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Abstract. In this paper we use methods developed in [8] to extend fixed point results for Banach
lattices obtained for the weak topology in [3] and [4] to other topologies. We obtain conditions
which guarantee that Banach lattices which have topology 7 have 7-normal structure and 7-fixed
point property.
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1. INTRODUCTION

The main goal of this paper is to study conditions which imply existence of fixed
points of nonexpansive mappings in Banach lattices. For mappings on weakly compact
convex sets such problems were studied in [16], [3] and [4]. However in function
and sequence lattices it is also natural to consider other topologies, in particular
the topology of convergence in measure in case of function lattices or the topology
of coordinatewise convergence in case of sequence lattices. Those topologies were
successfully applied to the fixed point theory in [8].

In this paper we use methods developed in [8] to extend fixed point results obtained
for the weak topology in [3] and [4] to other topologies. In our results we consider
properties related to the lattice order. However, some of them are also related to a
topology 7. This is in particular the case of the so-called T-orthogonality. In some
lattices this property does not hold for the weak topology but it holds for a different
one. The basic example is the space L; with the topology of convergence in measure
(see Example 3.1). This is the main motivation for considering topologies 7 different
from the weak topology.

In this paper we consider Banach lattices equipped with linear topologies 7. First
we prove that every 7-orthogonal uniformly monotone Banach lattice such that its
every T-sequentially compact subset is separable has normal structure with respect
to 7. Then we show that a Banach space has the fixed point property with respect to
a topology 7 if it admits an equivalent norm such that with this new norm it is a 7-
orthogonal order uniformly noncreasy Banach lattice. This extends the Browein and
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Sims result from [5]. Sims considered also a stronger version of weak orthogonality
and showed that every such Banach lattice has the weak fixed point property (see
[16]). We extend his result by showing that a Banach lattice has the fixed point
property with respect to 7 if it is strong 7-orthogonal.

2. BASIC NOTATION AND SOME GEOMETRIC PROPERTIES OF BANACH LATTICES

Let X be a Banach space. By B(X) and S(X) we denote the closed unit ball and
the unit sphere of X, respectively. For notation and terminology concerning lattices
we refer the reader to [12]. Let us recall that if an inequality involves lattice and
algebraic operations, then it is enough to check its validity for real numbers to be
sure that it holds for vectors in an arbitrary Banach lattice (see [12, p. 1]). In the
next lemma we collect some inequalities and equality which will be used in the sequel.

Lemma 2.1. Let X be a Banach lattice. Then
() [a] +ly| = 2(|2[ A fy]) + [lz] = ly[| < 2(|2[ A [y]) + [ = yl,
(i) [z] — ol Aly] < |z — o],
(iii) [2] < |z — 2|V |y — 2| + [z[ Aly]
forall x,y,z € X.

Let X be o-complete Banach lattice. Then for each x € X we can define the
principle band projection P, by
o0 oo
Pu(y) =\ [(nla)) AyT] \/ (nlz]) Ay~
n=1 n=1
For all z,y € X the projection has the following properties P,(z) = z, |P:] =
I — P;|| =1and P,(y) =0, ||P, + P,|| = 1 whenever |y| A |z| = 0. Here I denotes
the identity operator.
The projection can be used to prove the following lemma that will be needed later.

Lemma 2.2. Let (X,||-||) be a Banach lattice and ay,as € X be such that |||a1]| A
laz]]l = 0 and |||a;| A |z||| =0 fori=1,2 and every x € X. Then
1
lull < 5 (lu = ax ]| + llu = az|| + [lu — )
for allu,z € X.

Proof. Since X C X**, we can replace X by X** which is o-order complete (see [12]).
Now we can consider the principle band projection

o0

P,y= \/ [(n|al \/ (nlai]) ]

n=1 n=1

for i = 1, 2. Following [16], we have

[[ull = %ll(Pal + Pay)(u— ) + (I = Pay)(u — ar) + (I = Po, ) (u — as)||

IA

1
(e =zl + llu = ]| + fJlu — az]]).
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A Banach lattice X is said to be strictly monotone if ||z|| < ||y|| whenever z,y € X,
0 <z <yand x #y. Given a Banach lattice X and ¢ € [0, 1], we put

Om,x(e) = mf{l — flz =yl : 0 <y <z, [z <1, [lyl| = e}.

We say that X is uniformly monotone if d,, x(¢) > 0 for all € € (0,1]. Clearly,
uniformly monotone lattices are strictly monotone. The coefficient

€0,m(X) =sup{e € [0,1) : §,,, x () = 0}
is called the characteristic of monotonicity of the lattice X. Since d,, x(0) = 0
and d,, x is a nondecreasing function, the condition &g ,,(X) < 1 is equivalent to

lim,_,1 0y, x(¢) > 0. In [11], the modulus of order smoothness of a Banach lattice X
was introduced. We set

p"hX(t) = bup{||x \ ty” - 1 Y € B(X)7 z,y Z O}
where ¢ € [0,1]. A Banach lattice X is called order uniformly smooth if
m, X (T
fim LX) _
t—0 t
Observe that

pm.x (1) +1 =supfllz vy : 2,y € B(X), 2,y >0}
is called the Riesz angle of X and denoted by a(X) (see [5]). Kurc [11] proved the
duality formulae

Pm,x+(t) = sup (et — b x(€))
0<e<1

Om.x(g) = sup (et — ppm x+(t))
0<t<1

for all e,¢ € [0,1]. They show that a Banach lattice X is uniformly monotone (resp.
order uniformly smooth) if and only if the dual lattice X* is order uniformly smooth
(resp. uniformly monotone). Using the above formulae it is also easy to see that
pm,x+(1) < 1if and only if ¢, (X) < 1.

The following definition which combines uniform monotonicity and uniform order
smoothness was introduced in [3]

Definition. Let » € (0,1]. A Banach lattice X is said to be r-order uniformly
noncreasy (r-OUNC) if for all u,v € £B(X) we have either

[l v foll| < 7
or for every y € X the conditions |y| < |u—wv|, ||y|| > r imply that |||u—v|—|y||| < 7.

A Banach lattice X is order uniformly noncreasy (OUNC) if it is ~-OUNC for some
r e (0,1).

Clearly, each Banach lattice X is -OUNC with r = 3(p x(1) + 1) = La(X).
Therefore, if p.,, x (1) < 1, then X is OUNC. It is also easy to see that X is -OUNC
where

r=max{e,1 — 0 x(¢)}
for any € € (0,1). It follows that if g, (X) < 1, then X is OUNC. The class of all
OUNC Banach lattices contains therefore all order uniformly smooth lattices and all
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uniformly monotone lattices. Moreover, there is a Banach lattice which is OUNC but
neither uniformly monotone nor order uniformly smooth (see [3]).

Let X be a Banach space and 7 be a linear topology on X. In this paper we will
need also the definitions of a 7-sequentially lower semi continuous function and a 7-null
type. We shall say that a function f: X — R is 7-sequentially lower semicontinuous
(m-slsc) if for every sequence (z,,) in X which converges to € X with respect to 7
we have

f(x) < liminf f(z,).

If X is a Banach space and w is the weak topology on X it is known that the norm
is a w-slsc function. If X is a dual space and w* is the weak star topology on X the
norm is also a w*-slsc function. A 7-null type on X is a function of the form
Lz, (x) = limsup ||z, — x|
n—oo

where ¢ € X and (z,) is a 7-null sequence in X. It is know that the w-null types are
w-slsc. Notice that if X is a Banach space and 7 is a linear topology on X such that
7-null types are 7-slsc functions, then the norm is a 7-slsc function. In addition, the
condition that the norm is a 7-slsc function is equivalent to the 7-sequential closedness
of the closed unit ball in X.

Finally, for the sake of simplicity let us define additional notations. Let (X, || -||)
be a Banach space and 7 be a linear topology on X. We shall say that space X has
property 7-(N) if all 7-null types are 7-slsc functions and 7-sequentially compact sets
are T-compact.

3. APPLICATIONS TO FIXED POINT THEORY
A self-mapping T of a subset C' of a Banach space X is said to be nonexpansive if
[Tz =Tyl < [l -yl

for all z,y in C. Let 7 be an arbitrary topology on X. We say that X has the fixed
point property with respect to 7 (7-FPP) if every nonexpansive mapping defined on
a nonempty 7-sequentially compact convex bounded subset of X has a fixed point. If
the norm on X is additionally a 7-slsc function then this is in particular the case if
X has normal structure with respect to 7 (see [8], Theorem 1). Recall that a Banach
spaces X is said to have normal structure with respect to 7 (7-NS) if for each 7-
sequentially compact norm bounded convex subset D of X with diam D > 0 there
exists a point z € D such that

sup{|lz — y|| : y € D} < diam D.

In the case when 7 is the weak topology in the above definitions sequential compact-
ness can be replaced by compactness.

In [5], Borwein and Sims introduced the definition of a weakly orthogonal Banach
lattice X. We extend his definition to an arbitrary topology on X.

Definition. Let X be a Banach lattice and 7 be a linear topology on X.
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(1) X is said to be T-orthogonal if
lim inf lim inf |||, | A [2m||| = 0
n—oo m—oo

whenever (z,) is a sequence in X which converges to 0 with respect to .
(2) X is said to be strong T-orthogonal if

liminf |||z, | A |z]|| =0
n—oo

for every © € X and every sequence (z,) in X which converges to 0 with
respect to 7.

Clearly, if X is strong 7-orthogonal, then X is m-orthogonal.

Example 3.1. The space L;([0,1]) is strong 7-orthogonal where 7 is the topology of
convergence in measure (clm) and it is not strong weak-orthogonal.

To see that the space L;1([0,1]) is strong 7-orthogonal fix e > 0. For any f €
L1([0,1]) there exists n > 0 such that for any B C [0, 1] such that u(B) < n we have
Jg Ifldi < 5, where p is the Lebesgue measure. Let (f,,) converge to 0 with respect
to p. By the Riesz theorem there exists a subsequence (fy,) of (f,) which converges
to 0 almost everywhere. From the Jegorow theorem there exists F' C [0, 1] such that
1([0,1]\ F) < n and f,, is uniformly convergent to 0 on F'. Hence there exists N € N

such that |fy, (z)| < sagoap for allk > N and z € F. For k > N we have

il AfIE, < (/[O 1]\Flfll"MhL/Ffnkldu> <e

To see that the space Lq([0, 1]) is not strong weak-orthogonal it is enough to consider
the sequence of Rademacher functions.

In [3] it was proven that a weakly orthogonal Banach lattice X with go(X) < 1
has weak normal structure. Using the next theorem and following the proof from [3],
we can generalize the result to an arbitrary topology on X.

Theorem 3.1 ([10]). Let X be a Banach space and T be a linear topology on X such
that every T-sequentially compact subset A of X is separable. If X does not have
7-NS, then there is a bounded sequence (x,) in X that converges to x with respect to
T and

Jim [z, — 2| = lim {2, —zp] >0

for every m € N. In case T is the weak topology the separability assumption is not
necessary.

Theorem 3.2. Let X be a Banach lattice and T be a linear topology on X such that
every T-sequentially compact subset of X is separable. If X is T-orthogonal and does
not have 7-NS, then for every n > 0 there exist x,y € S(X) such that x,y > 0 and

(1 = n) max{lal, [b} < [laz +by|| < (1 4 1) max{|al, [b[}

for all a,b € R. If T is the weak topology, then the separability assumption is not
necessary.
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Proof. Assume that X fails to have 7-normal structure. By Theorem 3.1 there exists
a sequence (z,,) in X which converges to  with respect to 7 and

lim ||z, —z|| = lim |z, —2zm,] >0
n—oo n—oo
for all m € N. Put y,, = x,, — . Then (y,) converges to 0 with respect to 7 and
lim lyn|| = lim lyn —ym| >0
n—oo n—oo
for every m € N. We can assume that ||y, || > ¢ > 0 for all n € N. If X is m-orthogonal,

then
lim inf lim inf |||y, | A lym]]] =0
n—oo m—00

so we can find subsequences (yn, ) and (Y, ) of (y,) such that

[y, [ A fym, || = 0.
—00
We put ug = H'Zi:‘ and v, = ”lz::z‘” Then ug, vy € S(X) and ug,vE > 0 for every

k € N. Using the equality in Lemma 2.1 (i) we get

s+ o] < ||l T 10ms ] +H|y (1 o )H
=~ mpg
lome] S Tl ™ Toma
L Olllyma | A o 1+ e | =l |1 + [1 = 12
= [y el " " [
< Ol A+ e — g ) +
Y |l Yn,

Since the expression on the right hand side tends to 1 as k — oo, given 1 > 0 we can
find ko € N so that
luk + okl < 1+n
for every k > ko. Let a,b € R. We can assume that |a| = max{|a|,|b|}. Denote
t= k%l’ then |¢| < 1. We have
g + tor || < flue + [t
< [tlfluk + vkl + (L= [t lurll < 147

nlzy/ZZh A \:Z:i‘l\ H < L/|yn, | A [ym, ||| there exists ki € N so that

lug A vl < n for every k > k1 and hence

Since [Jug A vy = ]

[k + togll = Jlue — [tox|
= |luk V [tlor — ug A [tog|
> |Ju V [toell — llue Altlvr ]|
> JJull = [Jur Avrll =1 = flug Avel| 21—
for every k > k. So for k > max{ko, k1 } we have
(L =n)lal < laug 4 bvl| < (1 +n)|al.
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Corollary 3.3. Let X be a Banach lattice and T be a linear topology on X such that
every T-sequentially compact subset of X is separable. If X is a T-orthogonal and
eo(X) < 1, then X has T-normal structure.

Proof. Suppose that X fails to have 7-normal structure. Let > 0. Then by Theorem
3.2 there exist x,y € S(X) such that z,y > 0 and ||z + y|| < 1+ 7. Denote z = = + y,

then 0 < # < z and [[z]| <147 Let 2y = 7 and v1 = .. We have lz1]] < 1,
lv1]] = ﬁ and 1—||z1—v1|| = ﬁ Hence 0., x (ﬁ < #, so lime_1 0y, x(6) =0
which means that £g,,(X) = 1. O

Corollary 3.4. Let X be a Banach lattice and T be a linear topology on X such that
every T-sequentially compact subset of X is separable. If X is T-orthogonal, uniformly
monotone and such that || - || is T-slsc function, then X has 7-FPP.

We will also consider lattices which do not have normal structure with respect to
a topology 7. In this case we will use the ultrapower method. Given a Banach space
X, by l(X) we denote the space of all bounded sequences in X with the supremum
norm. Let U be a free ultrafilter on N. The ultrapower (X)y is the quotient space
loo (X)/N where

N = {(xn) € loo(X) : lim o) = o} .

Here limy ||z, || stands for the limit over the ultrafilter U (see [1, p. 13]). The equiv-
alence class of the sequence (z,,) € lo(X) will be denoted by (z,)y. It is easy to see
that the quotient norm is given by the formula (see [1, p. 23])

[(@n)ull = lim [|z]
In the sequel we will need the following result (see [3]).

Theorem 3.5. Let X be a Banach lattice and U be a free ultrafilter on N. If X is
OUNC, then (X)y is OUNC.

The same tools as for weak topology can be use to study 7-FPP. The following
theorem can be found in [8].

Theorem 3.6 (Generalized Goebel-Karlovitz Lemma). Let a Banach space X have
the property 7-(N). Let T be a fized point free nonexpansive mapping defined from a
T-sequentially compact bounded convexr subset C' of X into itself. Assume that C is
minimal and let (x,) be an approximated fized point sequence for T in C. Then

lim ||z, — z| = diam C
n—0
for every x € C.
Let 7 be an arbitrary topology on X. If C' is a 7-sequentially compact convex sub-

set of X, C' is not necessarily norm closed. However, as every nonexpansive mapping
T can be extended, in a continuous way, to the set 6“"' and this extension is also
a nonexpansive mapping. Banach Contraction Principle lets us find an approximate

fixed point sequence for the extension of T in 6”"'. Finally, by an approximation ar-
gument, we can construct an approximate fixed point sequence for 7" in C'. Moreover,
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since C' is 7 sequentially compact, taking a subsequence if necessary, we can assume
that this sequence is 7-convergent.
This argument allows us to generalize the well-known Maurey result (see [1]).

Lemma 3.7 (Generalized Maurey Lemma). Let C be a convex bounded subset of a
Banach space (X,| - ||) and let (zy,), (yn) be approzimated fized point sequences for
nonexpansive mapping T defined from C onto itself. Then there exists an approrima-
tion fized point sequence (z,) in C such that

. 1., ) 1.
limsup ||z, — 2z, || < = limsup ||z — ynll, Lmsup ||y, — 2zn| < = imsup ||z, — yn|-
2 n—oo n—oo 2 n— o0

n—oo

Using a reasoning from [8], we obtain the following result.

Theorem 3.8. Let Banach space X have a property T-(N). If X fails to have the T-
FPP, there exists a fized point free nonexpansive mapping defined from a subset C' of
X into itself, which is T-sequentially compact bounded convex and minimal. Moreover,
under these conditions, C' is also a diametral set.

The Banach—Mazur distance of two isomorphic Banach spaces X and Y is defined
by the formula

d(X,Y) = inf [|S|[IS7"

where the infimum is taken over all linear isomorphisms S of X onto Y. Borwein and
Sims [5] proved that a Banach space X has the weak fixed point property if there
exists a weakly orthogonal Banach lattice Y such that

d(X,Y)a(Y) < 2.

As a consequence every weakly orthogonal Banach lattice X with «(X) < 2 has the
weak fixed point property. In [3] the following theorem is proven.

Theorem 3.9. A Banach space X has the weak fized point property if there exists a
weakly orthogonal r-OUNC' Banach lattice Y such that

d(X,Y)r < 1.
We will show how to modify the proof to establish the following generalization.

Theorem 3.10. Let (X, || - ||) be a Banach lattice with property 7-(N). Then X has
the T-FPP, if there exist a norm || - |1 on X and d > 0 such that |z|1 < ||| < d||z]1
for every x € X and Y = (X, | - ||1) is T-orthogonal r-OUNC' Banach lattice that
satisfies condition dr < 1.

Proof. Assume that X fails to have 7-FPP. Then there exist a nonempty 7-
sequentially compact convex bounded C' C X and nonexpansive mapping T : C — C
which has no fixed point. Moreover, there exist a nonempty 7-sequentially compact
convex minimal and T-invariant subset D C C and an approximate fixed point se-
quence (z,) for T'in D. We may assume that diam D = 1 and (z,) converges to 0
with respect to 7 (in particular 0 € D).
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Let Y = (X, - |]1) be a T-orthogonal m-OUNC Banach lattice such that |z|; <
lz]| < d||z|1 for every z € X and dr < 1. We choose r’ > 0 so that ' > r and
dr’ < 1. By 7-orthogonality of Y, there exists an increasing sequence (ng) such that

timinf [z, Aol < ¢
m—o0

k

and by Lemma 3.6 we have
”}Lm()o [Zn, — zm| =1

for all £k € N. Hence for every k € N there exists i, € N such that
1
T, — Tm| >1— %

for all m > i; and there exists my > i; such that

1 1
IHnel A brmellly < 3 and flza, 2l > 1~ 1.
We can assume that (my) is an increasing sequence. We have
lim |||zn, | AlZm, i =0 and lim ||, — @, || = 1.
k—o0 k—o00

Using Lemma 3.7, we obtain an approximate fixed point sequence (zx) in C for which

. 1. ) 1.,
limsup ||zx — @y, || < 2 Hmsup || Tm, — Tn, |, Hm |2k —2m, || < - limsup ||zm, — o, |
2 k—oo 2

k—oo k—oo k—oo
and limy o || 2k]] = limg— oo [|Zn, || = 1. We can further assume, taking a subsequence
if necessary, that the following limits exist
. 1 . 1
Jm o, =z, | < 5, Hm e — 2, ] < 5.
Let U be a free ultrafilter on N and
u=(2x — Tn, )y
v = (2 — Tmy )y »
Y= (lxnkl - |xnk| A |xmk|)U'
Then
. . . 1
lully = tim llt = 2l < lin ok = 2, )| = Jim o — 20| < 5
and similarly [[v||y < 3.
We have
”ny/ = hén |||x’ﬂk| - ‘J;"Lk‘ A |xmk|”1 > hén (Hxnk||1 - |||xnk| A |xmk‘||1)

. 1. 1
= tign [,y = 5l || = = > 0"
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From Lemma 2.1 (ii) it follows that |u —v| > |y|. Moreover, using Lemma 2.1 (i), we
get

= ol = Iyl = lim iz, | = |2 ]| = |2n,] + l2n] Azl
= limn [z, | = 2, | Al ]
> tim (@ [l = ] Al )
, 1 1,
= lim [lom, |, 2 Zlim [z, )| = = >,

Next, by Lemma 2.1 (iii) we obtain
o <d i _
1= lim |zl < d lim [[zgfly = dlim 22

< dlim (|l|lzn, — 2| V|2, = 2elll+ [[len, ] Alem 1)
. 1
= dlim |[|zn,, — 2]V [@m, = 2ellly < Zlllul Vol

and we see that [[|u| V |v]||l5 > 7. It follows that Y is not 7'-OUNC, so by Theorem
3.5, Y is not ~-OUNC. O

Corollary 3.11. Let (X, | -||) be a Banach lattice with the property 7-(N). Assume
that X is T-orthogonal and OUNC. Then X has the 7-FPP.

In [16], Sims proved that every strong weak-orthogonal Banach lattice has the weak
fixed point property. Our next theorem generalizes his result.

Theorem 3.12. Let (X, || - ||) be a Banach space with the property 7-(N). Then X
has the T-FPP if there exist a strong T-orthogonal Banach lattice Y = (X, | - ||1) and
0<d <% such that ||z||; < ||z < d||z||y for every z € X.

Proof. Assume that X fails to have 7-FPP. There exist a nonempty 7- sequentially
compact convex bounded subset C' C X and nonexpansive mapping T : C' — C which
has no fixed point. We can assume that C' is minimal invariant for 7" and diam C' = 1.
There exists in C' an approximate fixed point sequence (z,) for T. We can assume
that (x,,) is 7-convergent to 0 (in particular 0 € C'). By 7 orthogonality of Y,

lim |||z, | Afz|]ly =0
n—oo
for z € X and by Lemma 3.6
lim |z, —z| =1
n—oo
for every x € C. In particular for a fixed m € N
lim |||z Alzm]lli =0 and lim ||z, — 2m| = 1.
n—oo n—oo
Let {ex} C R satisfy limy_o € = 0. There exists ny € N such that for every n > n4
Nzn| Alza]ll < &1 and [lz1 — znll — 1] < &1.
Having defined ny we choose niy1 > ng so that for all n > ngy1

lzn Alznllly <ensr and  llzn, =@l = 1] < e



FIXED POINT PROPERTY FOR GENERAL TOPOLOGIES 33

Since

mn ] Algagllls < ekt and  [lZngg, = 2oyl = 1 < e
we have

klirgo H|xnk+1| A |xnk|||1 =0 and klglgo ||‘rnk+1 = Ty, H =1

Let U be a free ultrafilter on N. Denote a1 = (2n, )u, @2 = (Zn,,,)u and T = (z)y.
Then the following conditions hold.

i) For every z € C,
1 — Fll = lim s, — 2 = Jim s, — ] = 1.
Similarly
a2 — 2l = 1.

In particular, ||@;|jy =1 for i = 1,2.
i) [lay — a2l = limy (|20, — 2n, || = Mg oo [|2n, — 2, || =1
iii) |a;| A |Z] = 0 and |a1| A |az| = 0 for every € C and i = 1, 2.

Let

— ~ 1 ~ o~ o~y L
W:{@GC’: |w —a;lu < 5 for i = 1,2 and there exists v € JC with ||w — 7| < 2},

where J : X — (X)y is given by the formula Jo = (z)y = (z,z,...). W is nonempty
(since @ € W), convex, T-invariant. Due to the P. K. Lin Lemma [13], for every

& > 0 there exists 7 € W such that ||3]j; > 1—¢. Let 2 € C be such that [|[7—Z |y < 1
Using Lemma 2.2 and inequality between norms, we get

1= <[[vller < d[v]l1as

1 .. ~ o~
<5d[v =21y + v - a

ru + [0 —azll1u)

1 .- - -~
<5d([v =2l + 10— arll + [0 — )

3
<-d.
4
By arbitrariness of ¢ > 0 we have d > % which contradicts assumption that d < %. O

Corollary 3.13. Let (X,||-||) be a strong T-orthogonal Banach lattice with the prop-
erty 7-(N). Then X has the 7-FPP.
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