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Abstract. Let (X,—) be an L-space, G : X x X — X and f : X — X be two operators. Let
fe : X — X be defined by fg(z) := G(z, f(z)). If the operator G satisfies the following conditions:

(A1) G(z,z) ==z, Yz € X

(42) Gley) =2 =y ==,
then we call fg admissible perturbation of f.

We introduce some iterative algorithms in terms of admissible perturbations. We suppose that
these algorithms are convergent.

In this paper we study the impact of this hypothesis on the theory of fixed point equations:
Gronwall lemmas (when (X, —, <) is an ordered L-space), data dependence, stability and shadowing
property (when (X, d) is a metric space). Some open problems are presented.
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INTRODUCTION

The iterative approximation of fixed points is one of the basic tools in the theory
of equations. Various aspects of the theory of iterative algorithms appear in subjects
such as:

e Numerical analysis in abstract spaces ([2], [3], [5], [6], [1], [17], ---).

¢ Difference equations ([22], [21], [31], [4], [23], [34], . ..).

e Dynamical systems ([16], [25], [18], [14], [30], ... ).

e Operator theory ([2], [3], [5], [6], [39], [45], [42], [46], [1], [8], [13], [26], [29],
[39], [43], ...).

The weakly Picard operator theory (see [32], [33] and [39]) offers a solution for the
following problem: which properties have the solutions of a fixed point equation for
which the Picard iteration converges. In [41] we have studied a similar problem in
the case of the Krasnoselskii iteration. In this paper we shall study the same problem
corresponding to some general iterative algorithms.
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The plan of the paper is the following:

The admissible perturbation of an operator

Iterative algorithms in terms of admissible perturbations
Gronwall lemmas

Comparison lemmas

Data dependence

Stability of an iterative algorithm

Open problems

oot W

1. THE ADMISSIBLE PERTURBATION OF AN OPERATOR

Let X be a nonempty set and G : X x X — X be an operator. We suppose that:
(A1) G(z,z) ==z, Vz € X;
(A2) z,y € X, G(z,y) =« imply y = z.

Let f: X — X be an operator. Then we consider the operator fg : X — X defined

by

fa(z) = G(z, f(z)).
We remark that Fy, = Fy := {x € X | f(z) = z}. In general (see, for example,
Remark 3.1 in [41]) Fyn # Fyn, n > 2. We call fg the admissible perturbation of f
corresponding to G.

Example 1.1. Let (V,+,R) be a vectorial space, X C V a convex subset, A €]0,1],
X —>XandG: X xX — X be defined by G(x,y) := (1= N)x+Ay. Then fg is an
admissible perturbation of f. We shall denote fo by fx and call it the Krasnoselskii
perturbation of f.

Example 1.2. Let (V,+,R) be a vectorial space, X CV a convex subset, x : X xX —
10,1[, f: X — X and G(z,y) := (1 — x(z,v))x + x(z,v)y. Then fg is an admissible
perturbation of f.

Example 1.3. Let X be a nonempty set endowed with an F-convex structure of
Gudder (see [11]), where F : [0,1] x X x X — X is an operator satisfying some
conditions. LetY C X be an F-convez set, A €]0,1[ and f: Y — Y. We consider the
operator G :Y xY — Y, defined by G(x,y) := F(\,z,y). Then fg is an admissible
perturbation of f.

Example 1.4. Let (X,d) be a metric space endowed with a W -convex structure of
Takahashi (see [45]). Here W : X x X x [0,1] — X is an operator with the following

property
d(u, W(z,y, ) < Ad(u,z) + (1 = Nd(u,y), Ve,y,u € X, X €[0,1].
We additionally suppose that X €]0,1[, W(z,y, \) = x implies y = x.
Now, let A €]0,1[, Y C X a W-convez set, f: Y — Y and G(z,y) := W(z,y, ).
In the above conditions, the operator fg is an admissible perturbation of the operator

I



ITERATIVE APPROXIMATION OF FIXED POINTS 181

2. ITERATIVE ALGORITHMS IN TERMS OF ADMISSIBLE PERTURBATIONS
Recall first two important abstract concepts, see [32].
Definition 2.1. Let (X,d) be a metric space. An operator f : X — X is Picard
operator (briefly PO) if:
(i) Fy = {z*};
(i) (f"(x))neny — x* asn — oo, for allz € X.
Definition 2.2. Let (X,d) be a metric space. An operator [ : X — X is weakly

Picard operator (briefly WPO) if the sequence (f™(x))nen converges for all x € X
and the limit (which may depend on x) is a fized point of f.

Let (X, —) be an L-space (see [32], [39], [42]), f: X - X and G,G,, : X x X — X,
n € N.

Example 2.1 (GK-algorithm). We consider the iterative algorithm
20 € X, Tpy1 = G(xn, f(z,)), neN.
By definition, this iterative process is convergent iff
Ty, — 2 (20) € Ff asn — oo, forallzg € X.

We remark that x,, = f&(xo). So, this algorithm is convergent if and only if fa is
WPO. If fg is WPO and an admissible perturbation of f, then f& : X — Fy is a
set retraction. We call this algorithm, Krasnoselskii algorithm corresponding to G or
GK -algorithm.

For the particular case given in Example 1.1, see [2], [3] and [5]. For the impact
of this algorithm on the theory of fized point equations see [41].

Example 2.2 (GM-algorithm). We consider the iterative method
290 € X, Tpny1 = fa,(xn), n €N
We suppose that fa, is an admissible perturbation of f for all n € N and that
Ty — 2 (x0) € Fy as n — oo.

In the above conditions, we consider the operator, f& : X — Fy, defined by
f&(x) == a*(x). We observe that f&° : X — Fy is a set retraction. We call this
algorithm Mann algorithm corresponding to G = (Gp)nen or GM -algorithm.

In the particular case when X is a conver subset of a Banach space B and
Gn(z,y) == (1 — Ap)x + Ay with Ay €]0,1] and n € N, we have the classical Mann
iterative method (12], [5], ... ).

Example 2.3 (GH-algorithm). Let u € X. We consider the operator fg, , : X — X
defined by
fan. (z) == Gn(u, f(z)), n €N,

Let us consider the iterative process

29 € X, Tpy1 = Gpl(u, f(zn)), n€N.
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We suppose that fq, is an admissible perturbation for alln € N and that the algorithm
is convergent, i.e.,

Ty — 2 (u,x0) € Fy as n — oo.
Now we define the operator f&3 : X — Fy, f&y(z) = «*(x,x). We remark that
8y + X — Fy is a set retraction. Indeed, by the definition of f&3;, f&u(X) C Ff.
Let us prove that [y (x) =z, for all x € Fy. For u:=x and xo := & we have:

z1 = Go(z, f(z)) = Gi(z,2) ==,
ry = Gi(z, f(21)) = Ga(x, f(x)) = Ga(z,2) = =,

By induction, we have that z,, = z, Vn € N. So, &y (x) =z, Vz € Fy.
We call this algorithm, Halpern algorithm corresponding to G = (Gy)nen or GH-
algorithm. For some particular cases of this algorithm see [2], [3] and [6].

Example 2.4 (G;Gyl-algorithm). Let (X, —) be an L-space, G1p,Gan : X x X — X
n€Nand f: X — X. We suppose that G1,,, Gay, are admissible perturbations of f
for all n € N, and that the algorithm

Ty € Xa Tn+1 = G2n(£n7 f(Gln(xna f(xn))))a neN

18 convergent, i.e.,
Ty — 2 (x0) € Fy as n — oo.

In the above conditions, we consider the operator f&g, + X — Ffr, [, (z) :=
x*(z). We remark that f&¢, : X — Fy is a set retraction. We call this algorithm
Ishikawa algorithm corresponding to G1 = (G1n)nen and Go = (Gap)nen, or, G1GolI-
algorithm.

For some particular cases of this algorithm see [2], 3] and [6] and the references
therein.

Remark 2.1. In the above example and throughout the paper in Gy, and Ga, 1 and
n, 2 and n are indices.

3. GRONWALL LEMMAS

There are many results in the abstract theory of Gronwall lemmas (see [24], [32],
[33], [37], [39], [41], [7], [8], [29], [43] and the references therein). For the basic
problems of this theory see [37]. In this section we shall present Gronwall lemmas
corresponding to an iterative process.

3.1. The case of GK-algorithm. Let (X, —, <) be an ordered L-space, f : X — X
be an operator and fg be an admissible perturbation of f. Then the following results
hold.

Lemma 3.1. We suppose that:
(1) fe is a PO;

(i1) the operators G and f are increasing.
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Then Fy = {z*} and

(a) z€ X, v < f(z) =z <%

(b) zeX, o> f(z) = x> a".
Proof. Since fg is an admissible perturbation of f, we have that Fy, = Fy. From
(¢) it follows that Fy, = {z*}. So, Fy = {«*}. The condition (i) implies that the
operator fg is increasing. From z < f(z) it follows that z < fg(z). Now the proofs
for (a) and (b) follow from Gronwall lemma for POs (see [32], [33] and [37]). O

Lemma 3.2. We suppose that:
(1) fo is a WPO;
(i1) the operator G and f are increasing.
Then:
(@) ze X, v < f(x) = o < f&(x);
(b) ze X, x> f(z) =z > f&(x).
3.2. The case of GM-algorithm. Let (X, —, <) be an ordered L-space, f : X — X

be an operator and fg, , n € N, be admissible perturbations of f. Then, we have the
following result.

Lemma 3.3. We suppose that:

(1) the GM -algorithm is convergent;
(7) the operators f and Gy, n € N are increasing.

Then:

(a) ze X, z< f(z) =2 < fP(x);

(b) ze X, x> f(z) =z > f(x).
Proof. Let us prove, for example, (a). Let x € X be such that z < f(z). From (i)
we have that fg, is increasing for all n € N. This implies that

< fa,ofa,_,0...0fg,(x), YneN.
Since (X, —, <) is an ordered L-space, from (¢) it follows that, z < f2°(z). O
3.3. The case of GH-algorithm. Let (X, —, <) be an ordered L-space, f : X — X

be an operator and fg, , n € N, be admissible perturbations of the operator f. Then,
we have the following result.

Lemma 3.4. We suppose that:

(i) the GH-algorithm is convergent;
(i1) the operators f, Gn, n € N are increasing.

Then:
(a) ze€X, < f(zx) = o < f&y2);
b)) reX, v> f(x) =z > fey(x).

Proof. (a). Let x € X be such that < f(z). From (i) it follows that
r < GQ(I,f(JC) < G1(I,G0(l’,f(l’))) < ... < n(x,;vn(x,x)) = l'n_t,_l(fﬁ,l') -

feu (). U
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3.4. The case of G1Gql-algorithm. In a similar way we have (see Example 2.4)
the following result.

Lemma 3.5. Let (X,—,<) be an ordered L-space. We suppose that:
(1) the G1Gol-algorithm is convergent;
(ii) the operators f, Gipn, Gan, n € N are increasing.
Then:
(a) zeX, v < f(x) =2 < fRg,(2);
(b) zeX, x> f(r)=22> g, (2)

Remark 3.1. The above results are partial answers for Problem 1 and Problem 2 in
37]:
| Lroblem 1. Let (X,<) be an ordered set and f : X — X be an operator. If
Fy = {a*}, in which conditions we have that:
(o) zeX, z< flz)=x<a*?
b)) zeX, z>fla)=ax>a"?
Problem 2. If Fy # 0, in which conditions there exists a set retractionr : X — Fy
such that:
(o) zeX, z< f(z)=ax<r(x)?
b)) zeX, z>fla)=axz>r(x)?
Remark 3.2. In some particular cases there are conditions which imply condition

(i) in the above lemmas (see [2], [3], [6] and the references therein). For example see
Remark 4.8 in [41].

4. COMPARISON LEMMAS

In this section we present some comparison lemmas corresponding to an iterative
algorithm. For the case of Picard iteration see [32], [33], [39], [41] and [24]. We have
the following two lemmas.

Lemma 4.1. Let (X,—,<) be an ordered L-space and f,g,h : X — X be three
operators. We suppose that:

(i) fa, 9c and hg are WPOs;
(ii) G and g are increasing;
(iii) f<g<h.
Then, the following implication holds:
r,y,2 € X, v <y<z= [&(z) <93 (y) < hg (2).

Proof. The condition (i7) implies that g is increasing. The conditions (i) and (i)
imply that fo < g < hg. Now the proof follows from the corresponding lemma for
WPOs (see [32] and [33)]). O

Lemma 4.2. Let (X, —,<) be an ordered L-space, f,g,h : X — X be three operators
and fa,, 9a, and hg, the corresponding admissible perturbations. We suppose that:
(i) the GM -algorithms corresponding to f, g and h are convergent;
(i1) the operators f, Gn, n € N, are increasing;
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(iti) f<g<h.
Then, the following implication holds:
z,y,2€ X, <y <z= fg(x) < g3’ (y) < he(2).
Proof. We have

r<y<z=fg, ofe, 0. ..0fc(r)<gc,°96,,° 039G, (z)
<96, ©9G,_1 © 096, (y) < ga, ©9a,_, ©---°3ga,(2)
<hg,ohg,_,0...0hg(2).

Since (X, —, <) is an ordered L-space, from

fa, o fc, 1o 0fc,(x) < 96,996, 1 °---29G,(Y) < hg, ohg, , 0...0hg,(2)
it follows that f2°(x) < ¢2°(y) < hZ (2). O

We have similar results for GH-algorithm and for G;Gql-algorithm.

Remark 4.1. In some particular cases, we know conditions which imply condition
(i) in the above lemmas (see (2], [3], [6] and the references therein). For example the
following results are given in [19].

Theorem 4.1. LetY be a compact convex subset of a Banach space X and f:Y —Y
be a nonexpansive operator. Let (A\,) be a sequence in [0,b] for some b < 1 such

o0
that Z)\n = oo. Then for any starting point zy € Y, the GM-algorithm, where
n=0

Gn(z,y) == (1 = A\p)x + Ay, converges.

Corresponding to this Ishikawa’s theorem we have
Theorem 4.2. Let f, g and h : Y — Y be as in Theorem 4.1. Let X be an ordered
Banach space. We suppose that:

(i) g is an increasing operator;
(i) f<g<h.
Then, the following implication holds:

z,y,z€Y, x<y<z= [fg7(x) <92’ (y) < hE(2).

5. DATA DEPENDENCE

Now we shall study the data dependence of the fixed points in the case of GK-
algorithm. For the case of Picard iterations see [2], [32], [39], [36], [42], [1], ...

Let (X,d) be a metric space and f,g: X — X be two operators. Let fo and gg
be corresponding admissible perturbations. We have the following results.

Lemma 5.1. We suppose that:
(i) fa is a Y-PO with respect to d;
(7) there exists n > 0 such that

d(f(x),g(x)) <n, Vo € X;



186 IOAN A. RUS

(#it) there exists la > 0 such that
d(G(z,y),G(z, 2)) < lad(y, 2), Vz,y,z € X;
(iv) F, #0.
If we denote by x} the unique fized point of f, we have
d(z},7y) < Y(l2m), Yz, € Fy.
Proof. From (i) we have that
d(z, z}) < P(d(z, fa(x))), Vo € X.
From (i7) and (4i7) it follows
d(fa(x),96(x)) = d(G(z, f(z)), G(z,9(x))) < l2d(f(2), g(x)) < lan.
So,
d(xg,23) < P(d(zy, fa(ry))) = Y(dga(zy), falg))) < (lan).

In a similar way we obtain the following lemma.

Lemma 5.2. We suppose that:
(1) fo and gg are Y-WPOs;
(73) there exists n > 0 such that
d(f(z), g(z)) <n, Vr € X;
(#i1) there exists la > 0 such that
d(G(x,y),G(x, 2)) < lad(y, 2), Vx,y,z € X.

Then,
Ha(Fy, Fg) < ¢(l2m).

Remark 5.1. Let f be as in Lemma 5.1. Then the equation © = fg(x) is generalized
Ulam-Hyers stable (see [38], [40]). For the case of classical Krasnoselskii iteration see
Remark 6.2 in [41].

6. STABILITY OF AN ITERATIVE ALGORITHM

There are very many hypostasis of data dependence some of them called stability
(121, [13], [16], [15], [28], [38], [40], [47], [36], [27], [9], [25], [20], [22], [21], [30], [12],
[44], [31], ...). Taking account of the notions of stability in Difference equations,
Dynamical systems, Differential equations, Operator theory and Numerical analysis,
we try to unify these notions by the following definitions.

Let (X,d) be a metric space, f : X — X be an operator and G,G,,, G1n, G2y, :
X xX — X besuch that fq, fa,, fc,, and fa,, , n € N, are admissible perturbations
of f.

Definition 6.1,. The operator f has stable Picard iterates at xg € X if for every
e > 0, there exists 0(g) > 0 such that

x € X, d(z,z0) < d(e) = d(f"(x), f"(x)) <e, VneN.



ITERATIVE APPROXIMATION OF FIXED POINTS 187

The operator f has stable Picard iterates on'Y C X if it has stable Picard iterates
at allxzg €Y.
The operator f has attractive iterates at xo € X if there exists § > 0 such that

x € X, d(z,zg) <0 =d(f"(z), f*(x0)) — 0 as n — oc.

Definition 6.1y,. The operator f has stable GK-sequence at xq if for every e > 0,
there exists 6(¢) > 0 such that:
x0 € X, i1 = G(xp, f(zn)), n €N
Yo € Xv Yn+1 = G(ynyf(yn)), neN
and
d(xo,y0) < 0(e), imply that d(z,,yn) < e, for alln € N.

The operator f has stable GK -sequences on'Y C X if it has stable GK -sequence
at allzg €Y.
The operator f has attractive GK -sequence at xq if there exists § > 0 such that:

d(zo,y0) < 0 = d(xpn,yn) — 0 as n — oo.

Definition 6.1.. The operator f has stable GM -sequence at xq if for every € > 0,
there exists 6(e) > 0 such that:

xg € X, Tn+1 = fGn(J;n)a necN

Yo € X, Ynt1 = fc,(Yn), n €N

and
d(zo,yo) < 0(g), imply that d(zn,yn) < e, for alln € N.

The operator f has stable GM -sequences on Y C X if it has stable GM -sequence
at allzg €Y.
The operator f has attractive GM -sequence at xq if there exists § > 0 such that:

d(x0,90) < 0 = d(Tpn,yn) — 0 as n — 0.

Definition 6.14. The operator f has stable GH-sequence at xq if for every e > 0,
there exists 6(¢) > 0 such that:
zo € X, Tpy1 = Gu(xo, f(2n)), n €N
Yo S X7 Yn+1 = Gn(y07f(yn)), neN
and
d(xo,y0) < 0(g), imply that d(x,, yn) < €, for alln € N.

The operator f has stable GH -sequences on'Y C X if it has stable GH -sequence
at allzg €Y.
The operator f has attractive GH -sequence at xq if there exists 6 > 0 such that

d(x07y0) < 5 = d(fﬂmyn) — 0 asn — oo.
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Definition 6.1.. The operator f has stable G1GoI-sequence at xg if for every e > 0,
there exists 6(¢) > 0 such that:

Zo S X7 xn-‘,—l = GQ”(ITHf(Gln(xnmf(Iﬂ))))? ne N
Yo € X, Yn+1 = GZn(yna f(Gln(yna f(yn))))v ne€N

and
d(xo,y0) < 0(g), imply that d(x,,yn) < €, for alln € N.

The operator f has stable G1Gol-sequences on' Y C X if it has stable G1Gol-
sequence at all xg € Y.
The operator f has attractive G1Gol-sequence at xq if there exists § > 0 such that

d(x0,90) < 0 = d(Tn,yn) — 0 as n — 0.

Definition 6.1. The operator f has asymptotically stable sequence at xq, generated
by an algorithm, if this sequence is stable and attractive.

Definition 6.2,. The operator f has the limit shadowing property with respect to
Picard algorithm (i.e. Picard iteration) if

Yn € X, n €N, d(Yn+1, f(yn)) — 0 asn — o0

imply that there exists xg € X such that d(yn, f™(x0)) — 0 as n — oo.
Definition 6.2y,. The operator f has the limit shadowing property with respect to
GK -algorithm if

Yn € X, n €N, d(yn+1,G(Yn, f(yn))) — 0 as n — oo
imply that there exists xg € X such that

d(Yn, f&(x0)) — 0 as n — oo.

Definition 6.2.. The operator f has the limit shadowing property with respect to
GM -algorithm if

Yn € X, n €N, d(Yn+1, fa,(Yn)) — 0 as n — o0
imply that there exists o € X such that

d(Yn, fa, © fa, 0.0 fa,(x0)) — 0 as n — oo.

Definition 6.24. The operator f has the limit shadowing property with respect to
GH -algorithm if

Yn € X, n €N, d(Ynt1, Gn(¥o, f(yn))) — 0 as n — oo
imply that there exists xg € X such that
A(Yn, Gn(xo, f(+)) o ... 0 Go(xo, f(x0))) — 0 as n — oc.

Definition 6.2,. The operator f has the limit shadowing property with respect to
G1GoI-algorithm if

yn € X, n €N, d(ynJrl? fGZ'rLGln (yn)) —0asn— o0
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imply that there exists xg € X such that

A(Wn, fGan © fG12Gra © fGono1Gray © -+ © fGa0Gro(T0)) — 0 as n — oo.
Here fG2kG1k (.Z') = G2k(l‘7 f(le(l‘, f($>)))
Definition 6.3. An iterative algorithm (Picard algorithm, GK-algorithm, GM -
algorithm, GH -algorithm, G1GaI-algorithm, ...) is stable with respect to an operator
f if it is convergent with respect to f and the operator f has the limit shadowing
property with respect to this algorithm.

Remark 6.1. For a better understanding of the above definition, please look to the
following definitions, remarks and examples.

Definition 6.4 ([9], [47]). Let (X, d) be a metric space and f : X — X be an operator.
By definition, the sequence (f™(xo))nen of iterates of xg € X is stable if for every
e > 0, there exists 0 > 0 such that d(f"(x), f"(x0)) < € for every n = 1,2,...,
whenever x € X and d(x,xg) < 4.

Definition 6.5 ([15], [28], [27]). Let (X,d) be a complete metric space and T be a
self mapping of X. Let xpy1 = f(T,x,) be some iteration procedure in X. Suppose
that F(T), the fized point set of T, is nonempty and that x, converges to a point
qg € F(T). Let {y,} C X, and define, e, = d(yn+1, [(T,yn)). If nler;osn =0
implies that nlinolo Yn = q, then the iteration procedure, x,11 = f(T,x,), is said to be
T-stable.

Remark 6.2. For the stability of some classical algorithms see [2], [13], [16], [28],
[47], [27], 9], [10], [25], [20], [14], [44], ...

Remark 6.3. For the shadowing property with respect to Picard iteration see [30],
[36], [35], [20], [12],

Remark 6.4. For the stability of an invariant subset of f (fized point, periodic orbit,
orbit, attractor, ...) with respect to Picard iteration see [18], [13], [16], [10], [44], ...

Remark 6.5. If x,11 = f(T,xz,) is stable as in Definition 6.5, and f(T,z) = =z,
Vo € Fr, then Fr = {a*}. Indeed, let q,p € Fr. Let x, — q as n — 00 and y, = p,
Vn € N. Since d(yn+1,yn) = 0, it follows that y, — q as n — oo, i.e., ¢ =p.

Remark 6.6. In the bibliography of the iterative approximation of fixed points, we
find the following synonymous terms: method, process, procedure, algorithm.

Example 6.1. Let X =R, and f: R — R be defined by f(x) =z + 1. In this case:
(a) Fy =0;
(b) f has stable iterates on R;
(¢) f does not have the shadowing property with respect to the Picard algorithm.

Example 6.2. X = [0,1]U[2,3], f(z) = 32 for 2 € [0,1] and f(z) = 3(z —2) + 2
for x € [2,3]. In this case:

(a) Fy = {0,2};

(b) f has stable iterates on X;

(¢) the Picard algorithm is stable with respect to f.
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Example 6.3. Let X =R, f(z) = -2z, z € R and G(z,y) = %IE + %y Then:
(a) Fy = {0};
(b) f does not have stable iterate on R;
(¢) f does not have the limit shadowing property with respect to the Picard algo-
rithm;
(d) f has stable GK -sequence on R;
(e) the GK-algorithm is stable with respect to f.

7. OPEN PROBLEMS

The above considerations give rise to the following questions:

Problem 7.1. To apply the abstract results in §3, §4 and §5 to the differential and
integral equations for which the Picard algorithm is not convergent.

For the case of the Picard algorithm see, for example, [2], [32], [39], [31], [7], [8],
[26], [29], [43].

Problem 7.2. To study the data dependence (see §5) in the case of:
(a) GM -algorithm;
(b) GH -algorithm;
(¢) G1GaI-algorithm.

Problem 7.3. To study the convergence of the following algorithms:
(a) GK-algorithm;
(b) GM -algorithm;
(¢) GH -algorithm;
(d) G1GoI-algorithm.

Problem 7.4. To study the limit shadowing property of an operator with respect to:
(a) GK-algorithm;
(b) GM -algorithm;
(¢) GH -algorithm;
(d) G1GaI-algorithm.

Problem 7.5. Given a convergent fized point algorithm, the problem is to establish
the corresponding Gronwall lemma and comparison lemma.

For example, let us consider Baillon’s ergodic theorem (see [46], page 63) let
(H,+,R, (-, -)) be a Hilbert space, X C H be a nonempty bounded, closed and convex
subset of H and f : X — X be a nonexpansive operator. Let s, : X — X be defined

n—1
by, s¢n(x) = %Z f*(2). Then:
k=0

(a) Fr#0.
(b) Vaxe X, spn(zr)—a*(x) € Ff as n — oo.
(c) the operator s7° : X — Fy, s3°(z) := 2*(x), is a nonexpansive retraction.
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Let (H,+,R, (-,-)) be a Hilbert space, (H, <) be a partial ordered set and X C H be
a nonempty bounded, closed and convex subset. We suppose that (H,+,R, —, <) is
an ordered linear L-space. Then, corresponding to the above convergent algorithm
we have the following results.

Theorem 7.1. Let f : X — X be an operator. We suppose that:
(i) f is nonexpansive;
(ii) f is increasing.

Then:
(a) Fy C F;,,VneNy
(b) (LF)f C (LF)s,, and (UF); C (UF)
(c) z < fz) =z < s7(x);

(d) v > f(x) =2 > 57 (z).

vV n e N¥;

Sfn?

Theorem 7.2. Let f,g,h: X — X be such that:

(i) f, g and h are nonexpansive;
(ii) g is increasing;
(iii) f<g<h.
Then z,y,z € X, x <y < 2= s7(x) < 55°(y) < 53°(2).

Problem 7.6. In section 1 we gave some examples of operators G which satisfy the
conditions (A1) and (Az). The problem is to give other such examples.
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