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Abstract. In this paper, by means of T-p-concave (convex) operators, the existence of two positive
fixed points for some nonlinear operators is considered. In particular, the fixed point theorems of
the sum of a (p1-concave operator and a y2-convex operator are obtained, our tools are based on the
properties of cones and the fixed point theorem of cone expansion and compression. Our abstract
results are applied to superlinear second-order multi-point boundary value problems.
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1. INTRODUCTION

The fixed point theory for nonlinear operators with convexity and concavity has
been investigated extensively in the past several decades and is applied to the study of
various nonlinear differential equations (see [1-11] and the references therein). Kras-
noselskii [1] studied the definitions and properties of e-concave operators and e-convex
operators. In [2], Potter introduced the definitions of a-concave operators and a-
convex operators. We note that Zhao [3] considered the existence of multiple positive
fixed points for some nonlinear operators, a particular case of the operators is the
sum of a-concave operators and S-convex operators. Paper [4] is the continuation of
paper [3], the author further discussed the existence of multiple positive fixed points
for the sum of two operators, in particular, Corollary 3.1 of [4] showed that the sum of
an e-concave operator and an e-convex operator has at least two positive fixed points
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under reasonable conditions. Very recently, Zhai and Cao [5] defined 7-p-concave
operator, which is essentially sublinear, a-concave operator (0 < « < 1) is its partic-
ular case. Motivated by paper [5], Zhao [6] introduced T-p-convex operator, which is
essentially superlinear, G-convex operator (8 > 1) is its particular case. Under some
conditions, the author obtained the existence of fixed points for the class of opera-
tors. As corollaries, some fixed point theorems for e-convex operators and a-convex
operators were also given.

In [10], the two point expansion fixed point theorem for increasing operator was
discussed by using fixed point index theory, moreover, fixed point theorems for super-
linear operator, convex operator and sum of convex operator and concave operator
were established. In [11], Cabada and Cid presented sufficient conditions for a non-
decreasing operator defined on an ordered Banach space to have at least a non-zero
fixed point. Their main results combined the monotone iterative technique with the
expansion fixed point theorem of Krasnoselskii.

In this paper, we will combine T-¢-concave operators with 7-¢-convex operators,
the existence of two positive fixed points for some nonlinear operators is considered.
As corollaries, we also obtain some fixed point theorems for the sum of a ¢;-concave
operator and a po-convex operator. In particular, the assumption of the monotonicity
of the operator is not required. Our results generalize and improve the corresponding
ones in [3, 4]. Moreover, as a sample of application, we apply our fixed point the-
orem to a class of multi-point boundary value problems for second-order differential
equations.

Throughout this paper, E is a real Banach space with norm || - ||, 8 is the zero
element of E, and P is a cone in E. So, a partially ordered relation in E is given by
r<yiff y—x € P. A cone P C F is said to be normal if there exists a constant N,
such that § < 2 <y = ||z|| < N||y||, the smallest N is called the normal constant
of P. We write RT = [0, +c0), PT = P — {#} and

C. = {z € E : there exist positive numbers a, b such that ae < x < be}, for e € P,

Assume D is a subset of E, operator A : D — F is continuous and bounded. If there
is a constant k, 0 < k < 1 such that v(A(S)) < kv(S) for any bounded set S C D,
then A is called a strict set contraction, where (D) denotes the Kuratowski measure
of noncompactness of bounded set S.

All the concepts discussed above can be found in [1, 2, 9, 12]. We state below some
definitions and a lemma.
Definition 1.1. (See [1, 9].) Let P be a cone of real Banach space E, e € PT.
(i) Ay : P — P is called e-concave if and only if for any x € P+, Ajz € C,; for any
(z,t) € Ce x (0,1), there exists (1 = (1(z,t) > 0 such that Ay (tx) > t(1+ ¢1)A.
(i) Ag : P — P is called e-convex if and only if for any z € PT, Ayz € C,; for any
(x,t) € Ce x (0,1), there exists (3 = (2(x,t) > 0 such that As(tx) < (1 — (2)Asz.

Definition 1.2. (See [2].) Let A: P — P and o € R. Then we say A is a-concave
(B-convex) if and only if A(tx) > t*Ax (A(tz) < tP Ax) for all (x,t) € P x (0,1).

Definition 1.3. Assume P C FE is a cone. We say an operator A; : P — P is ¢-
concave if there exists a functional ¢ : P x (0,1) — R with p(z,t) > ¢, V¢t € (0,1)
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such that
A (tx) > o(z,t) A1z, Vi€ (0,1), z€P.

We say an operator As : P — P is @p-convex if there exists a functional ¢ : P x
(0,1) — R* with ¢(z,t) < t, V¢ € (0,1) such that

Ay(tx) < p(z,t)Agz, ViE€(0,1), z€P.

Definition 1.4. Assume P C FE is a cone. We say an operator Ay : P — P is 7-¢-
concave if there exist a function 7 : (a,b) — (0,1) and a functional ¢ : P x (a,b) —
RT with ¢(z,t) > 7(t), V t € (a,b) such that

Ai(t(t)z) > o(x,t) A1z, Vi€ (a,b), zeP.

We say an operator Ay : P — P is T-¢-convex if there exist a function 7 : (a,b) —
(0,1) and a functional ¢ : P X (a,b) — RT with p(z,t) < 7(t), V t € (a,b) such that

Ay(r(t)z) < @(x,t) Az, VL€ (a,b), z€P.

Lemma 1.1. (See [12].) Let P,y = {z € P: r <|z| < s} with s > r > 0. Suppose
that A: P,y — P is a strict set contraction such that

Az 2z for € P, |z|=7r and Az Lz for z€ P, |z|=s.
Then A has a fized point x € P such that r < ||z|| < s.

2. MAIN RESULTS

Theorem 2.1. Suppose that the following conditions are satisfied
(Hy) P is a normal cone of real Banach space E, N is the normal constant of P,
A: P — P is a strict set contraction, which satisfies that

1

sup{||Az||: x € P, ||z| =1} < N (2.1)
(Hs) there exist operators A; : P — P such that
Ax > Ajx, YxeP, i=1,2. (2.2)
(H3) Ay is a 11-p1-concave operator, and
tlir;l+ 71(t) =0, tliril+ 8071—1(5(55)75) > mﬁl’ uniformly for x € P, (2.3)
where
my = inf{||A1z||: x € P, ||z|]| =1} > 0. (2.4)
If there exists a positive number ¢ such that
mo = inf{||Asz|| : = € P, |lz|| =c} > 0. (2.5)
As is a To-pa-conver operator, and
tli}zlzl+ To(t) =0, % (P72_2(£(Et,)t) < ZAL—A?, uniformly for x € PT. (2.6)

Then A has at least two fived points x%, x5 in PT, such that ||z3]| <1 < ||z5]|.
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Proof. Let T, = {x € E : ||z|| = r}, » > 0. We prove below that there exist real
numbers 71, 79 such that 0 < r <1 < 7y, and

Az Lz, Ve eT, NP, (2.7)
Az Lz, VaxeT,NP, (2.8)
Az 2z, YeeTiNP (2.9)

It follows from (2.3) that there exists t; € (a,b) such that

N7 (t
0<m(t) <1, oz, tr)> ;11( D vaept, (2.10)
1

Setting 1 = 71(¢1). Assume that there exists 1 € T, N P such that Az; < 27. By
the definition of A; and (2.2), we have

21> Az1) > Ay (a1) = A <ﬁ(t1)ﬁa(c;)> > o (J;)’“) Ay <Tj;)> ,

which together with the normality of P and (2.10) implies

1 xq 1 NT1
> — —t A =
losll = 57 (Tl(tl)’ 1) H ! (Tl >H N m ml "

which contradicts z; € T;,, N P, and so (2.7) holds.
In view of (2.6), we know that there exists t3 € (a,b) such that

t
0 < 7o(t2) < min{l,c}, @a(x,t2) < W%]\fﬂ’ Ve Pt (2.11)

We take ro = %, then ro > 1. Moreover, assume that there exists xo € T}, P such
that Axe < x9, thus, ||72(t2)z2]| = ¢. By the definition of Ag, we have Aa(1a(t2)x2) <
2 (2, ta)Az(x2). Therefore

1

A > -
2(22) 2 w2 (x2,t2)

AQ(TQ(tQ)(EQ). (212)

It follows from (2.2), (2.12) and the normality of P that

1 1 1eN 1

|2l > Nmﬂi%(ﬁ(tz)xz)ﬂ > )

ma = T2,

which contradicts zo € T}, N P, and so (2.8) holds.

Assume that there exists x3 € T1 N P such that Azg > 3. By (2.1), we can know
that 1 = ||a3|| < N|Azs|| < 1, which is a contradiction, hence (2.9) holds.

By (2.7), (2.8) and (2.9), applying Lemma 1.1, we assert that A has at least two
fixed points x3, x5 in PT, such that r; < 25| <1 < ||z5]| < r2.
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3. SOME COROLLARIES

By taking (a,b) = (0,1) and 71(¢t) = 72(t) = t in Theorem 2.1, we can obtain the
following corollary.
Corollary 3.1. Suppose (Hy) in Theorem 2.1 is satisfied. The operator A can be
written as A = Ay + As, where Ay : P — P is @1-concave, and

t N
pr(@,1) > —, uniformly for x € PT,
mi

lim

t—0+ t

Ag : P — P is py-convex, and

it .
lim M < @, uniformly for x € PT,
t—0+ t cN

where N,m1,ma,c as in Theorem 2.1. Then A has at least two fized points x5, x5 in
Pt such that ||| <1 < |lz3].

Corollary 3.2. Suppose (Hy) in Theorem 2.1 is satisfied. The operator A can be
written as A = Ay + By + Ay + Bs, where Ay : P — P is pj-concave, As : P — P
is pa-convex, and B; : P — P are homogeneous (i = 1,2). If there exist two positive
numbers q; (i = 1,2) such that

p1(x,t) o N—-—mi(1—q)

)

t—0+ t miqi
t —cN(1 -
lim Pa(e,t) LMm2zc ( Q2), uniformly for x € P, (3.1)
t—0t t CNq2
Aix > ¢i(Aix + Biz)(i =1,2), Yz €P, (3.2)

where my,ma, N, c as in Theorem 2.1. Then A has at least two fized points x3, =5 in
PT, such that ||| < 1 < ||z5]|.

Proof. By the definitions A; and Bj, we can know that for any ¢ € (0,1) and = € P,
we have

Ai(tz) + Bi(tx) = A;(tx) +tBix
> p1(z,t) A1z + t(A1z + Bix — Ajx)
= [p1(z,t) — t]A12 + t(A12 + Bix) (3.3)
> [p1(z,t) — tlq1 (A1 + Biz) + (A1 + Bi7)

[(p1(x,t) — t)q1 + t](Arz + Byz).

In (3.3), we have used (3.2).
It follows from (3.3) and (3.1) that

m[@l(mat)_t](h +1 _1+(1

t—0t t t—0t+

@1(t t) _1) q > ﬁ

my
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In a similar way, we have
Ag(tl') + Bz(tl‘) = Ag(tl') + tBQCE
©p2 (1‘, t)AQSL‘ + t(AQ.:E + Box — Agx)

IN

= [(102 (37, t) - t]Ag{L‘ + t(AQ.T + BQ{E)
< [p2(z,t) — t]g2(A2z + B2x) + t(A2x + Bax)
= [(p2(2,t) — t)g2 + t](A22 + Bow),

which together with (3.1) implies

lpal2,t) = tlga +¢ _ | (

lim
t—0+

lim
t—0+

wa(z,t) Mo
-1 < —.
t © cN
By Corollary 3.1, we can deduce the conclusion of Corollary 3.2.
Combining the proof of Corollary 3.1 in [4] with Corollary 3.1 in this paper, we
can obtain the following two corollaries.

Corollary 3.3. (See [4].) Suppose (H1) in Theorem 2.1 is satisfied. The operator
A can be written as A = Ay + Ay, where Ay : P — P s increasing e-concave,
As 1 P — P is increasing e-convex. If there exist ¢; >0 (i = 1,2) such that

Aix > ¢i||Asz|le, ¥ x € P,

. N2
lim (i (z,t) > ————— — 1, uniformly for x € C,, 3.4
A > A el formty 1 4
. 1 .
tlirél+ Co(x,t) >1— ﬁGQ”AQ(Goe)H”eH, uniformly for x € Ce, (3.5)
then A has at least two fized points x%, x% in PT, such that
23]l <1 < ||z3]|, min{er,ex}||z]|le <af < Mse, I M; >0, i=1,2. (3.6)

Corollary 3.4. (See [4].) Suppose (Hy) in Theorem 2.1 is satisfied. The operator A
can be written as A = A1+ Ao+ As, where A; : P — P (i =1,2,3), Ay is a-concave
(0 <a<1), Ay is B-convex (8 > 1). If there exist positive numbers c¢; (i = 1,2) such
that

m; = inf{||A;z|| : =€ P, ||z|| =¢} >0, i=1,2,
then A has at least two fived points x5, x4 in PT, such that ||z%]| <1 < ||z5]|.

4. APPLICATIONS TO A MULTI-POINT BOUNDARY VALUE PROBLEM

Multi-point boundary value problems arise in many applied sciences. For example,
the vibrations of a guy wire composed of IV parts with a uniform cross-section through-
out but different densities in different parts can be set up as multi-point boundary
value problems (see [13]). Many problems in the theory of elastic stability can be
modelled by multi-point boundary value problems (see [14]). In recent years, there
has been a large amount of attention paid to multi-point boundary value problems
for second-order differential equations, see [15-21] and the references therein.
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In this section, we apply Theorem 2.1 to the following boundary value problem

{ —u" 4+ k?u = g(t,u), a<t<b,

W(a) =0, ulb) =S asuln), (4.1)

i=1

where k > 0, m > 2, n; € (a,b), a; € R*(i = 1,2,--- ,m — 2) are given numbers,
g : (a,b) x Rt — RT is continuous. In order to obtain our result, we need the
following lemmas.

Lemma 4.1. (See [6, 22].) Suppose the function f(t) is continuous on [a,b] and in
m—2

addition assume k > 0, cosh(k(b — a)) # Y. a;cosh(k(n; — a)). Then the linear
i=1

boundary value problem
—u" +k*u=f(t), a<t<b,
w(a) =0, wu(b) = > asu(m)

has a unique solution

u(t) = / K(t, 5)f(s)ds,

where the Green’s function

m—2
K(t,s) = Glt.s) + o 2 iGlms), (42)
cosh(k(b—a)) — ; a; cosh(k(n; — a)) =1
with
cosh(k(s — a)) sinh(k(b —t)) 0 <8<t
_ k cosh(k(b — a)) ’ - ’
G(t,s) = cosh(k(t — a)) sinh(k(b — s)) P b (4.3)
k cosh(k(b — a)) ’

Lemma 4.2. (See [6].) For any t, s € [a,b], the Green’s function K (t,s) satisfies

b—s sinh(k(b — a))
M1m < MiG(s,s) < K(t,s) < MaG(s,s) < MQW((,, s),
(4.4)
where G is defined in (4.3),

m—2
k> aiG(ni,m)
M, = =1 , (4.5)

sinh(k(b — a)) |cosh(k(b —a)) — mi:j a; cosh(k(n; — a))

1=
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cosh(k(b—a)) miz o
My =1+ — : (4.6)
cosh(k(b —a)) — ;1 oy cosh(k(n; — a))

Our main result is the following theorem.

m—2

Theorem 4.1. Suppose that cosh(k(b — a)) > > «;cosh(k(n; — a)), there exists
i=1

B > 1 such that for any 0 < r < 1, we have

rﬁg(t,u) <g(t,ru), V (t,u) € (a,b) x RT. (4.7)

Furthermore, g can be expressed as g = g1 + g2, for fixred t € [a,b], ¢;(t,u) (i = 1,2)
are both increasing in u, and
k(b —a)

b b
/ (b—8)gi(s,1)ds >0 (i = 1,2), / (b—s)g(s, 1)ds < M, sinh(k(b — a))

where My as in (4.6). In addition, there exist a function 1 : (a,b) — (0,1) and a
function 1 : (a,b) — RT with p1(t) > 11(t), V t € (a,b) such that

. (48)

g1t (M) = p1(MN)agi(t, U) Vte(a,b), ucR. (4.9)
There exists A1 € (a,b) such that 71 (A1) = M;, and
gpl(t) cosh(k(b — a))

t1_1>r;1+ () =0, tl—l}(IzlJr T (t)

. . (4.10)
o1 ()M, / (b $)g1(s, 1)ds

There exist a function 7o : (a,b) — (0,1) and a function o3 : (a,b) — R with
w2(t) < 2(t), Yt € (a,b) such that

ga(t, 2(N)u) < pa(N)ga(t,u), Vte (a,b), ue R, (4.11)
There exists Mg € (a,b) such that Ta(A2) = z\]\ffm and
b
My | (b—s)ga(s, 1)ds
: _pa(t) /
1 t) = 1 £ 4.12
Jim m(t) =0, im e < N cosh (kb —a)) (4.12)

where ¢ > % Then the boundary value problem (4.1) has at least two nontrivial

nonnegative solutions ui(t) and us(t) which satisfy
M,
<1< t > L = 1,2,
s wn(0) <1< g walt), wit) 2 sl

where My and My are defined in (4.5) and (4.6), respectively.
Proof. Let E = Cla,b], || - || denote the sup norm of E,

P={ut e £ ut) > Tl |

Then P is a normal cone of F, the normal constant N = 1.
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We define an operator A : P — FE by setting
b
Au(t) = / K(t,s)g(s,u(s))ds, VueP,

where K (t,s) as in (4.2). By Lemma 4.1, it is easy to check that u is a solution of
the problem (4.1) if and only if u = Au.

According to Lemma 4.2, we can know that A : P — P. It is easy to prove that A
is a completely continuous and increasing operator. It follows from the monotonicity
of A, (4.4) and (4.7) that

b
Ault) < / K (t, 5)g(s, |[ull)ds

</ K (t5)g (s (el + D7) ds

Zsin —a b
62%’;@@)))/ (b—s)g(s,1)ds, YueP.

< Ma(1 4+ [Jul])
Therefore, in view of (4.8), Au(t) is defined well.
It can be obtained by (4.4) and (4.8) that

sinh(k(b — a))

Au(t) k(b —a)

< My,

b
/(b—s)g(s,l)ds<1, Vo<u<l,

thus, we have
| ||<1—*1 Vue [ull =1
Au u€ P, ||u
N’ ’ ’

which implies (2.1) is satisfied.
Let

b b
Alu(t):/ K(t,s)g1(s,u(s))ds, Agu(t):/ K(t,s)g2(s,u(s))ds, VY ueP.

From (4.9) and (4.11), we can know that A; is a 71-¢1-concave operator and As is a
To-(a-convex operator.

For any w € P N Ty, we have u(t) > %Hu” = % Since there exists A1 € (a,b)
such that 71 (A1) = %, it follows from (4.9) that

0 (u %) — () = o1 (M) (6 1), V€ (ab),
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which together with (4.4) and (4.8) implies

b M,
Agult) > / K(t, )91 ( ) ds
a M2

b
> <P1()\1)/ K(t,s)g1(s,1)ds

b
> @1(A1)%/ﬂ (b—s)gi(s,1)ds

>0, Yu(t)e PNTy.
Hence,

M,y

b
my = inf{[|Arz]| : x € P, [|af| =1} = c'ol()\l)cosh(k(b—a))/ (b — s)g1(s, 1)ds.

Therefore, by (4.10), we have

—1(t 1
e1(t) S -
t—at Tl(t) mi

For any u € P N T, we have u(t) > %Hu” = %c. Since ¢ > %, and there exists
A2 € (a,b) such that o(A\s) = M%fc, according to (4.11), we obtain

M, 1
t,—c| > t,1), Vte (a,b),
92( M, ) S02()\2)92( ) (a,b)
which together with (4.4) and (4.8) implies

b M1
Asult) > / K(t5)gs (5,22 ) ds
a M2

M, b
= ©2(A2) cosh(k(b — a)) /a (b—5)g2(s,1)ds
>0, Yut)e PNT.

Hence,

M,

b
ma = (|l Asal] 12 € P, o] = o} = s / (b— 5)ga(s, 1)ds.

Therefore, it follows from (4.12) that

lim (1) < 2

t—at T2(t) c’

All the conditions of Theorem 2.1 are satisfied, and the conclusion of Theorem 4.1
follows from Theorem 2.1. This completes the proof of the theorem.
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Example 4.1. Assume that k& — Mysinh(k(b — a)) > 0. Consider the following
boundary value problem

1
—u”+k2u:;—ft+§—fi, a<t<b,
) m—2 (4.13)
u'(a) =0, u(b) = ; (i),

k— Mo sinh(k(b—a))
M, sinh(k(b—a))

In this example, set g1(t,u) = Fus, gao(t,u) = 7%

p1(t) = (D)7, ea(t) = [r()]° h e1(t) > 11(t), @2(t) < 712(t), t € (a,b). For
u > 0, it is easy to check that

1 1
1 A—a \3 A—a\? 1
gl<t,n<A>u>b_t(b_au) z(b_a) ut =Wt e (@)

where 0 < z <

|
-

1
t— T2
lim 7 (¢) =0, lim < a) = +o00.
5

t—at+ t—at \b—a
X a X
g2(t, 2 (Mu) = 37— t[Tz(A)]"’uf’ < [Tz(k)}"mu = p2(N)g2(t,u), t € (a,b),
lim 7(t) =0,  lim [m(¢)]* =0.
t—at t—at

Furthermore, we can obtain

/ab(b 2 <bis * bi) ds < Mgsi];(}ll)(k(z)— Q)

We choose =7, for any 0 < r < 1, we have

1 1 €T 1 1 T
7 1 5) < 1 5
" (btud L ) S g +p— ()
By Theorem 4.1, we can know that the BVP (4.13) has at least two nontrivial non-

negative solutions wuq(t) and we(t) which satisfy the conclusion stated in Theorem
4.1.

Remark 4.1. In the above example, the existence of two solutions of a multi-point
boundary value problem is discussed by using one of our results for 7j-¢1-concave

operators and To-o-convex operators, which cannot be solved by means of previously
available methods [4, 15-22].
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