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1. INTRODUCTION

Picard and weakly Picard operators methods have been a powerful tool to study
the nonlinear differential equations. For more details on this novel methods to discuss
existence and uniqueness and the data dependence on data of the solutions for some
differential equations and integral equations, one can see Rus et al. [1, 2, 3, 4, 5, 6, 7],
Serban et al. [8], Muresan [9, 10] and Olaru [11]. Tt is remarkable that Wang et al.
[12] apply this interesting methods to study nonlocal Cauchy problems and impulsive
Cauchy problems for nonlinear differential equations.

On the other hand, a strong motivation for studying fractional differential equations
comes from the fact they have been proved to be valuable tools in the modeling of
many phenomena in various fields of engineering, physics and economics. It draws a
great application in nonlinear oscillations of earthquakes, many physical phenomena
such as seepage flow in porous media and in fluid dynamic traffic model. For more
details on basic theory of fractional differential equations, one can see the monographs
of Diethelm [13], Kilbas et al. [14], Miller and Ross [15], Podlubny [16] and Tarasov
[17], and the references [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30].
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However, functional differential equations with fractional derivative have not been
studied extensively. In particular, weakly Picard operators methods have not been
used to study such problems. Motivated by [7, 12, 31, 32], we offer to study boundary
value problems for the following modified fractional iterative functional differential
equations

°Dgpx(t) = f(t, (1), z(z"(1))), t € [a,8], v € R\ {0}, q € (1,2),
z(t) = ¢(t), t € |a1,qa], (1.1)
x(t) =(t), t € [b,by],
where °D{ ; is the Caputo fractional derivative of order ¢ with the lower limit a (see
Definition 2.3) and
(C1) a,bya1,b1 € R, a1 < a < b < by, a function Y(z) = 2zY satisfiess T €
C([a/la bl}v [ala le?
(02) f € C([aﬂb] X [alabl}QaR);
(C3) p e C([alvaL [alv bl]) and ¢ € C([b’ bl]a [al,bl]);
(C4) there exists Ly > 0 such that | f(t, w1, w1)—f(t, g, wa)| < Ly(|ug—us|+|wi—ws|)
for all t € [a,b], u;,w; € [a1,b1], i =1,2.

A function x € C(Ja1,b1], [a1,b1]) is said to be a solution of the problem (1.1) if
T satisfies the equation CDgﬂfa:(t) = f(t,z(t),z(z"(t))) on [a,b], and the conditions
x(t) = @(t),t € [a1, a], z(t) = ¥(t),t € [b,by].

It is easy to verify that the problem (1.1) is equivalent with the following fixed
point equation

p(t), for t € [ay,al,

2(t) = wle, ) (1) + iy o G(t,9)f(s,2(5), 22" (s)))ds, for t € [a,b],  (1.2)

Y(t), for t € [b,by],
and = € C([a1,bi],[ar1,b1]), where w(p,¥)(t) == p(a) + LU=2 (4 ), G is the
Green function defined by

[ =s) Tt =L (b—s)Tt fora<s<t<b,
Glt,s) = { —Z:—Z(b— 5)?7L fora <t <s<b,

and

t—a

b b
[ Goftsats) @ =~ [ (b= 57 s als) e (5))ds

+/ (t —s8)T 1 f(s,2(s), z(x"(s)))ds.

Remark 1.1. Note G(t,s) <0 fora <t < s <b, while G(t,t) = —t=2(b—1)7"' <0
and G(t,a) = (t —a) (t—a)?2 = (b—a)?72) > 0 fora <t < b. Next L£G(t,s) =
(¢ — l)(b_s)qd(t_ag:((lt_s)Q72(b_a) <0 fora<s<t<b. Soforanyt € (a,b) there
is a unique s(t) € (a,t) such that G(t,s(t)) = 0, G(t,s) < 0 for s(t) < s < b and
G(t,s) > 0 for s(t) > s > a. Note G(t,b) =0 and

(b—a)7(b—1)
(t—a)eT —(b—a)T T

s(t)=b+
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Furthermore, s(t) = a for ¢ = 2, and this is a great difference for the Green function
when ¢ € (1,2). Since we cannot expect monotonicity of the integral operator By
defined in (3.1) below.

On the other hand, we derive

b J—
/ G(t,s)ds = t . a (t—a)™' = (b—a)’).
Hence fab G(t,s)ds <0 fort € [a,b] and ff G(t,s)ds < 0 for t € (a,b], which holds
also for ¢ =2. So G(t,-) is nonpositive in average on [a,b].

On the other hand, the first equation of the problem (1.1) is equivalent with
x(t), for t € [a1,qal,
W(&[ay 0], Zlp,6,1) (E)

.'L'(t) = 1 b v
SRy fa G(t,s)f(s,z(s),z(z"(s)))ds, for t € [a,b],
x(t), for t € [b,by],
and z € C([al,bl], [al,b1]).
We will apply a new method to study the equations (1.2) and (1.3). More pre-

cisely, we will use the weakly Picard operator technique to obtain some new existence,
uniqueness and data dependence results for the solution of the problem (1.1).

(1.3)

2. NOTATION, DEFINITIONS AND AUXILIARY FACTS

To end this section, we recall some basic definitions of the fractional calculus theory
which are used further in this paper. For more details, see Kilbas et al. [14].

Definition 2.1. The fractional order integral of the function h € L*([a,b], R) of order
q € RT is defined by

t
t —
Ig’th(t) :/ (1_‘@h(8)d8
where I is the Gamma function.

Definition 2.2. For a function h given on the interval [a,b], the qth Riemann-
Liowville fractional order deriative of h, is defined by

1 d\" [
L q _ el _ n—g—1

(Da,th’)(t) F(TL _ q) (dt) /a (t S) h(S)d&
here n = [q] + 1 and [q] denotes the integer part of q.

Definition 2.3. The Caputo derivative of order q for a function f : [a,b] = R can
be written as

n—1
t
DI h(t) = DY, (h(t) -y k'h“ﬂ(a)), t>0,n—1<g<n.
k=0

We need some notions and results from the weakly Picard operator theory (for
more details see Rus [5, 6]).

Let (X,d) be a metric space and A : X — X an operator. We shall use the
following notations:
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Fy={x € X | A(z) = z}—the fixed point set of A;

I(A)={Y e P(X) | A(Y) CY,Y # 0};

Al = Ano A, A'=A, A°=1,neN

POX) = (Y C X | ¥ £0);

Oa(z) = {x, A(x), A%(x), - , A"(z), - - - }—the A—orbit of z € X;

H:P(X)x P(X)— Ry U{+o0};

H(Y,Z) = max {supyey inf.cz d(y, 2),sup, ey infyey d(y, z)} —the Pompeiu-
Hausdorff functional on P(X) x P(X).

Definition 2.4. Let (X,d) be a metric space. An operator A : X — X is a Picard
operator if there exists x* € X such that Fa = {x*} and the sequence (A™(xg))nen
converges to x* for all xg € X.

Theorem 2.5. (Contraction principle) Let (X,d) be a complete metric space and
A: X — X a~y—contraction. Then

(i) Fa = {z"};

(i) (A™(x0))nen converges to x* for all xg € X;

(iii) d(z*, A™(x0)) < L=d(z0, A(z0)), for alln € N.

Remark 2.6. Accordingly to the Definition 2.4, the contraction principle insures
that, if A: X — X is a y—contraction on the complete metric space X, then it is a
Picard operator.

Theorem 2.7. Let (X, d) be a complete metric space and A, B : X — X two opera-
tors. We suppose the following:

(i) A is a contraction with contraction constant v and Fa = {x%}.

(i) B has fized points and x3; € Fp.

(iii) There exists n > 0 such that d(A(x), B(x)) <mn, for allz € X.

Then d(x%y,2) < 2.

Definition 2.8. Let (X,d) be a metric space. An operator A : X — X is a weakly
Picard operator if the sequence (A™(x9))nen converges for all xg € X and its limit
(which may depend on xg) is a fized point of A.

Theorem 2.9. Let (X,d) be a metric space. Then A : X — X is a weakly Picard
operator if and only if there exists a partition X = Jycp Xa of X such that

(i) X € I(A), for all X € A;

(ii) A |x,: Xx — X is a Picard operator, for all A € A.
Definition 2.10. If A is a weakly Picard operator, then we consider the operator A>
defined by A® : X — X, A®(x) = lim, . A™(z).

It is clear that A (X) = F4 and wa(z) = {A>®(z)} where wa(z) is the w—limit
point set of mapping A for point x.
Definition 2.11. Let A be a weakly Picard operator and ¢ > 0. The operator A is
c—weakly Picard operator if d(z, A (z)) < cd(z, A(x)), ¥V z € X.
Remark 2.12. Let (X,d) be a complete metric space and A : X — X a continuous
operator. We suppose that there exists v € [0,1) such that

d(A%(z), A(z)) < vd(x, Az), ¥V 2 € X.
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Then A is c—weakly Picard operator with ¢ = ——

1—v"
Theorem 2.13. Let (X,d) be a complete metric space and A; : X — X, i =1,2.
We suppose that
(i) A; is c;—weakly Picard operator, i = 1,2;
(ii) There exists o > 0 such that d(A;(x), Ax(z)) < a, ¥V z € X.
Then H(Fa,,Fa,) < amax(c, ca).

3. EXISTENCE

In what follows we consider the fixed point equation (1.2). Consider the operator
By : C([a1,b1], [a1,b1]) = C([a1, b1], [a1,b1])
where
o(t), for t € [a1, al,
By(z)(t) == 4 w(p,¥)(t) + f G(t,s)f(s,x(s),z(x"(s)))ds, for t € [a,b], (3.1)
¥(t), for t € [b, bl]

It is clear that x is a solution of the problem (1.1) if and only if z is a fixed point
of the operator By. So, the problem is to study the fixed point equation = = By(z).
Let L > 0 and introduce the following notation:

Cr(la,ba], [a1,01]) = {x € C([a1,b1],[a1,b1]) : [2(t1) — x(t2)| < Lty — taf},

| <
for all ¢1,t2 € [a1,b1]. Remark that Cp([a1,b1],[a1,01]) € C([a1,b1], R) is also a
complete metric space with respect to the metric,

d(x1,m2) := ,oax |x1(t) — z2(t)].

Theorem 3.1. We suppose that

(i) the conditions (Cy)—-(Cy) are satisfied but in addition v > 1;
(i) p € Cr(lay, al, [a1,b1]), ¥ € CL([b, b1], [a1,b1]);

(1) there are my, My € R such that

my < f(t,u,w) < My, V't € la,bl,u,w € [ai,b],

and moreover,

ay < min(p(a), %(b)) — max (0, W) + min (0, W) ,

(g +1) (¢+1)
Cmin (0. 0 =a)\ (g M0 —a)? .
max(ip(a). ) ~ min (0, 0 ) (0, S <
[(b) = p(a)] | (b—a)i (1 + q) max{|mg|, | M|} _
W( ot . (o b +2) B
2(b—a)?Ly(Lvmax{|ai|,|b1]}"" +2
(v) NOES) < 1.

Then the problem (1.1) has in Cr([a1,b1], [a1,b1]) a unique solution.
Moreover, the operator By,

By : Cr([a1, b1l [a1,b1]) — Cr([a,b], [a1,b1])
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is a c— Picard operator with

I(g+1)
T(g+1) — 2(b — a)9L (Lo max{|as], [by |}~ +2)

Proof.  First of all we remark that the condition (iii) and (iv) imply that
Cr([a1,b1],[a1,b1]) is an invariant subset for By. Indeed, for ¢t € [ai,a] U [b,b1],
we have By (x)(t) € a1, b1]. Furthermore, we obtain ay < By(z)(t) < b1, YV t € [a,b],
if and only if

ar < min By(z)(t) (3:2)
and
max By(@)(t) < by (3.3)
hold.
Since
tg%iflb]Bf(x)(t) > min(p(a), ¥ (b))
M;(b—a)? i mys(b—a)?
— max (0, F(Q"‘U) + min (0» w) )
respectively
Jnax By(z)(t) < max(p(a),y(b))

the requirements (3.2) and (3.3) are equivalent with the conditions appearing in (iii).
Now, consider a; < t; <ty < a. Then,

By (x)(t2) — By (z)(t1)|

lp(t2) — (t1)]

< Llty —tof
as p € Cr([a1,a],[a1,b1]), due to (ii).
Similarly, for b < ¢ <ty < by,
|By(x)(ta) — By(z)(t1)| = [¥(t2) — ¥(t1)]
< Lty — o]

that follows from (ii), too.
On the other hand, for a < t; <ty <b,

By (2)(t2) — By(2)(t1)] < [w(ep, ¥)(t2) — wlp, ¥)(t1)]
1 b .
+@/a |G(t2,5) — G(t1,9)||f(s,2(s), z(x"(s))))|ds
1 (6) ~ pla)]

< [t2 — 1]

’ -1
LU Gt [ (). el () s

1 h =1 _ (4 — TN F(s. 2(s). (2% (s S
*@/a [(t2 — 8)77" = (t2 — )77 Y]| £ (s, 2(s), 2(2"(5)))|d

||t2—t1|+
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1 & qg—1 v
g / (t2 — )11 f (5, 2(5), 2(x" (5)))|ds
() — p(a)] (b — @)t max{myl, [My[}t2 — ti]
e Tlg+1)
Inaxg(’/;l]ialléwf'} ((ta — a)? — (t; —a)? — (ta — t1)?) + man(TZJ;lvll;Mf” (ty — 1)1

() —p(a)] | (b—a)? (1 + q) max{|my]|, |M[}
< + [t1 — tal.
b—a I'(g+1)
where we use the inequality
rd—s1 < qri~l(r —s)
for all > s > 0. Therefore, due to (iv), the function By(x) is L-Lipschitz in ¢. Thus,

according to the above, we have Cp([a1,a], [a1,b1]) € I(By).
From the condition (v) it follows that By is an Lp,—contraction with

L2 Ly Lomax{lai. ]} +2)
B T(q+1)
Indeed, for all t € [ay,a] U [b, b1], we have
| By(x1)(t) = By (z2)(t)| = 0.
Moreover, for t € [a,b] we get

By (21)(t) — By (x2)(t)]

1 b
< 15 [ 16 o1 (9) = Gt s ma(s) s
b

t—a q—1 v v
< m/a (b—s)T""|f(s,21(5), z1(27(8))) — f(5,22(5), w2(25(5)))| ds
+ﬁ / (t = 5)"" | f(s,21(s), 21 (21 (5))) = f(s,25(s), w2(a5(5)))| ds
Ly b_sq—lxs—xs 21(2Y(8)) — 22 (25 (s s
< F(Q)/a (b— )" [[z1(s) — z2(s)[ + |z1(21(s)) — 22(23(s))[] d
Ly [* 1 v v
+Té)/a (t =) [[v1(s) — z2(s)] + |21 (27 (5)) — 2(25(5))|] ds
i ' —8)T | |z1(8) — zo(s z1(xY(s)) — z1(z5(s
< i [0- 9 ln - aato) 41 {r1(0) — (o)
+ [z1(25(s)) — z2(25(s))| | ds
& ' — 8 |z1(8) — z2(s z1(2Y(s)) — x1(z5(s
+F(q)/(l(t ) {I 1(8) — z2(s)| + | 1? 1(8)) — z1(23(s))|
+ [z1(25(s)) — z2(25(s))| | ds
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L b — v v
ok [[0= 57 |2er — wallo + Liat(o) - 0] |as
s [ (s [2||x1—x2||c+L|xa’<s>—xs<s>|}ds
L'(q) /J,
Ly [°
< m/ (b—s)q*1 {2||x1—x2||C+Lvmax{a1,bl}”1|m1(s)—x2(s)|]ds
Lf at 1 1
—l—@/ (t—s)1~ [2|x1—x2|c+LvmaX{|a1|,|b1|}”_ |x1(s)—m2(s)|}ds
Lfa b
< b [0 o [2hos — sale + Lomastlan, )~ e — szl ds
Lf at 1 1
—i——/ (t—s)i~ [2”1‘1—x2||c+Lvmax{|a1|,|b1|}”_ ||a:1—m2||c]ds
L'(q) J,

_ 2= )Ly (Lo max{ar, [ ]}~ +2)

r1 — x3al|c-
< Ty lex — zslc
So, By is a c—Picard operator, with
B 1
‘" 1 — 20=a)?Ly(Lvmax{a|,|bs[}v~1+2) *
N L(g+1)
This completes the proof. O

In what follows, consider the following operator
Ey : Cp([a1, b1], la1, b1]) — Cr(lar, b1, [a1, b1])

where

x(t), for t € [a1,q],

) w(@lay,a) lp,e,) (@)
Er)l) =9 4 L [0, 5)f (s, 2(5), 2(w¥(5))))ds, for ¢ € [a,8],

x(t), for t € [b,by].
Theorem 3.2. Under the conditions of Theorem 3.1, the operator Ej
Cr([a1,b1],[a1,b1]) = Cr(la1, b1], [a1, b1]) is a weakly Picard operator.

Proof. The operator E is a continuous operator but it is not a contraction operator.
Let us take the following notation:

Xow = {2z € Cr(lar,bi], [a1,01]) 2|0y a) = #5 @lp.en) = ¥}
Then we can write
Cr(la1,b1], [a1,b1]) = U Xy
p€Cr([ar,a],[a1,b1]);9€CL ([a1,a],[a1,b1])

We have that X, ., € I(Ey) and Ef|x,, is a Picard operator, because it is the
operator which appears in the proof of Theorem 3.1. By applying Theorem 2.9, we
obtain that E; is weakly Picard operator. This completes the proof. O

Finally, in general, we have immediately from the proof of Theorem 3.1 and
Schauder fixed point theorem the following existence result.
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Theorem 3.3. Suppose that the conditions (C1)-(C4) are satisfied together with
assumptions (ii)-(iv) of Theorem 3.1. Then the problem (1.1) has a solution in
Cr(la1, b1], [a1,b1]).

We do not know about uniqueness. But this is not so surprising, since By is
not Lipschitzian in general. So we cannot apply metric fixed point theorems, only
topological one. This can be simply illustrated on the problems

7' (t) = Ax(2%(t)), z(0) =0, (3.4)
and
2(t) = Ax(/a (D), 2(0) =0, (35)

for A > 0. Rewriting (3.4) as z(t) = Bi(x)(t) = Afg x(22(s))ds, and applying the
above procedure to By, it follows that By : Cap, ([0, b1], [0,b1]) = Cas, ([0,51], 10, b1]),
Ab; <10 < by <1is Aby(1 + 2Ab?)-Lipschitzian, so its only solution is x(t) = 0
in that space when Abj(1 + 24b%) < 1. On the other hand, rewriting (3.5) as
z(t) = Ba(x)(t) = Afota:({‘/x(s))ds, it follows that Bz : Cap,([0,b1],[0,01]) —
Cap, ([0,b1],[0,01]), by > 1, Aby < 1 satisfies

|Ba(ar) = Ba(wa)lle < Aby (|los = asllc + Aby 3/ ar = zallc)

so it is not Lipschitzian. Hence (3.5) should have a nonzero solution, and it does have

z(t) = 512

4. DATA DEPENDENCE

In this section, we consider the problem (1.1) and suppose the conditions of The-
orem 3.1 are satisfied. Denote by x(+; ¢, ¥, f) the solution of this problem.

Theorem 4.1. Let p;,v;, fi,i = 1,2, be as in Theorem 3.1. Furthermore, we suppose
that
(i) there exists m1 > 0, such that

p1(t) — @2(t)] < mi, € [a,al,
and
[P1(t) — a2 (t)| <, t € [b,ba];
(i) there exists n2 > 0 such that
|f1(tauaw) - fg(t,U,U/)‘ S 2, Vite [avb]a U, w € [alabl]-

Then

2(b—a)?
(s o190, 1) = atia, bo, fo)| - < o T
yP1, V1, )1 y P2, W2, J2 =~ 1_ 2(b—a)‘1Lf(Lvmax{\a1|7\b1|}“_1+2) 9

T(g+1)

where Ly =min{Ly,, Lg,}.
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Proof. Consider the operators B, 4,7, = 1,2. From Theorem 3.1 these operators
are contractions. Additionally,

||B<P1 Y1, fl( ) - B<F27¢z7f2(x)||c

< Ju( @1,1#1 w(p2, P2)(t)]
/ Gt 5) |1 (5,2(5), (2" (5)))) = fals 2(s), a(a"(5)|ds
~ay
< 31 1+m772

Now, the proof follows from Theorem 2.7, with
2(b—a)?

A= Btﬂl,wlyfu B:= szﬂ/)zaﬁ’ 7= 3m + mm’

and

2(b — a)?L¢(Lvmax{|a1], [b1]}* "' +2)
I'(g+1) ’

where we can suppose that Ly = Ly, = min{Ly,, Ly,}.

vi=La=

Remark 4.2. Let p;,v;, fi,t € N, and @,, f be as in Theorem 3.1. We suppose

that
Then .
(00,0, fi) =3 (0,0, f), as i — oco.
Theorem 4.3. Let fi and fa be as in Theorem 5.1. Let Fg, be the solution set of

the first equation of the problem (1.1) corresponding to f;, i = 1,2. Suppose that there
exists n > 0 such that

|f1(t7u17w1) - fQ(taUQan)‘ < n, Vie [avb]a Uj, Wi € [alab1]7 i= 132
Then

Hyy.(Fg,  Fg, ) < n2(b — a)"
R P “T(g+1)—2(b—a)4L¢(Lvmax{|ai|,|b1|}*~1 +2)’

where Ly = max{Ly,, Ly,} and H.|. denotes the Pompeiu-Hausdorff functional with
respect to || - ||c on Cr([a1,b1], [a1, b1]).

Proof. We will look for those ¢;, for which in condition of Theorem 3.1 the operators
Ey,.,i=1,2, are ¢c;—weakly Picard operators.
Set

Xow = A{x € Cp([ar, b1, [a1,b1]) : @|(a, 0] = @5 T|pp,] = ¥}
It is clear that Ey,|x_ , = By,. So, from Theorem 2.9 and Theorem 3.1 we have

2(b — a)' Ly, (Lo mac{a ], [ba]}*~ +2)
2 () — B, < i ’
1E7,(2) = B, (2)lle < L(g+1)

for all z € CL([ahbl], [(lhbl]) and i =1, 2.

1By, (2) — zllc
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Now, choosing

A = 2(b — a)qui (LU max{‘a1|7 |b1‘}v71 + 2)
o I(g+1) ’
we get that Ey, are c;—weakly Picard operators, with ¢; = 171>\-’ 1=1,2.
Next, we obtain

2(b—a)?
E — Ey <N
125, @) - En@lle < v
for all € Cr([a1,b1],[a1,b1]).
Applying Theorem 2.13 we have that
n2(b—a)?
Hy,.(Fg, ,F < .
e (Fepy Foy) < T(q+1) —2(b— a)?L;(Lomax{|a], b1}~ + 2)
The proof is completed. O

5. EXAMPLES

Consider the following problem:

w(t) =}, te (2], (1)
:E(t) =3 te [37 g},
where z € OL([%7 %]v [%7 %])
Proposition 5.1. Consider the problem (5.1). We suppose that
u<% for 0<L<+6-1,
1567 (5.2)

n< giisy for V6—1>L.

Then the problem (5.1) has in CL([3, 3], (3, 3]) a unique solution.

Proof. First of all notice that accordingly to Theorem 3.1 we have v = 1, ¢ = %,

a=20b=239¢E) =102 =1 a1 =1 b =2 Observe that the Lipschitz
constant for the function f (¢, u1,u2) = pus is Ly = pand |f(¢, u1, u2)— f(¢, w1, w2)| <
plug — wal, ui, w; € [+, £]. So we choose my = £ and M, = %”. By a common check

in the conditions of Theorem 3.1 we can make sure that

4557
<
32
a; < min(e(a), (b)) — max (0, %) + min (O, %) :
. mys(b—a)? b—a)?
max(p(a), (b)) — min (O, 75(((1_’_1)) ) + max (O, 7]\?(((1_‘_1)) ) < by;
8 [9(b) —p(a)] | (b—a)T ' (1 + q) max{|mg|, | M|}
<L <+ + <L,
35 b T(q+1)
and
1 — 2(b — a)?L¢(Lvmax{|a1], |b1]}* " +2) <l

8
<
15v6r L2 T(g+1)
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Note
R S V.1
5ven S Ly2 M= T3

Hence we consider

H<min{3L¢5Tr 15\/577}:3\/5? { 5 }

Li
8 8(L+2) 8 L+2

Note L = mln{L7 L+2}f0r0<L<\f 1, and L+2 —mln{L, LH}forLZ\/é—l.

This gives (5.2) and therefore, by Theorem 3.1 we have the proof. (|
Now take the following problems

3
‘D3 a(t) = ma(x(t), t€(3,3], m >0,
z(t) = o1, [é, g], (5.3)
.’I}(t) = 77[)17 [57 g]a
and
3
D3 x(t) = par(a(t), t €3, 5], 42 >0,
( ):@27 [éa%]) (54)
z(t) = o, [5,3]
Suppose that we have satisfied the following assumptions
S)1

\/Q)

(Hi1) ¢i € CL([533} [5a 5
1=1,2;
(H2) we are in the conditions (5.2) of Proposition 5.1 for both of the problems (5.3)
and (5.4).

Let x7, be the unique solution of the problem (5.3) and z3 be the unique solution
of the problem (5.4). We are looking for an estimation for ||z} — z}||c.

Then, build upon Theorem 4.1 and Theorem 4.3, by a common substitution one
can make sure that we have

i € CL((3,3],[5, 3]) such that ¢i(3) = 3, ¢i(}) = 3,

Proposition 5.2. Consider the problems (5.3), (5.4) and suppose the requirements
(H1)-(Hsz) hold. Additionally,
(i) there exists m1 > 0 such that

(t) = 20 S, VL€ [ 5,

and

[9r(0) = a0 S, Vi€ 3 2]

(i) there exists n2 > 0 such that
5
|y = p2| < o
Then

45571 + 812
15v/5m — 8(L + 2) min{py, po}

|27 (501,901, f1) — 25(55 b2, 2, f2)] <
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Further, let F, be the solution set of the first equation of the problem (5.3) and Fg,,
be the solution set of the first equation of the problem (5.4). Then,

155719
< )
15v/5m — 8(L + 2) max{p1, o}
where  H|. ., denotes the Pompeiu-Hausdorff functional with respect to

Cr(3 815 8D

575 575

Hyo(FE,,, Fiy,)
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