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Abstract. The purpose of this work is to modify the Mann iteration for the case of m-accretive
operators. Two strong convergence theorems to the zero points are established in a real Banach
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1. INTRODUCTION AND PRELIMINARIES

Let C' be a nonempty closed convex subset of a Banach space £ and E* be the
dual space of E. Let (-,-) denote the pairing between E and E*. The normalized
duality mapping j : E — 2F" is defined by

jla) ={f € E*: {x, f) = ||=[I* = || £]I*}

forall z € E. Let Ug = {x € E : ||z|| = 1}. E is said to be smooth or said to be
have a Gateaux differentiable norm if lim; g W&M exists for each x,y € Ug. FE
is said to have a uniformly Gateaux differentiable norm if for each y € Ug, the limit is
attained uniformly for all x € Ug. F is said to be uniformly smooth or said to have a
uniformly Fréchet differentiable norm if the limit is attained uniformly for z,y € Ug.
It is known that if the norm of FE is uniformly Gateaux differentiable, then the duality
mapping j is single valued and uniformly norm to weak* continuous on each bounded
subset of E.

Let C be a nonempty closed convex subset of a Banach space E, T : C' — C be a
mapping and F be a subset of C. We use F(T) to denote the set of fixed points of
T. Recall the following definitions.

(1) The mapping T is said to be nonexpansive if

[Tz =Tyl < lle—yll, Va,yeC;
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(2) The mapping T is said to be pseudocontractive if there exists some j(z — y)
such that

(Tx =Ty, jx—y) <z —yl*>, Va,yeC;

(3) A mapping @ of C onto F' is said to be sunny if Q(Q(z) +t(z — Q(x))) = Q(x)
for any « € C and t > 0 with Q(z) + t(x — Q(x)) € C;

(4) F is called a nonezpansive retract of C if there exists a nonexpansive retraction
of C onto F.

The following result describes a characterization of sunny nonexpansive retractions
on a smooth Banach space.

Proposition 1.1 ([11]) Let E be a smooth Banach space and C' be a nonempty subset
of E. Let Q : E — C be a retraction. Then the following are equivalent:

(a) Q is sunny and nonexrpansive;

(b) 1Q(x) — QWIP < (x — y,j(Qx) — Q(Y))), Va,y € E;

(c) (z = Q(x),j(y — Q) <0, Vx € E,y € C.

Regularization methods is efficient way to study the class of nonexpansive map-
pings. More precisely, take ¢t € (0,1) and define a contraction T3 : C'— C by

Tix=tu+(1—-1t)Tz, Vel

where u € C'is a fixed point. Banach’s contraction mapping principle guarantees that
T; has a unique fixed point z; in C. That is,

xr =tu+ (1 —t)Txy. (1.1)

It is unclear, in general, what the behavior of z; is as t — 0, even if T has a fixed
point. However, in the case of T having a fixed point, Browder [1] proved that if E is
a Hilbert space, then z; converges strongly to a fixed point of T'. Reich [11] extended
Broweder’s result to the setting of Banach spaces and proved that if E is a uniformly
smooth Banach space, then x; converges strongly to a fixed point of T

Let I denote the identity operator on E. An operator A C E x E with domain
D(A)={z€ E: Az # 0} and range R(A) = U{Az : z € D(A)} is said to be accretive
if for each x; € D(A) and y; € Ax;, i = 1,2, there exists some j(x; — x2) such that

(Y1 —y2,j(x1 —22)) > 0.

An accretive operator A is said to be m-accretive if R(I +rA) = F for allr > 0. In a
real Hilbert space, an operator A is m-accretive if and only if A is maximal monotone.
In this paper, we use A=1(0) to denote the set of zero points of A.

For an accretive operator A, we can define a nonexpansive single-valued mapping
Jr : R(I +1A) — D(A) by J, = (I + rA)~! for each r > 0, which is called the
resolvent of A.

Recently, many authors studied m-accretive operators by iterative methods, see
[4-10,17-19]. For approximating zero points of m-accretive operators, Kim and Xu [8]
studied the following iterative process

o= €C, xpy1=apu+t+(l—ay)t. z,, Vn>0, (1.2)
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where u is a fixed element in C, {a,,} is a sequence in (0,1) and J,., = (I +r,A) " z,.
They proved that the sequence {x,} generated by the above iterative process con-
verges strongly to some point in A=1(0).
Recently, Qin and Su [10] further studied the problem of finding zero points of
m-~accretive operators by considering the following iterative process

$1€C,

Yn = BnTn + (1 - ﬁn)Jrnxna (13)
Tn4+1 = QpU + (1 - an)yna vn Z 1a

where u is a fixed element in C' and J,, = (I +r,A)~!. To be more precise, they
proved the following theorem.

Theorem QS. Assume that E is a uniformly smooth Banach space and A is an m-
accretive operator in E such that A71(0) # (0. Given a point u € C' and sequences
{an}, {Bn} and {r,}, suppose that {a,}, {Bn} and {r,} satisfy the conditions

(a) lim, oo vy = 0 and Y07 | @y = 00;

(b) 7, > € for each n >0 and B, € [0,a) for some a € (0,1);

(€) Doy lom — ] < 00, 35071 1B — Buga| < 00 and 307 |ry — Tnga] < o0
Let {x,,} be a sequence defined by the above iterative process. Then the sequence {x,}
converges strongly to a zero point of A.

In this paper, motivated by the recent research work, we continue to study the
problem of finding zero points of m-accretive operators by the iterative process (1.3)
in a more general framework of Banach spaces. Strong convergence theorems of zero
points of m-accretive operators are established.

In order to prove our main results, we need the lemmas as follows. The following
lemma is the well known subdifferential inequality.

Lemma 1.1. ([15]) In a Banach space E, there holds the inequality
lz +yl* < ll2® + 20y, j(z +y)), Va,y € E,
where j(z +y) € J(x +y).

Lemma 1.2. ([14]) Let E be a reflexive Banach space with a uniformly Gédteaux
differentiable norm, C be a closed convex subset of E and T be a nonexrpansive mapping
of C into itself with F(T) # (. Assume that every weakly compact convex subset of
E has the fized point property for nonexpansive mappings. Let uw € C and z; be a
unique element of C which satisfies zz = tu + (1 — )Tz and 0 < t < 1. Then {z}
converges strongly to a fived point of T as t — 0. Further, if Q(u) = limy_q 2¢ for
each u € C, then (u— Q(u), j(Q(u) — 2)) = 0 for all z € F(T) and Q is a unique
sunny nonexpansive retraction of C' onto F(T).

Lemma 1.3. ([2]) Let E be a Banach space and A be an m-accretive operator. For
A>0, u>0and x € E, we have

I = Ju</;x+ (1 — 'l;)J)\x),
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where Jy = (I +XA)~! and J, = (I + pA)~L.
Lemma 1.4. ([13]) Let {z,} and {y,} be bounded sequences in a Banach space E
and {Bn} be a sequence in [0,1] with

0 < liminf 8, <limsup g, < 1.

n—oo

Suppose that p41 = (1 — Bn)yn + BnZn, Yn >0 and

lim sup([|yn1 = ynll = [|2nt1 — zal)) < 0.
n— 00

Then limy, 00 [|yn — x| = 0.
Lemma 1.5. ([16]) Assume that {a,} is a sequence of nonnegative real numbers such
that
CVnJrl é (]- - ’Yn)an + 5717

where {y,} is a sequence in (0,1) and {0,} is a sequence such that

(a) ZZO=1 Tn = O]

(b) limsup,, ., % <0 or > 7 [0, < oo
Then lim,,— o o, = 0.

2. MAIN RESULTS
Now, we are ready to give our main results.

Theorem 2.1. Let E be a real reflexive Banach space with the uniformly Gateauz
differentiable norm and A be an m-accretive operators in E such that C' := D(A)
is convex. Assume that every weakly compact convexr subset of E has the fixed point
property for nonexpansive mappings. Let {x,} be a sequence generated in the following
manner:

o € C,
Yn = BnTn + (]— - ﬁn)Jrnxna (2'1)
Tnt1 = Q@+ (1 — an)yn, n >0,
where u is a fived element in C, {a,} and {B,} are sequences in (0,1), {r,} is a
positive real numbers sequence and J,., = (I +r,A)~t. Assume that A=1(0) # 0 and
the above control sequences satisfy the following restrictions:
(a) limy, oo vy, =0 and Y07 | ay, = 00;
(b) 0 < liminf,, e B, <limsup,,_, o Bn < 1;
(¢) rn > € for each n >0 and limy, o0 |7y, — rny1| =0,
Then the sequence {x,} converges strongly to a zero point of A.
Proof. First, we prove that {z,} is bounded. Let p € A=1(0). It follows that

lyn = pll < Bullzn —pll + (1 = ) lJr, 20 — pll < [lzn —pll.
This implies that

[2n1 = pll < cnflu = pll + (1= an)lyn = pll
< apllu=pl + (1 = an)llzn = pl-
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By simple inductions, we arrive at

[n — pll < max{||lzo — pll; [lu — pll}.
This completes the boundedness of the sequence {z,}, from which it follows that {y, }
is bounded. Put 7, = Z2t.=0n%n  Thig implies that

1-Bn
Tpt1 = (L= Bpn)rn + Bnn, n>0. (2.2)
Now, we compute ||r,4+1 — || Note that
Tn+1 — Tn
_ Qp1U + (1 - an+1)yn+1 — Brnt1Tn41 _ onu + (1 - O‘n)yn — BnTn
1= B+ 1—0Bn
= an+11(—uﬁni?+l) _ Oénl(u_*ﬁi/n) + Jrp 1 1 — Jrn T

It follows that

Q41 Qp
Tnal — Tl < ———||lu — 1|+ —— —u
It =l < 725 = ] + 1225 o — s
+ ||J7'n+1x"+1 - men”-
If 41 > 1y, we see from Lemma 1.3 that
Tn Tn
||Jrn+1xn+l - Jrnan S Tn+1 + 1- Jrn+1xn+l — Tn
'rnJrl Tn+1
Tn Tn
< e —zall + (1 22 ) (24)
Tn+1 Tn+1
T —r
< |Znt1 — wal + MMa

Tn+1

where M is an appropriate constant such that M > sup,~i{l|/r, ., Tnty1 — @nll}-
Combining (2.3) with (2.4) yields that

Op41 o
[rnt1 = ol = lZns1 — @0l < 1_"7ﬁn+1||u — Y1l + ﬁ”y" = ull
+ TnJrl - TnM.

€
From the conditions (a)-(c), we see that

lim sup (||rn+1 —rpll = |2n — xn+1||) <0.
n—oo

It follows from Lemma 1.4 that

lim |r, — .| =0. (2.5)

n—oo

In a similar way, we can obtain (2.5) in the case that r, > r, 1. In view of (2.2), we
have

Tp4+1 — Tp = (1 - ﬂn)(rn - xn)a
which combines with (2.5) gives that

nlirr;o |Znt1 — znll = 0. (2.6)
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Thanks to (2.1), we can obtain that
IZn = Jr, @l < 70 — gl + 1 Zor1 = Yull + |y — T, 20l
<zn = g1l + anllu = yull + Bullzn — Jr, 20

This implies that (1 — By)||lzn — Jr, 20l < |20 — Znt1ll + anll — yn||. From the
conditions (a), (b) and (2.6), we conclude that

lim ||z, — Jp, 20| = 0. (2.7)

Take a fixed number r such that € > r > 0. From Lemma 1.3, we obtain that

Jr <Txn + <1 — 7ﬂ>Jrnacn) — Jrxy
Tn Tn
T
< 1 - T n ~— 4n
B H< rn) (r2 o)

< Hjmxn - an

| Jr, 20 — Jran|| = ‘

(2.8)

Note that
||xn - ernH = Hxn - JTn-Tn + Jrnxn - ern”

< @n = Jr,@nll + 1 r, 20 = Jrzy||
<2z = Jr,2nll;
which combines with (2.7) and (2.8) implies that
nhﬂn;(j lwn — Jrxn|| = 0. (2.9)

Next, we claim that
hmsup<u - Q(u)m?(xn - Q(u))> <0, (210)

n—oo

where Q(u) = lim;—,¢ 2(t,u,r),u € C and z(t,u,r) solves the fixed point equation
2(t,u, ) =tu+ (1 —t)J.2(t,u,r), Ve (0,1),
from which it follows that
2t 10,7) — 2nll = (1 = )zt 1) — ) + Hu — )]
For any ¢ € (0,1), we see that
2t u,7) = 2|
= (1 —=t)(Jrz(t,u,r) — Tpn, j(2(t,u, 1) — Tp)) + t{u — xp, j(2(E,u, ) — 2p))
= (1 —t)((Jrz(t,u,r) = Jpan, j(z(t, u, ) — 21))
+ (Jrxy — @, j(2(E u, ) — xn)>) +t{u — 2(t,u,r), j(z(t,u,r) — zp))
+ t(z(t,u,r) — zp, j(2(L, u, ) — x4))
< @ =) (=t u,r) =zl + [ Srwn — zallll2(8 u, ) — zal])
+tlu — 2(t,u, ), j(2(t,u,7) — ) + t)|2(t, u, ) — 25 ||
<zt u,m) = zll® + [ Jrwn — zallll2(8u,m) — 20|

+t{u — 2(t,u,r), j(z(t,u, r) — zp)).
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It follows that
<Z(t7 u, T) - ’u,,j(Z(t, u, ’I") - $n)>

1
< z”ern — zplll[2(t, u,r) —zp||, VL€ (0,1).
In view of (2.9), we obtain that

limsup{z(t,u, ) — u, j(z(t,u,r) — x,)) <O0. (2.11)

n—oo

Since z(t,u,r) — Q(u) as t — 0 and the fact that j is strong to weak* uniformly
continuous on bounded subsets of E, we see that

(1 = QM) (n — Q(u))) — {2(tsuy) =, j(2(t,uy7) — )]
< u—=Q(u), j(zn — Qu)) — (u—Q(u), j(xn — 2(t, u,1)))]
1w = Q) (n — 2t u, 1)) — (b, ) — 0, (2t u,7) — 20)]|
< [{u = Qu), j(zn — Qu)) — j(zn — 2(t,u,7)))]
+ [(z(t,u, ) — Q(u), J(xn — 2(t,u,T)))]
< u—=Q)[llj(zn — Qw)) — j(@n — 2(t,u, 7))l
+ 2@t u, 7) = Qu)ll|xn — 2(t,u, 7)|| — 0
as n — oo. Hence, for any o > 0, there exists § > 0 such that V¢ € (0, 9)
(u—Qu),j(zn — Qw)) < (2(t,u,r) —u,j(2(t,u,7) — 2n)) + 0.
It follows that
limsup(u — Q(u), j(zn — Q(u)))

n—oo

< limsup(z(t,u,r) — u, j(z(t,u,r) — x,)) + 0.

n—oo

Since o is arbitrary and (2.11), we obtain that (2.10) holds.
Finally, we prove that x, — Q(u) as n — oo. It follows from Lemma 1.1 that
2n+1 = Q(u)|?
= (1 = an)(yn — Qw)) + an(u — Q(u)||?
< (1= n)?[lyn — Qu)|* + 20 (u — Q(u), (241 — Q(w)))
2
< (1= an)*(Ballzn — Q)| + (1 = B Jr, 20 — Qu)]])
+ 2an<u - Q(u)7j(xn+l - Q(u))>
< (1= an)llzn = Q)|* + 200 (u — Q(u), j(xnt1 — Q(u))).
In view of Lemma 1.5, we can obtain the desired conclusion easily. [J

Remark 2.2. The convergence of the iterative process (2.1) is guaranteed by the
contraction. Therefore, it is interesting to focus on the restrictions on the anchor
{a,}. The strong restrictions imposed on the anchor {a,} are relaxed comparing
with Theorem QS based on Suzuki’s lemma. Since uniformly smooth Banach spaces
are reflexive and admit uniformly Gateaux differentiable norms, we see that Theorem
2.1 is still valid in uniformly smooth Banach spaces. It deserves to mention that the
proof is different from the one in Theorem QS on the step lim, o0 ||Zn+1 — Zn| = 0.
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Next, we give another convergence theorem in the framework of reflexive Banach
spaces which admits a weakly continuous duality mapping. Before giving the conver-
gence, we need the following definitions and lemmas.

Let ¢ : [0,00] := R™ — R™ be a continuous and strictly increasing function such
that ¢©(0) = 0 and ¢(t) — oo as t — oo. This function ¢ is called a gauge function.
The duality mapping J, : ' — E* associated with a gauge function ¢ is defined by

Jo(x) ={f" € E* : (z, [*) = llzlle(llzlD), N7 = ellzD}, VzekE,
where (-, -) denotes the generalized duality pairing. In the case that ¢(t) = t, we write
J for J, and call J the normalized duality mapping.

Following Browder [3], we say that a Banach space F has a weakly continuous
duality mapping if there exists a gauge ¢ for which the duality mapping J,(z) is
single-valued and weak-to-weak® sequentially continuous (i.e., if {z,} is a sequence
in E weakly convergent to a point x, then the sequence J,(z,) converges weakly*
to Jyx). It is known that [? has a weakly continuous duality mapping with a gauge
function ¢(t) = tP~! for all 1 < p < co. Set

O(t) = /0’5 o(T)dr, Vt>0.

Then J,(x) = 0®(||z||) for all x € E, where 0 denotes the subdifferential in the sense
of convex analysis.

The first part of the next lemma is an immediate consequence of the subdifferential
inequality and the proof of the second part can be found in [9].

Lemma 2.3. Assume that a Banach space E has a weakly continuous duality mapping
J, with a gauge .
(a) For all z,y € E, the following inequality holds:

O(flz +yll) < @(lzll) + (v, Jo(x +y))-
In particular, for all x,y € E,
lz +yl* < |2l + 2(y, J (= + y))-
(b) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:
lim sup ®(||z,, — y||) = limsup ®(||x,, — z||) + ®(||y — z||]), Vz,y € E.

n—00 n—00

Lemma 2.4. ([18]) Let E be a reflexive Banach space and has a weakly continuous
duality mapping j,(x) with gauge ¢. Let C be closed conver subset of E and T :
C — C be a nonexpansive mapping. Fix u € C and t € (0,1). Let x; € C be the
unique solution in C to the equation (1.1). Then T has a fized point if and only if
{z¢} remains bounded as t — 0T, and in this case, {x;} converges strongly ast — 0
to a fixzed point of T.

Lemma 2.5. ([9]) Let E be a strictly convex and reflexive Banach space which has
a weakly continuous duality mapping j,, C' be a nonempty closed convex subset of
E and T : C — C be a nonexpansive mapping with a fixed point. Then I — T is
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demi-closed at zero, i.e., if {x,} is a sequence in C which converges weakly to x and
if the sequence {(I — Tz} converges strongly to zero, then x = Tx.

Theorem 2.6. Let E a real reflexive Banach space enjoying the weakly continuous
duality mapping j,(x) with gauge ¢. Let A be an m-accretive operators in E such
that C' := D(A) is conver. Let {x,} be a sequence defined by (2.1). Assume that
A7L(0) # 0 and the above control sequences satisfy the following restrictions:

(a) lim, oo oy = 0 and Y0 | @y = 00;

(b) 0 < liminf, e B < limsup,,_, ., On < 1;

(¢c) rp > € for each m > 0 and lim, o |7 — Tny1| =0,
Then the sequence {x,} converges strongly to a zero point of A.
Proof. We only conclude the difference.

First, we show that lim sup(u — Q(u), Jy,(z, — Q(u))) < 0, where Q : C — A~1(0)

n—oo

is the sunny nonexpansive retraction. To show it, we may choose a subsequence {z,,, }
of {z,} such that

limsup(u — Q(u), J,(z, — Q(u)))
n—oo (2.12)

Since E is reflexive, we may further assume that x,, — & for some z € C. In view
(2.9) and Lemma 2.5, we see that 7 € F(J,.) = A71(0). Hence, we arrive at

lim sup(u — Q(u), J (wn — Qu))) = lim (u— Q(u), (& — Q) 0. (2.13)

Finally, we show that z,, — Q(u) as n — oo. Notice that
([lyn — Q) = (|Bn(zn — Qu)) + (1 = Bu)(Jr, zn — Q(u))])
< @([Jan — Qu)l])-

It follows from Lemma 2.3 that

O(l|lzns1 — Qu))

= O(flan(u—Q(u)) + (1 — an)(yn — Q(w))[)

< @((1 = an)llyn — Q)l) + an{u = Q(u), Jo(ns1 — Qf)))

< (1= an)®([[n — Qu)]) + an(u — Q(u), Jp(xnt1 — Q(u)))
From Lemma 1.5, we see that ®(||x,+1 — Q(u)||) — 0 as n — oo. That is,

|lzn — Q(u)] = 0 asn— co.

This completes the proof. [
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