z=<2* < x,.. = o, then,
dg (872,871 2) = d (S(S7712),5(872)) < k[dy (ST 2,872) 4+ dy (S92, ST 2)).
It further implies that,
dg(S72,87T2) < 0d, (S92, 872)
< 0%d,(87722,877 ) < L < 07d, (2, S2). (2.16)

Now,

dy(Sxj,8(872)) < kldy(z, Sx;) + dg(S72, 8711 2)]
k[67d,(zo,21) + 67d,(2,52)] (by 2.11 and 2.16)

k09[d, (o, 2) + dy(x1,S2)] (by 2.9)

k09[d, (o, 2) + 0dy(z0,2)] = 67 d, (w0, 20). (2.17)

dg(j41,57""2)

ININ A
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Thus,

dq(2o, Sj+12) <dg(xo, 1) + dg(x1,22) + ... +dg(zj,2541) + dg(xj41, Sj+1z)
dy(z0,71) + 0dy(20, 71) + ... + 07T d (30, 2), (by (2.11) and (2.17))
dg

(o, z)[L + 04 ...07] + 07 1r, (as z € B(xo,7))

IA

dy(w0,87712)

IN

_ pitl
(1- 9)1"7(1 1 fé’ )

It follows that S7*12 € B(xg,r) and hence S"z € B(zg,r). Now the inequality (2.16)
can be written as,

dy (w0, 87712) + 07T =g,

IN

dy(S"z, 8" Tt2) < 0"d,(2,52) — 0 as n — oc. (2.18)
Therefore,

dg(z*,y)

dq(Sz*, Sy)

dy(Sz*, 8" 1 2) +d,(S" Tz, Sy)

Kldy (2", 527) + dy(S™2, 5™F12)] + kldy(8™2, 5™ 12) + dy (y, Sy)
kdy(z*, %) + 2kd,(S™2, S™ ' 2) + kd,(y, y)

0 (by 2.13,2.14 and 2.18)

ININ INCIA

Similarly, dq(y,z*) = 0. Hence z* = y.
Example 2.6. Let X = RTU{0} be endowed with usual order and let d, : X x X — X

be defined by d4(z,y) = g + 9. Let S: X — X be defined by

€ .
z—1ifze(1,00)

Clearly, S is a dominated mapping. Then for zog = 1, r = %7 0 = %, B(zg,7) =
[0,1] and for k = &,
33 6
l—0r=(1-2)2=_
(1-0) ( 7)2 °
and
1 1 1 9 6
—dg(1,81) =dy(1,2) = =+ = = — < —.
dq<x0?5x0) dq( 7S ) dq( 77) 2 + 7 14 < 7
Also if z,y € (1,00), then
9 9 9
1 > = = =
or + 10y > 2x+2y+2
5 3 3
——4+10y—-5>3|= —y—1
= bz 2—|— Oy 5_3{2564-2?,/ }
z 1 1 T 1y 1
1002 -~ 4y—2)>3|2de—-+Z21y—=
= O(2 4+ 2)_3[2—1— 2+2+y 2}

= d,(Sw,Sy) > kld, (e, S2) + d, (. Sy).
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So the contractive condition does not hold on X. Now if x,y € B(xq,r), then

dq(Sz, Sy)

IN

Also,
dq(x0, Sxo) + dg(2,S2) = dg(z0, 2) + dg(Sxo, Sz) for all z < xy.

Therefore, all the conditions of Theorem 2.5 are satisfied. Moreover, 0 is the fixed
point of S.

In Theorem 2.5, the conditions (2.8) and (2.9) are imposed to restrict the condition
(2.7) only for x,y in B(zo,r). Example 2.6 explains the utility of these restrictions.
The following result relax the conditions (2.8) and (2.9) but impose the condition
(2.7) for all comparable elements in the whole space X.

Theorem 2.7. Let (X,=,d,) be an ordered left K-sequentially complete dislocated
quasi metric space, S : X — X be a dominated map and xy be an arbitrary point in
X. Suppose there exists k € [0, 3) with

dq(Sl‘,Sy) S /{J[dq(l‘,Sl‘) + dq(yzsy)]a

for all comparable elements x,y in X. If, for every nonincreasing sequence {x,} in
X, {xn} — u implies that u < x,, and every pair of elements in X has a lower bound,
then there exists a unique point x* in X such that * = Sz* and d,(z*,z*) = 0.

In Theorem 2.5, the condition (2.9), the existence of a lower bound and for every
nonincreasing sequence {z,}in X, {z,} — w implies that v < z,, are imposed to
restrict the condition (2.7) only for comparable elements. However, the following
result relaxes these conditions but imposes the condition (2.7) for all elements in
B(xo,7).

Theorem 2.8. Let (X,d,) be a complete left K-sequentially dislocated quasi metric
space, S : X — X be a map and xy be an arbitrary point in X . Suppose there exists
k €[0,1) such that

dq(Sz, Sy) < k[dy(z, Sx) + dy(y, Sy)],
for all x,y € B(xg,r) ; where xy is a point in X satisfying the condition
dq(xo, Szo) < (1 —0)r

with 0 = ﬁ Then there exists a unique point x* in B(xg,r) such that z* = Sx*
and dg(z*,z*) = 0.

Remark 2.9. The above results can easily be proved in right K-sequentially dislo-
cated quasi metric space.
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