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Abstract. We know all Roberts spaces have the fixed point property (see [6]) and it is not certain
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1. INTRODUCTION

Throughout most of this paper, by a linear metric space we mean a topological
linear space X which is metrizable. By Kakutani’s theorem (see [11]) there is an

invariant metric p on X. We denote ||z — y|| = p(x,y). Observe that ||.|| is not a
norm, in particular ||[Az|| # |Al]|z||.
However we assume that ||.|| is monotonous, that is ||Az| < ||z| for every x € X

and A € R with |A] < 1.

A topological space X is called to have the fixed point property if for every con-
tinuous map f : X — X, there exists a point o € X such that f(zg) = xg.
In 1935 Schauder proved that (see [3])
Theorem 1.1. In a locally convex linear metric space every compact conver set has
the fized point property.

Schauder conjectured that his theorem holds true for non-locally convex spaces as
well.

In 1977 Roberts constructed the compact convex sets without any extreme points.
Roberts’ example setted a long standing open problem in mathematics and has also
revealed a new class of linear metric spaces, called needle point spaces. Using his
needle point spaces Roberts established a general method for constructing compact
convex sets with no extreme point, see [5, 8, 9]. We call all the compact convex
sets with no extreme points constructed by Roberts’s method of needle point spaces
Roberts spaces. We know that a compact convex set which can be affinely embedded
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in a locally convex linear space has the fixed point property. Roberts in [10] has
proved that

Theorem 1.2. If K is a compact convex set then K is affinely embeddable in a locally
convez linear space iff K is locally convex.

And Roberts spaces are the first known examples of compact convex sets which
are not locally convex. Because of Roberts spaces are not locally convex, every one
thinks that Roberts spaces could yeild a counter example to Schauder’s conjecture.
But N.T. Nhu and L.H.Tri proved that
Theorem 1.3. (see [6]) All Roberts spaces have the fized point property.

It is not certain that the Cartesian product of fixed point spaces is a fixed point
space. So we will consider the fixed point property of the Cartesian product of Roberts
spaces in this note.

Now we’re going to construct Roberts spaces following Roberts’ method.

Let X be a linear metric space. We say that X is a needle point space if and only
if X is a complete linear metric space and for every a € X\{0}, for every € > 0 there
exists a finite set A(a,€) = {a1,as,...,a,} satisfying the following conditions

(1) JJa;|| < € for every i = 1,...,m;

(2) For each b € A" (a,€) there is an «a € [0,1] such that ||b — aal| < €

(3)a=L(a+az+... 4 am),
where AT = conv(A4 U {0}).

Some of examples of needle point spaces were given in [5, 6, 9].

Let ag be a non-zero point of a needle point space X. We choose by induction a
sequence {A,} of finite subsets of X where Ag = {ag} with the following properties

(4) |la]| < €, for every a € Ap;

(5) €n = [m(n —1)]7127", where m(n) = card4, ;

(6) If Ay = {af,...,ap,,} then Ayiy defined by the formula:

m(n)
Apgr = U A(ai, €nt1),
i=1
where A(a}, eny1), ¢ = 1,...,m(n), satisfy conditions (1), (2), (3) with a = a7 and
€nt1 = (m(n))~1t27n=1
Denote that A = conv(AT U (—AT)). From (6) it follows that
(7) En C A\n+1 for every n € N.
We define

C:GERCX.
n=1

Roberts show in [9] that C' is a compact convex subset with no extreme points. We
call C' a Roberts space.

2. MAIN RESULTS

In this section we extend the result of N.T.Nhu and L.H.Tri in [6] for the Cartesian
product of Roberts spaces. First, we have the following lemmas
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Lemma 2.1. (Lemma 2 in [6]) Let X be an infinite dimensional needle point space and
let A={ay,...,a,} be a finite subset of X and e > 0. Then for everyi=1,2,...,2n
there exists b; = b(a;) € X, where ani; = —a; for i =1,2,...,n, with the following
properties:

() lla; — bs|| < (2n)~Lte for everyi=1,2,...,2n;

(ii) B = {b1,ba,...,ban} is a linearly independent subset of X ;

(iii) There exists a continuous map p : BY — A such that |z — p(x)|| < € for every
x € BT;

(iv) ||9c — BF|| < € for every x € A,
where ||z — BT || =inf{|jlz —y| |y € B+}.

Lemma 2.2. (Corollary 1 in [6]) Let A, = {a},...,a”  \},m(n) = cardA,, see (6).

Then there exists a sequence {Bn} of finite subsets of X with the following properties:
(i) Bn = {b7, ... by} where b =b(ay), i =1,...,2m(n) and ap, ., = —a;
fori= 1 (n),

(ii) ||a - b”|| < (2m(n —1)2m(n))~127"=1 for every i = 1,...,2m(n);
(iii) By, is a linearly independent finite subset of X ;
2m(n)
(iv) Bpy1 can be written in the form Bpy1 = |J Bny1(bY), where b = b(al),
i=1
and
a) Bpt1(b) ={b € Bpy1 | b=0b(a) for some a € A(al,ent1)};
b) Bus1 (1) N Buss (67) = 0 for every i £ ;
(v) For every n € N there exists a continuous map p, : Bl — A, such that
lpn(z) — x| < 2771 for every x € B;};
(vi) ||z — Bf|| < 27" for every x € A,,.

Lemma 2.3. (Corollary 2 in [6]) For every n € N, k € N there exists a continuous
map vy B, — Bl such that | — 1y (2)| < 27" for every x € B,
Lemma 2.4. (Lemma 4 in [6]) Let P be a finite dimensional compact convez polyhe-
dron in X and let f : P — C be a continuous map. Then for every e > 0 there exist
n € N and an affine map g : P — B;} such that ||f(z) — g(2)|| < € for every x € P.

Lemma 2.5. Let K be a compact convex subset of X. Ky,Ks,..., K, are finite
dimensional compact convex subsets of X such that K, C K, 41 for every n € N and

oo
U K, = K. Suppose that for each € > 0 there exists n € N satisfying the condition:

for every p € N there exists a continuous map v : Kp1p, — K, such that ||z —r(z)| < e
for every x € K, y,. Then K has the fized point property.

Proof. Suppose the assertion of the the lemma is false. Then there exists a continuous
map f : K — K such that f(z) # x for every x € K. Because of the compactness of
K there exists ¢y > 0 such that

IIf(z) — z|| > € for every x € K (%)



270 NGUYEN HOANG THANH

Choose € = ¢y > 0 then there exists n € N sastifying the condition: for every p € N
there exist a continuous map sy, : Knip — K, such that [[s,,(z) — 2| < ¢ for
every © € Ky4p.

As the map f|k, : K, — K is continuous and K, is a finite dimensional compact
convex subset in X, there exist pp € N and a continuous map g : K,, — K,4p, such
that || f(z) — g(z)|| < .

Consider the continuous map s, ,og : K, — K,. Because K, is a finite dimensional
compact convex subset in X, there exists zy € K,, such that s, p, o g(xo) = 0.

Since z¢ € Ky, g(20) € Kpyp, we have ||f(zo) — g(zo)|] < ¢ and ||sn,p, 0 g(wo) —
g(xo)|l < . Therefore || f(xo) — ol < . This contradicts (*). So K has the fixed
point property. O

Lemma 2.6. For everyn € N, p € N there exists a continuous map hy, », : ﬁnﬂ, — En

such that ||z — hy ()| < 277 for every x € Xnﬂ,
Proof For every n,p € N, by Lemma 2.4 there exist ¢ € N and a continuous map
g:Any, — By, such that ||z — g(z)|| < 27"+ for every z € Ay

For every n € N, by Lemma 2.3 there exist a continuous map rg : B;f+q — B
such that ||z —rgn(z)|| < 27"+ for every z € By, .

For every n € N, by Lemma 2.2 there exist a continuous map p,, : B,F — En such
that ||p,(z) — x| < 27"~ for every z € B;I.

For every n € N, denote that h,, =p,orgnog: Znﬂ, — En We have

1hpn(2) = ]| = [[Pn(rg,n(9(x))) — zll < [IPn(rgn(9(2))) = rgn(g(x))]
Hlrgn(g(@) — 9@ + [lg(z) — zf| < 27" 427745 42771 < 27T
for every = € /T,LH,. O
Theorem 2.7. Let X, X’ be needle point spaces. C C X,C’" C X' are Roberts spaces.

Then C' x C' has the fized point property.
Proof. Suppose {4, } is a sequence of finite subset of X constructed by Roberts’

S SERPN
method such that C' = |J A, and {A] } is a sequence of finite subset of X constructed
n=1

by Roberts’ method such that C' = |J Al
n=1

It’s easy to verify that C' x C' = Ejl(gn X A\’n)
By lemma 2.6, let Ay, : Enﬂ) — %:“ h;m : 1/4\’n+p — A\’n be continuous maps such
that
|hp.n(z) — 2| < 2717 for every x € A\n+p and
|h! () — ]| < 2777 for every @ € Alpyp.
Let H, 5, A\n x A7 ntp — A, x A’,, be a map defined by

Hy(,9) = (hpn (), B (1) for every (,y) € Apip x A
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We have
[Hpn(2,9) = (@,9)]| = Mhpn(z) =zl + |[B, . (y) —yll <2777 42747 = 27748

for every (z,y) € A\nﬂ; X :4\’n+p.
By lemma 2.5 we have C' x C' has the fixed point property. O

Similarly, we have
Theorem 2.8. Let X1, Xs,..., X, be needle point spaces. C1 C X1,C5 C Xo,..., X,
are Roberts spaces. Then C1 x Co x ... x Cy, has the fized point property.

Theorem 2.9. Suppose that {Cy}taca be a family of Roberts spaces. Then [] C,
acA
has the fized point property.

Proof. Denote that C = [] C,
aEN
For every a € A, let P, : C — C, be a projection from C to C,. By theorem of

Tykhonov about the compactness of the product, C' is a compact set.

Suppose that f : C' — C'is a continuous map, g is a family of all the finite nonempty
subset of A. For each P € g, set Fp = {x € C|P,(x) = P,(f(z)) for each a € P}.
We have Fp is a closed subset of C'.

For every P € g, set P = {ay,as,...,a,}. For each a € A\P choose 2¥ € C,.

We define fp: Cpy X Coy X ... X Cy,, — Cqy X Cyy X ... x Cq, by

fP(Ear; Tays s Ta,) = (Po (f(2), Pay (f(2)), - -+ Pa, (f(2)))

where © = (24 )ach,

Ta, a = a; for every i € {1,2,...,n}
x =
“ 20 for every a € A\P

0

)

By Theorem 2.8, let (25, ,..., Y ) be a fixed point of fp. We have (25)aca € Fp

and Fp # (.
For every m € N, for every Py, P, ..., Py, € p, FD - # () and FU s C N Fp,.
i=1 ’ i=1 ‘ =1
Because of the compactness of C;, (| Fp # 0. Choose x1 = (z1)aecr € () Fp. For
Pep Pep
every o € A, 21 € Fyoy. So Py(x1) = Po(f(z1)) for every a € A. It implies that
f(il’l) =X1. O
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