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1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space with the normalized duality mapping J from E into
2" give by

J@)={f" € E": (z, f) = Iz, [Ifll=ll=ll}, VzeE,

where E* denotes the dual space of F and (-, -) denotes the generalized duality pairing.

Let S(E) = {z € E : ||z|| = 1}. Then the norm of E is said to be Géteaux
differentiable if lim; g w exists for each z,y € S(E). In this case, F is said
to be smooth. The norm of F is said to be uniformly Géateaux differentiable if, for
each y € S(E), the above limit is attained uniformly for € S(FE). The norm of E
is said to be Fréchet differentiable if, for each x € S(E), the above limit is attained
uniformly for y € S(E). It is well known that (uniform) Fréchet differentiability of
the norm of E implies (uniform) Gateaux differentiability of the norm of E.

Recall that, if K and D are nonempty subsets of a Banach space E such that
K is nonempty closed convex and D C K, then a mapping @ : K — D is sunny
([2],]21]) provided Q(x + t(z — Q(z))) = Q(z) for all z € K and ¢ > 0 whenever
x+t(r — Q(x)) € K. A sunny nonexpansive retraction is a sunny retraction, which is
also a nonexpansive mapping.

Let C be a nonempty closed and convex subset of F and T': C — C' is a nonlinear
mapping. In this paper, we use F(T) to denote the fixed point set of the mapping 7.
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Recall that T is nonexpansive if
[Tz = Ty| < |lz—yll, Va,yeC.

Recall that a mapping f : C' — C'is a contraction if there exists a constant « € (0,1)
such that

(@) = FWll < allz —yl, Vz,yel.
For such a case, f is also said to be an a-contraction. In this paper, we use Il¢
to denote the collection of all contractions on C. That is, lIc¢ = {f|f : C —
C' a contraction}.
One classical way to study nonexpansive mappings is to use contractions to ap-
proximate a nonexpansive mapping ([1], [20], [28]). More precisely, take ¢ € (0,1) and
define a contraction T3 : C' — C by

Tix=tf(z)+ (1 —t)Tx, VzeCl, (1.1)

where f € II¢. Then Banach’s Contraction Principle guarantees that T; has a unique
fixed point z; in C.

Xu [28] proved that, if E is a uniformly smooth Banach space, then {z;} converges
strongly to a fixed point of T' and the limit defines the (unique) sunny nonexpansive
retraction from Il onto F(T).

Iterative methods are popular tools to approximate fixed points of nonlinear map-
pings. Recall that the normal Mann'’s iteration was introduced by Mann [11] in 1953.
Recently, construction of fixed points for nonlinear mappings via the normal Mann’s
iteration has been extensively investigated by many authors. The normal Mann’s
iteration generates a sequence {z,} in the following manner:

20 €C, xpt1=(1—ap)z,+a,Tx,, Vn>0, (1.2)

where zg is an initial value and {a,} is a sequence in [0, 1].

Next, we recall another popular iteration: Ishikawa iteration. Ishikawa iteration
was introduced by Ishikawa [9] in 1974. Ishikawa iteration generates a sequence {z,}
in the following manner:

.’E()EC,

Yn = (1 - Bn)mn + BT vy, (13)
Tp1 = (1 —an)zy + anTyn, Vn >0,

where x( is an initial value and {a,,} and {8, } are real sequences in [0, 1].

Process (1.3) is indeed more general than process (1.2). But research has been
concentrated on (1.2) due probably to the reasons that the process (1.2) is simpler
than that of (1.3) and that a convergence theorem for the process (1.2) may possibly
lead to a convergence theorem for process (1.3) provided the sequence {8,} satisfies
certain appropriate conditions. However, the introduction of the process (1.3) has
its own right. As a matter of fact, process (1.2) may fail to converge while process
(1.3) can still converge for a Lipschitz pseudo-contractive mapping in a Hilbert space
[7]. Both processes (1.2) and (1.3) have only weak convergence, in general (see [8]
for an example). For example, Reich [22] shows that if the underlying space E is
uniformly convex and has a Frechet differentiable norm and if the sequence {«,,} is
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such that Y~ a,(1 — a,) = oo, then the sequence {z,} generated by the process
(1.2) converges weakly to a member of F(T). (An extension of this result to the
process (1.3) can be found in [27].)

Therefore, many authors try to modify processes (1.2) and (1.3) to have strong con-
vergence for nonexpansive mappings (see [3]-[5], [10], [12]-[19], [31]) and the references
therein).

In 2008, Qin, Su and Shang [15] considered the following iterative process.

xg € C,

Tn+1 = QpU + (1 - an)yna n > Oa
where xg in an initial value, v € C is a fixed element, T" is a nonexpansive mapping,
{an}, {Bn} and {7, } are real sequences in (0, 1). They proved that the sequence {x,, }
defined by the above iterative process converges strongly to some fixed point of T" in
a uniformly smooth Banach space.

The problem of approximating a common fixed point of a family of nonexpansive
mappings has been considered by many authors (see [6],[12],[16]-[18],[24]-[26],[30],[33]
and the references therein). In 2001, Shimoji and Takahashi [24] considered the
mapping W,, defined by
Un,n+1 = Ia
Un,n = rnTnUn,n+1 + (1 - Tn)Ia
Un,n—l = rn—lTn—lUn,n + (1 - rn—l)Ia

Un,k: = TkaUn,k+1 + (1 — Tk)f, (1.4)
Un =1 = Tk=1Th—1Un k + (1 — rg—1)1,

Uno =1ToUn 3+ (1 —12)1,
Wn = Un,l = TlTlUn,Z + (1 - 7"1)],
where rq, ro, --- are real numbers such that 0 < r, < 1, T},T5,--- be an infinite

family of nonexpansive mappings of C into itself. Nonexpansivity of each T; ensures
the nonexpansivity of W,,.

Concerning W,,, we have the following lemmas which are important to prove our
main results.

Lemma 1.1. ([24]) Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts,--- be nonexpansive mappings of C' into itself such that
NS, F(T,) is nonempty and 11,72, -+ be real numbers such that 0 < r, <~y <1 for
any n > 1. Then, for any x € C and k € N, the limit lim,,_, Uy, px exists.

Using Lemma 1.1, one can define the mapping W of C' into itself as follows:

Wz = lim Wyz = lim U, 2z, VzxeC. (1.5)

n—oo n—oo
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Such a mapping W is called the W-mapping generated by 737,75, -+ and r1,73,- - -.
Throughout this paper, we always assume that 0 < r, <y <1 foralln > 1.

Lemma 1.2. ([24]) Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts,--- be nonexpansive mappings of C' into itself such that
N, F(T,) is nonempty and 11,79, -+ be real numbers such that 0 < r, <~y <1 for
anyn > 1. Then F(W) =N, F(T,).

Recently, Cho, Kang and Qin [3] considered the following process for an infinite

family nonexpansive mappings in a uniformly smooth Banach space

x9 =x € C arbitrarily chosen,
Yn = BTy + (1 - ﬂn)anvu (16)
Tn+1 = O‘nf(zn) + (1 - an)yna Vn > 0,

where W, is generated by (1.4) and f € II¢. They proved that the sequence {z,}
defined by (1.6) converges to point in N2, F(T;) under some appropriate assumptions
imposed on the control sequences.

Motivated by Cho, Kang and Qin [3], Kim and Xu [10], Qin, Su and Shang [15],
Qin, Su and Wu [19], Yao, Chen and Yao [31], we study the problem of modifying
Ishikawa iterative process to have strong convergence for an infinite family nonexpan-
sive mappings without any compact assumption in a real Banach space.

In order to prove our main results, we need the following lemmas.

Lemma 1.3. ([28]) Let E be a uniformly smooth Banach space, C' be a closed convex
subset of E, T : C — C be a nonexpansive mapping with F(T) # 0 and let f € Ilc.
Then the sequence {x:} defined by

converges strongly to a point in F(T). If we define a mapping Q : llc — F(T) by
Qf) := }iH(l)a?t, Vfelle.
Then Q(f) solves solves the following variational inequality:

(I=HRW),JQ(f)—p) <0, [fello,peF(T).

Lemma 1.4. ([23]) Let {z,} and {y,} be bounded sequences in a Banach space E and
{Bn} be a sequence in [0,1] with 0 < liminf, o B, < limsup,, .. Bn < 1. Suppose
Znt1 = (1 = Bn)yn + Bnxn for alln >0 and

lim sup(flyn+1 =yl = on 1 = zall) < 0.
Then limy,—c0 [|yn — znll = 0.
Lemma 1.5. In a Banach space E, the following inequality holds:
lz +yll* < [|l=[* + 2(y, j(z +y)), Va,y € E,
where j(z +y) € J(x +y).
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Lemma 1.6. ([29]) Assume that {aw,} is a sequence of nonnegative real numbers such
that
Qp41 S (1 - Vn)an + 6717 Vn 2 07
where {v,} is a sequence in (0,1) and {§,} is a sequence such that
(a) Z;z.ozl Yn = OC;
(b) limsup,, i—: <0 or Y02 10, < oo

Then lim,,_, a,, = 0.

2. MAIN RESULTS

Theorem 2.1. Let C be a nonempty closed convex subset of a uniformly smooth and
strictly convex Banach space. Let T; : C — C' be a nonexpansive mapping for each
i €Z" and f : C — C an a-contraction. Assume that F = N2, F(T;) # 0. Let {ay},
{Bn} and {yn} be real number sequences in (0,1). Let {x,} be a sequence generated
in the following manner: xo € C and
Yn = BnWhnzn + (1 - ﬂn)xna (T)
Tn+1l = Oénf(zn) + (1 - an)yna Vn > 0,
where W, is generated in (1.4). Assume that the following restrictions are satisfied.

(a) D02 =00, lim, e ay = 0;
(b) there exist constants b,b' € (0, 1) such that 0 < b <GB <V <1,¥n>0;
)

(c) there exits a constant a € (0,b] such that v, < 2=%, Vn_> 0;
(d) limp—oo [Yn41 — Yn| = 0.
Then the sequence {x,} converges strongly to some point in F.
Proof. The proof is split into four steps.
Step 1. Show that {x,} is bounded.
Fixing p € F, we see that
120 = Pl < Yol Wozn — pll + (1 = )|z — pll
< nllzn —pll + 1 =) l2n — pll
= [lzn —pll
It follows that
[2n+1 = pll < anllf(zn) = pll + (1 — an)llyn — pll
< anllf(zn) —pll + (1= an)(BullWnzn — pll + (1 = Bn)lzn — pll)
< anlf(@n) = F@) + anllf(p) = Pl + (1 — a)llzn — pll
< [1 = on(l = a)llzn = pll + anllf(p) = pll-

By simple induction, we obtain that
p—flp
e~ pll < max (2P oy v > 0

This shows that the sequence {z,} is bounded, so are {y,} and {z,}.
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Step 2. Show that
lim ||2n4+1 — 2] = 0. (2.1)
n—oo
Put I, = z"“f(ﬁlifﬁ")m" It follows that
Tnt1 = Onln + (1 — Br)zn, Yn>0. (2.2)
Now, we compute ||l,,+1 — I||- Note that

O‘ﬂ+1f(37n+1) + (1 - Ozn+1)yn+1 — (1 — Bnt1)Tnt1

Lot — by =
A /8n+1
_ Oénf(l‘n) + (1 — a’rL)y’rL — (1 B ﬁn)xn
Bn
= On+1 (f(ilfn_t,-l) _ yn+1) _ An (f(zn) _ yn) + WnJrlZnJrl - WnZn
ﬂn-ﬁ-l ﬂn
It follows that

Mgt = Lall < S8 F @ng1) = Ynga |+ 22 [lyn — ()]

n+1 nil > /Bn+1 n+1 n+1 5n n n (23)

+ 241 = zall + [Why12n — Waza|-
On the other hand, we have
lznt1=2nll < |Znt1—2ul| HIWozn =20 ||yt 1 = Yal + Vs 1 [Wha12n — Wha,||. (2.4)

Since T; and U, ; are nonexpansive, we see from (1.4) have

HWn+1xn - annH = HrlTlUnJrLan - rlTIUn,2xn||
< 71HUn+1,2-73n - n,anH
< 7o |Ups1,3%n — Up 324
<. (2.5)
S rire - T’IL||U7L+1JL+1:I“TL - n,n—&-lan
n
S Ml Hriy
1=1

where M; > 0 is an appropriate constant such that ||Up4+1,n+12n — Unnt12Znl < Mi
for all n > 0. In a similar way, we can obtain that

n
||Wn+12n — annH S M2 H’I‘i, (26)
i=1
where M, > 0 is an appropriate constant such that ||U,41nt12n — Unnyi2zn| < Mo

for all n > 0. Combining (2.4) with (2.5), we arrive at

n
Hzn-&-l - Zn” < ”mn—O—l - In” + Hann - an|’Yﬂ+1 - ’Yn| + Ynr1 M1 Hﬁ- (2-7)
i=1
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Substituting (2.6) and (2.7) into (2.3), we see that

Hln+1 —lp — ||xn+1 - an

Q-1 Qp
< 2 f(@ni) = gl + 5y — flan)]
6’ﬂ+1 ﬁn
+ [Wazn = Znlllvns1 — Tl +’Yn+1M1H7“i +M2H7“i (2.8)
i=1 i=1
Qn 41 Op .
< 1 @nt1) = ynsr |+ =Ny = F@a)ll + Ms([yns1 — vl + 2] [ r0);
ﬁn-i-l ﬂn =1
where M3 is an appropriate positive constant such that
M3 = max{sup{||Wprz, — x|}, M1, Ms}.
n>0
It follows from the conditions (a), (b), (d) and 0 < r,, <y < 1 that
limsup (”anrl — 1, — ”xn+1 - l'nH) <O0.
In view of Lemma 1.4, we see that lim,, o ||l — || = 0, which combines with (2.2)
shows that (2.1) holds.
Step 3. Show that
lim |Wz, —x,|| =0. (2.9)

Note that
|20 — Wazn||
< lzn = Zpsall + [Zn41 = Yull + [lyn — Waznl| + [[Whzn — Wazn||
< Hxn - anrIH + an”f(xn) - yn” + (1 - 5n)Hxn - ann” + Hzn - xn”
< zn = Zpsall + anllf(@n) = ynll + (1 = Ba)llzn — Wazn||
+ (2= Ba)llzn — zall
<Nl@n = Tptall + anll f(@n) — ynll + (1 = Bo)l|zn — Wzl
+ (2 = Bu)¥n|[Wozn — @n].
From the condition (c), we arrive at
allzn = Wazn| < 20 — nga || + ol f(20) — yall,
In view of the conditions (a), (b) and (2.1), we obtain that
nILH;o |z — Whay,|| = 0.
From [Remark 3.1, 32], we see that (2.9) holds.
Step 4. Show that x,, — 2* as n — oc.

First, we show that

limsup(z™ — f(z%), J(z" = p)) <0,

n—oo
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where z* = lim;_.¢ x; with x; being the fixed point of the contraction
x—tf(z)+ (1 —t)Wa.
Then x; solves the fixed point equation x; = tf(x¢) + (1 — t)Wxz;. Thus we have
e — anll = (1 =) (Wazr — 20) + H(f(20) — 20)|l
On the other hand, for any ¢ € (0, 1), we see that
llz: — x| = (1 - (Way — Wap, J(@ — 20)) + Wy — 20, (2 — 1))
+t(f(ze) — 4, J (2 — ) + {21 — 20, J (T4 — T0))
< (1 =) (v = 2all? + [Wan — 2al e — w0
+ t(f(2e) — i, J (2 — 20)) + t]2p — 20|
< llwe = 2l + Wan — zalllloe — 2l + 6(f (@e) = 24, J (20 = 20)).
It follows that

(@0 — F@e), T (@ — 20)) < S| Wan — zulllz — zall, ¥t € (0,1).
t

In view of (2.9), we see that

lim sup(zs — f (), J(x: — x,)) < 0. (2.10)

n—oo

Since the fact that J is strong to weak™® uniformly continuous on bounded subsets of
E, we see that

(™) =™ J(zpn — 27)) — (2 = f(@e), J (21 — 20))|

[(f(2") — 2", J(zn — 2%) = J(@n — 2 ))| + [(f(27) — 2" + 2 — f2e), J (20 — 20))]
[f(@") = 2*[[[[J (xn — &%) = J(zn — 24|
+||f (@) —x* +xp — fz)||||xn — 2] — 0, ast— 0.

<
<

Hence, for any € > 0, there exists § > 0 such that V¢ € (0, ) the following inequality
holds

(f@®) —a, J(zn —2")) < (20— f(20), J (21 — 20)) + €
This implies that

limsup(f(z*) — z*, J(z,, — 2¥)) < limsup(z; — f(x¢), J (21 — 2,)) + €

n—oo n—oo

Since € is arbitrary and (2.10), we see that

limsup(f(z*) — z*, J(z, — 2¥)) < 0. (2.11)

n—oo
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In view of Lemma 1.5, we see that
|Zn1 = [ = [[(1 = @) (yn — 2*) + an(f(@n) — 2)|?
< (1= an)?llyn — 2|” + 200 (f(0) — 2%, J (21 — 2¥))
< (1= an)?llzn — 2™ + 200 (f(zn) = f2*), J(@ns1 — 27))
+ 20, (f (™) — a*, J(xpy1 — 7))
<(@1- O‘n>2||xn - x*||2 + ana(||zn — x*HQ + llznt1 — x*HQ)
+2an(f(27) — 2%, J(zny1 — 27)),
which implies that

* (l—Oén)Q—'—Oé/ «@ * 2a, * * *
41 — ¥ < Ta”\lxn—x ||2+ﬁ<f(l‘ ) — 2" J(@ns1 — 7))
20, (1 — ) .
<[1- Tl — 2P
— apo
20, (1 — ). 1 Ol
* _ * J " _ * 7M ,
A T V) =0 s = aM) + 5 M

where My is an appropriate constant such that My > sup,,>, {[|z, — 2*||*}. Put

~ 20,(1 - )
o1 — Qp
and
by = — (f(@) — 2", T(mnsr — 27)) + —2" M.
Ol I 2(1-a)
It follows that
[2n41 = 2*1? < (1= Ga) @0 — 2| + jntn, ¥ >0. (2.12)

It follows from the conditions (a), (b) and (2.11) that

o0
lim j, =0, Zjn = 00, limsupt, <O0.
n—oo n:O n—oo

In view of Lemma 1.6, we obtain that x,, — x* as n — oco. This completes the proof.
As corollaries of Theorem 2.1, we have the following results.

Taking T; = I, the identity mapping, we see that W,, = I for Vn > 1. Then the
strict convexity of F in Theorem 2.1 is not be needed.

Corollary 2.2. Let C be a nonempty closed and convex subset of a uniformly smooth
Banach space E. Let T : C — C be a nonexpansive mapping such that F(T) # (0 and
f:C — C an a-contraction. Let {an,}, {Bn} and {yn} be real number sequences in
(0,1). Let {z,} be a sequence generated in the following manner: xo € C and

Yn = BT 2n + (1 - ﬁn)xna
Tnt1 = Oénf(afn) + (1 - an)yna Vn > 0.
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Assume that the following restrictions are satisfied.

(a) D02 g =00, lim, e ay = 0;
(b) there exist constants b,b" € (0,1) such that 0 <b< 3, <V <1, Vn > 0;
(c) there exits a constant a € (0,b] such that v, < =%, ¥n > 0;

(d) limy, o0 h/n—i-l - 7n| = 0.
Then the sequence {x,} converges strongly to some point in F(T).

Putting {v,} = 0 for all n > 0 in Theorem 2.1, we have the following,.

Corollary 2.3. (Cho, Kang and Qin [3]). Let C' be a nonempty closed and convex
subset of a uniformly smooth and strictly convex Banach space E. Let T; : C'— C be
a nonexpansive mapping for each i € Z* and f : C — C an a-contraction. Assume
that F = N2, F(T;) # 0. Let {a,} and {B3,} be real number sequences in (0,1). Let
{zn} be a sequence generated in the following manner: xzo € C and

Yn = /Banxn + (]- - 5n)xnv
Tnt1 = o f(zn) + (1 —an)yn, Vn >0,

where W, is generated in (1.4). Assume that the following restrictions are satisfied.

(a) Z;L.o=0 Qp = 00, hmn—>oo Qp = O7
(b) there exist constants b,b’ € (0,1) such that 0 <b< 3, <V <1, V¥n > 0.

Then the sequence {x,} converges strongly to some point in F.

Remark 2.4. Comparing Corollary 2.3 with Theorem 1 of Yao, Chen and Yao [31],
we improve their results from a single mapping to an infinite family of mappings.
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