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Abstract. In this paper we consider the Darboux problem for a third order hyperbolic
inclusion of the form usy. € F(z,y,z,u). Using the notion of uniform convergence on
compact domains as defined by Arrigo Cellina for a sequence of single-valued functions
fr : A — R"™ such that fr — F, where F' is a multifunction, it is considered a sequence of
approximating univalued equations of the form u.y. = fx (z,y, 2z, ) and it is proved that they
have a unique solution based on Schauder’s Fixed Point Theorem. Using a characterization
theorem for the solutions of the Darboux Problem for the specified inclusion, it is proved
that the sequence of solutions to the univalued equations uniformly converges, on compact
sets, to a solution of the Darboux Problem for the considered inclusion.
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1. INTRODUCTION

In this paper we consider the Darboux Problem for a third order hyperbolic
inclusion of the form
O*u(z,y, 2)

F D= QCR"
81’82}62 € ('rvyaz?u)a (xayvz) € [Oya]X[O,b]X[O,C], uel)C

(1.1)

This paper was presented at the International Conference on Nonlinear Operators, Dif-
ferential Equations and Applications held in Cluj-Napoca (Romania) from July 4 to July 8,
2007.
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with the initial values

u(xvyao):@(x7y)7 (x,y)eDlz[O,a]x[O,b},
U(Ovyaz) = (y,z), (y,z) €Dy = [Ovb] X [O,C], (1'2)
u(z,0,2) =x(z,2), (x,2)€ D3=1][0,a]x[0,c|

where @, 1), x are absolutely continuous in Carathéodory’s sense functions [2,
§565 - §570], p € C* (D1;R™), ¥ € C*(Dg;R™), x € C*(D3;R™) and they
satisfy the conditions

u(z,0,0) = ¢ (2,0) = x (z,0) = v (z), =z €][0,d],
U(O,?J’O):SO(O’?J):?/J(%O)202(?4)7 yE[O,b], (13)
1 (0,0,2) = (0,2) = x(0,2) =v3(2), z€]0,d, .
1 (0,0,0) = v! (0) = v2 (0) = v3(0) = 7,

where F : DxQ — 2R" is a multifunction with compact convex and non-empty
values and €2 C R™ is an open subset.

Under suitable assumptions, we proved in [27] an existence theorem for
a local solution of the Darboux Problem (1.1) + (1.2) and that the set of its
solutions is compact in Banach space C (Dg; R™), Dy = [0, 2] %[0, yo] X [0, z0] C
D; moreover, as a function of the initial values this set defines an upper semi-
continuous multifunction.

In [28] we proved a theorem of prolongation for the solutions of the consid-
ered problem and also an existence theorem for a saturated solution.

In [29] we proved a characterization theorem for the solutions of Darboux
Problem (1.1) 4 (1.2) using the Aumann integral defined for multifunctions.

In this paper, using the notion of uniform convergence on compact sets as
defined by Arrigo Cellina for a sequence of single-valued functions f; : A —
R"™ such that fp — F, where F' is a multifunction, we consider a sequence
of approximating univalued equations of the form wu,,, = fi (z,y, 2,u) and
we prove that they have a unique solution based on Schauder’s Fixed Point
Theorem. Using a characterization theorem for the solutions of the Darboux
Problem for the specified inclusion, we prove that the sequence of solutions
to the approximating univalued equations uniformly converges, on compact
sets, to a solution of the Darboux Problem (1.1) + (1.2) for the considered
inclusion. This study has been suggested by [26] and it provides an extension
of the results in that article.
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2. PRELIMINARIES

The definitions and Theorems 2.1-2.7 plus Propositions 2.1-2.4 in this sec-
tion are taken from [1], [2], [5]-[29].

Definition 2.1. Let X and Y be two non-empty sets. A multifunction ® :
X — 2Y is a function from X into the family of all non-empty subsets of Y.
To each z € X, a subset ® (z) of Y is associated by the multifunction ®.
The set |J @ (z) is the range of . ®(X) =49 |J @ (z) |z € X}.
rzeX zeX
Definition 2.2. Let us consider ® : X — 2Y.

a) If A C X, the image of Aby ®is @ (A) = |J @ (z);
z€A
b) If B C Y, the counterimage of B by ® is

" (B)={zeX|P®(x)NnB#0};
¢) The graph of ®, denoted graph ®, is the set
graph® = {(z,y) e X xY |y e ® (2)}.

Definition 2.3. Let us now take ® : X — 2¥. An element z € X with the
property x € ® () is called a fized point of the multifunction ®.

Definition 2.4. A univalued function ¢ : X — Y is said to be a selection of
O: X -2V if p(z) € ®(z) for all z € X.

Definition 2.5. Let X and Y be two topological spaces. The multifunction
®: X — 2Y is upper semi-continuous if, for any closed B C Y, &~ (B) is
closed in X.

Definition 2.6. If (X, F) is a measurable space and Y is a topological space,
the multifunction ® : X — 2 is measurable if ®~ (B) € F for every closed
subset B C Y, F being the o-algebra of the measurable sets of X, i.e. &~ (B)
is measurable.

Theorem 2.1. [21]. Let X and Y be two metric spaces, Y compact and
®: X — 2Y a multifunction with the property that ® () is a closed subset of
Y for any x € X. The following assertions are equivalent:

i) the multifunction ® is upper semi-continuous;

i1) the graph of ® is a closed subset of X xXY;
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i1i) any would be the sequences (Tn),cy and (Yn),en, from T, — x, y, €
® (z,,) and yn, — y it follows that y € ® (x).

Definition 2.7. [2], [10], [11] The function u : A — R", A C R? is abso-
lutely continuous in Carathéodory’s sense [2, §565 - §570] if and only if it is
continuous on A, absolutely continuous in x (for any y), absolutely contin-
uous in y (for any z), u, (x,y) is (possibly after a suitable definition on a
two-dimensional set of zero measure) absolutely continuous in y (for any x)
and ug,y is Lebesque-integrable on A.

Theorem 2.2. [2], [7], [24] The function u : /N — R", A =[0,a] x [0,b] C R?,
is absolutely continuous in Carathéodory’s sense on A\ if and only if there exist
feLY(ARY), g€ LY([0,a];R™), h € L' ([0,b] ; R™) such that

u(m,y):/Oz/oyf(s,t)dsdt+/0$g(s)ds+/0yh(t)dt+u(0,0).

We denote the class of absolutely continuous functions in Carathéodory’s
sense by C* (A;R™), [11], [12]. In [7], this space is denoted by AC (A;R™).

Theorem 2.3. [7] The space C* (A;R™) endowed with the norm

a prb a b
HU(-r)H:/O /O [tay (s, t)|| ds di+ ; [uz (s, 0)|| ds+ ; [[uy (0, 2)| dt+|u(0,0)] ,

where A = [0,a] x [0,b] C R%, and ||-|| is the Euclidean norm, is a Banach

space.

Definition 2.8. [2], [12] The function u : D — R", D C R3, is absolutely
continuous in Carathéodory’s sense [2, §565 - §570] if and only if u (z,y, z)
is continuous on D, absolutely continuous in each variable (for any pair of
the other two variables) and similarly for u, (z,y, 2), uy (2,9, 2), u. (z,9, 2),
Uy (2,9, 2), Uyz (2,9, 2), Uszz (T,Y, 2), and ugy. is Lebesque-integrable on D.

Theorem 2.4. [7] The function u: D — R", D = [0,a] x [0,b] x [0,c] C R3,
is absolutely continuous in Carathéodory’s sense on D if and only if there
exist f € L' (D;R"), g1 € L' (Di;R"), g2 € L' (Dy;R™), g3 € L' (D3;R™),
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hy € LY ([0,a] ;R™), ha € L' ([0,b] ;R™), hg € L ([0, c]; R™), such that

u(z,y, 2z ///frstdrdsdt+//ngsdrd5+
//gg stdsdt—i—//gg (ryt)drdt+

—l—/() hl( )d’l“—l—/o hz( )ds+/0 hg()dt~|—u(0,0,0)

We denote the class of absolutely continuous functions in Carathéodory’s
sense on D by C* (D;R"™) [12].

Theorem 2.5. [7] The space C* (D;R") endowed with the norm

||lw (-, -, H—/ / / |ty r5t|drdsdt—|—/ / |ty (7, 5,0)] dr ds+
+/ / Huyz(O,s,t)Hdsdt—l—/ / ttae (0, )] dr dt+
0o Jo 0o Jo

a b
4 / g (0, 0)]] dr + / iy (0, 5, 0] ds+
0 0
4 / s (0,0, 8)][ dt + u (0,0,0)]],
0

where ||-|| is the Euclidean norm, is a Banach space.

We denote by d (z,y) the Euclidean distance from z to y, z,y € R", R™ is the
Euclidean space. B [x,r] is the closed ball of radius r > 0 centered at = € R™.
IfACR" d(z,A) =inf{d(z,y) |y € A} and B[A,r] ={x | d(z,A) <r}. If
A,B CR" d*(A,B) =sup{d(z,B) |z € A}. Conv A is the convex covering
of A C R"™ and

|A] = sup{[[¢]| [ ¢ € A}

C (R™) is the set of compact and non-empty subsets of R"™.
For S C R™ we have

Definition 2.5’. [6] The multifunction T" : S — C(R"™) is upper semi-
continuous on S if for each y € S and each € > 0 there exists § > 0 such
that

I'(Bly,d]) € B[I'(y),e].
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Similarly with [1], [6], [25], we define the Aumann integral for multifunctions
of three variables.

Definition 2.9. [29] Let D = [0,a] x [0,b] x [0, ¢] C R3. For each (z,vy,2) € D,
let H (x,y,z) be a non-empty subset of R™. Let H be the set of functions
h: D — R™ integrable on D and h (z,y,z) € H (z,y, z) for each (z,y,2) € D.
Then, by the integral of the multifunction H : D — 28" we mean the set

// H (z,y,2)dedydz = ///h(x,y,z)dmdydz|h€7‘l
D D

In what follows we list some properties of the integral defined above, simi-
larly with [6], [25] (in the first three propositions).

Proposition 2.1. [29] If H : D — 2%" is an upper semi-continuous multi-
function and there exists a positive real number C' such that

|H (z,y,2)| = sup{|[C]| | ¢ € H (z,y,2)} <C
for each (x,y,z) € D, then

// H(x,y,z da:dydz-///coan x,y,z)drdydz.

Proposition 2.2. [29] If H, : D — 28" k € N, are upper semi-
continuous multifunctions and there exists a positive real number C such that
|Hy, (z,y,2)| < C for each (x,y,z) € D and k € N, then

///hmHk T,Y, 2 )dwdydzChm///Hk x,y,2)drdydz.

Taking into account Definition 2 in [6], we have (x,y, z) € limHy, (z,y, z) iff
each neighbourhood of (z,y, z) intersects all the sets Hy (x,y, z) with k large
enough.

Proposition 2.3. [29] If A is a compact subset of R™, independent of
(l’,y,Z), then

z2 Y2 z22
/ / / Adrdydz = (x9 —x1) (y2 — y1) (22 — 2z1) conv A,
z1 Y1 21

where (x1,Y1,21) , (T2, Y2, 22) € D.

Moreover, we need the following proposition.
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Proposition 2.4. If K is a conver set in a Banach space X, then the set

K. = U B]|x,¢] is conver.
reK

Definition 2.10. (Def. 6 in [6]). Let T';, : Q@ C E4T! — C (E?) be a sequence
of multifunctions, € is an open set, E? is the Euclidean space. I', — T
uniformly on compact sets if for € > 0 and all compact subset K C 2, there
exists N such that for n > N, d* (G,,, G) < €, where G,, and G are the graphs
of restrictions of I';, and I" to K.

Gn = graphT, |k, G =graphl|x, K C Q.

Theorem 2.6. (Th. 21in [6]) Let I' : Q@ — C (E?) be an upper semi-continuous
multifunction, Q C B9 and T (z,t) is convex for (x,t) € Q. Then there
exists a sequence of single-valued continuous functions fn : Q — E9, such that
fn — I uniformly on compact sets.

We have, from Definition 2.10, d* (F,,G) < & where F,, = graph f,|x,
G = graph'|i, K C 2 being a compact set.
This Theorem can be extended to

Theorem 2.7. Let F : A C R"3 — 28" be an upper semi-continuous
multifunction defined on the open set A and whose values are non-empty,
convex and compact sets in R™. Then there exists a sequence of single-valued
continuous functions fr : A — R", k € N, such that f — F uniformly on

compact sets.

The proof is completely analogous with that of Theorem 2.6 (Theorem 2 in

[6])-

3. RESuLTS

In [27], the notion of a local solution for the Darboux Problem (1.1) + (1.2)
is a defined and it is proved an existence theorem for a local solution of this
problem, together with some properties of the set of its solutions, namely that
this set is a compact subset in Banach space C (D;R™) and, as a function
of initial values, it defines an upper semi-continuous multifunction on Dy =
[0, 2] % [0, yo] % [0,20] C D.

Let the following hypotheses be satisfied:
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(Hy) F: D xQ — 2% is multifunction with compact convex non-empty
values in R", D = [0,a] x [0,b] x [0,¢] C R3, and  C R" is an open
subset;

(Hy) For any (x,y,z) € D, the mapping u — F (z,y,z,u) is upper semi-
continuous on {2;

(H3) For any u € €, the mapping (z,y,z) — F(x,y,z,u) is Lebesque-
measurable on D;

(H4) There exists a function k : D — R,k € £! (D;R") such that

1Kl < k(z,y,2), (V)CeF(z,y,2u), (V)(z,y,2) €D, (Vuec

(Hs) The functions ¢ € C* (Dq;R"™), ¢ € C* (D;R™), x € C* (D3, R"™) are
absolutely continuous in Carathéodory’s sense functions and satisfy
condition (1.3).

Remark 1. The function a : D — R" defined by
a(z,y,z) =¢(@y) + ¢ (y,2) +x(2,2) — ¢ (2,0) - (3.1)
—#(0,y) =9 (0,2) +¢(0,0) =
=@ (2,y) + ¢ (y,2) + x (x,2) = 0! (2) = 0* (y) = 0* (2) +°,

is an absolutely continuous in Carathéodory’s sense function on D, a €
C*(D;R™) [2, §565-8570].

Remark 2. Denote by M C Q the convex compact set in which the function
a: D — R", defined by (3.1), takes its values for all (z,y, z) € Dy.

Remark 3. Let (2o, y0,20) €]0,a]x]0,b]x]0, ] be a point such that
Yo
/ / / (rys,t)drdsdt < d(M,Cq),
where d (M, Cq) is the distance from M to Cq = — Q, an inequality im-

mediately resulting from the integrability of function k.

Definition 3.1. [27] The Darbouz Problem for the hyperbolic inclusion (1.1)
means to determine a solution of this inclusion which satisfies the initial con-
ditions (1.2).

Definition 3.2. [27] A local solution of Darboux Problem (1.1) + (1.2) is
defined as a function U : Dy — Q,U € C* (Dgy;R™), absolutely continuous in
Carathéodory’s sense [2,§565-§570], which satisfies (1.1) for a.e. (x,y,z) € Dy,
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and also initial conditions (1.2) for all (z,y) € [0,z0] x [0,%0], all (y,z) €
[O7y0] X [0720]7 all (JI,Z) € [07:1:0] X [0720]‘

In [27] we proved the following

Theorem 3.1. [27] Let the hypotheses (Hy) — (Hs) be satisfied. Then:
(i) there exists at least a local solution U of Darboux Problem (1.1)+(1.2);

(ii) the set S, of the local solutions U is compact in Banach space
¢ (DO; Rn);
(13i) the multifunction o — Sq is upper semi-continuous on C* (Dgy; R™),
taking values in C (Do; R™).
The solution U 1is a fized point of a suitable multifunction which satisfies
the Kakutani-Ky Fan Fized Point Theorem and it is of the form

U(z,y,2) = a(x,y,2) +/0x /Oy /OZB(T,S,t) drdsdt, (z,y,z)€ Dy, (3.2)
where

B(x,y,2) €' (z,y,2) C F(x,y,2,U (z,y,2)) for a.e. (x,y,2) € Dy, (3.3)
B is a measurable selection of the multifunction T' : Dy — C (R™), [3], [4], [27].

Definition 3.3. [28] A local solution for the Darboux Problem (1.1) + (1.2)
U : Dy — § is prolongable (or non-saturated) if there exists a solution U :
D — R™ for the Darboux Problem (1.1) 4 (1.2) such that

Dogﬁv Do#ﬁ
U(ZE,y,Z) = U(x,y,z), (ZE,y,Z) € DO?

where D C D is a union of Dg with a finite number of adjacent parallelepipeds.
In [28] we proved the following theorems:
Theorem 3.2. [28] Let the hypotheses (H1) — (Hjy) be satisfied together with

the hypotheses:

(Hg) The set Q is bounded, that is there exists a constant C € Ry such that
lul| < C, (V)u € .
(H7) The multifunction F maps bounded sets onto bounded sets, hence a

constant K € R exists such that

sup{[[C]| [ ¢ € F'(2,y,2,u)} < K,
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for any (z,y,z,u) € D x .
Then the local solution U is prolongable.
Theorem 3.3. [28] We assume the hypotheses (Hi) — (H7) to be satisfied.
If U : Dy — Q is a local solution of Darboux Problem (1.1) + (1.2) that is

non-saturated, hence prolongable, then there exists a saturated solution U™ :
D* — Q of the Darbouxz Problem (1.1) + (1.2) such that

Dy € D*, Dy# D*, D*CD,
U* (x7 y? z) = U (x7 y’ z)7 (x7 y? z) e DO’

hence U* is a prolongation of U onto D* that has been built by joining Dy
with a union of parallelepipeds adjacent to Dy.

Theorem 3.4. [28] Let the hypotheses (Hy)—(Hy) be satisfied. If the saturated
solution U* is bounded on D*, then D* = D.

Theorem 3.5. [28] Let the hypotheses (H1) — (Hy) be satisfied together with
the hypothesis:

(Hg) The multifunction F : D x Q — 28" is sublinear, hence two constants
k1 >0 and ko € R exist with the property

sup {[[C]| | € € F (z,y,2,u)} <k [[ull + ke, (3.4)
for a.e.(z,y,2z) € D, wu € Q.

Then the saturated solution U* : D — Q is bounded on D.
The saturated solution U* has the form, by Theorem 3.1 [27],

T Yy [z
U (2,y,2) = a(zr,y,2) +/ / / B (r,s,t)drdsdt, (x,y,z)eD, (3.5)
0o Jo JO

where a(z,y,z) is given by (3.1) and (* is a measurable selection of the
multivalued mapping I'* [3], [4], [27], defined on D with compact non-empty
values in R", i.e. I : D — C (R"), such that

B (z,y,2) € " (z,y,2) C F (z,y,2,U" (x,y,2)) fora.e (x,y,2)€ D.
(3.6)

Definition 3.4. [28] A function U : D — R" is called a solution of the Dar-
boux Problem (1.1) + (1.2) if it is absolutely continuous in Carathéodory’s
sense on D, U € C*(D;R"™), [2, §565 - §570], and satisfies (1.1) for a.e.
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(z,y,2) € D, and also initial conditions (1.2) for all (z,y) € Dy, all (y, z) € Do,
all (z,z) € Ds.

Similarly with [6], [25], we proved in [29] the following theorem of charac-
terization for the solutions to Darboux Problem (1.1) + (1.2).

Theorem 3.6. [29] Let the hypotheses (H}), (Hs), (Ha4), (Hs) of Theorem
3.1 be satisfied, where:

(H)) F: DxQ — 2% s an upper semi-continuous multifunction with
compact convex non-empty values in R™, D = [0,a] x [0,b] x [0,¢] C R?
and Q@ C R™ is an open bounded set.

The hypothesis (H}) includes the hypothesis (Hg). Then, the continuous
function U : D — R™ is a solution of Darboux Problem (1.1) + (1.2) if and
only if for each (x1,y1,21), (x2,y2,22) € D the membership relation

(U (w2, 2, 22) — U (21,92, 22) — U (22,91, 22) + U (21,91, 22)] — (3.7)
— U (z2,y2,21) — U (21, y2,21) — U (2,91, 21) + U (1,91, 21)] €

Y2
/ / / (x,y,2,U (z,y,2)) dedy dz,
Y1 Jz

holds, and U satisfies the conditions (1.2).
The difference in (3.7) is an extension of hyperbolic difference for functions

in two vartables.
The main result of this paper is the following;:

Theorem 3.7. Assume the hypotheses (Hi), (H2) — (Hs) to be satisfied,

where F: D x Q — 28", Let fi, : D x Q — R™ be a sequence of single-valued

continuous functions such that fi — F uniformly on compact sets and let

ug : D — R™, k € N, be the solutions of the Darboux Problems (3.8;) + (1.2),
where

Bu(x,y, 2)

Oz Oy 0z
Then, there exists a solution U : D — R™ of the Darboux Problem (1.1) +
(1.2) and a sequence of positive integers {np}peN such that Uy, (2,y,2) —

= fx (z,y,2,u), (v,9,2) €D, ueQ, keN. (3.8%)

U (z,y,z) uniformly on D.

Proof. Suppose D x Q@ C A C R"3. Taking into account the sub-
linearity of F' and the uniform convergence of {fy},cy to F' on compact
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sets, it follows that fi, &k € N, is sublinear. Given the compact set
K; = D x Q, by Definition 2.10 for every ¢ > 0 there exists a nat-
ural number k() such that d* (graph fi,graph F') < e, (V)k > k(e),
hence supd{[(x,y,z,u, fi (z,y,z,u)),graph F]} < e, (V)k > k(e), for
(z,y,2,u, fr (r,y,z,u)) € graph fi, and moreover

s { it (s ) @ s a0l | <e (69)
et LGk
S Mk >Ek(e).

From (3.9), taking into account [5]

d[(wﬂ y? Z? u? fk (m’ y? Z? u)) (j7 g? 27 ,H/’ C):I =

we get
d[(z,y,z,u),(%,7,7,1)] <e (3.10)
and
d [fk (377?% Z,U) 7d = ka (‘Ta Y, Z,'LL) - <|| <e. (311)
The relation (3.10)yields d (u, @) = |ju — 4|l < &. Thus
lall <flu—al + [[ull <&+ ull. (3.12)
Since by (Hg) F' is sublinear, the inequality (3.4) holds for @. From (3.11),
(3.12) and (3.4) we deduce
1k (@5, 2, u) | < [ fw (2,9, 2,0) = ¢+ (K < e+ R flull + k2 <
<e+dki(e+|ull) + ke =Fki||ul| + kie +ka+e=
= killull + ks, (2,y,2,u) € DxQ, (3.13)
where k3 = kie + ko + ¢, k3 € R.
By (3.13) we conclude that f, k& € N, is sublinear.
Because fi, k € N, is continuous and sublinear, by Schauder’s Fixed Point
Theorem, the Darboux Problem (3.8;)+ (1.2) has at least a solution uy : D —

R", k e N.
Indeed, (3.8%) + (1.2) is equivalent to the integral equation

T oy rz
u(x,y,z):a(az,y,z)+/ / / fre(rys,t,u(r, s, t))drdsdt, ke N.
0 0 0
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Define the operator T, : C (D;R"™) — C (D;R"), k € N, by

Tyu (z,y,2) = a(x,y, 2) ///f;c (rys,t,u(r, s, t))drdsdt,

(z,y,2) € D, k € N. The operator Ty, k € N, is continuous. The set
Blayr]={u|ue C(D;R"), |lu—af <7}, >0,

is convex and closed and it is mapped by the operator T}, k € N, into itself.
Indeed, let u € B [a;7]. Then, taking into account (3.13) one gets

T ry [z
T — o < / / / i (a5, (5, )| dr dis it <
0 0 0

Zo Yo 20
S/ / / ”fk (Tvsatvu(Tysgt))HdeSdtS
0 0 0
T Yy z
5/ / / (k1 fJu(r,s,t)|| + k3] drds dt,
0 0 0

(:I:ay7 Z) € DO = [O,IE()] X [07y0] X [07 ZO] ) (anyOVZO) €D.
We have
[ (r, s, )| < lu(r,s,t) —a(r, s, )|+ la(r,s, )| <r+suplla(r,st)] = Cr,

(r,s,t) € Dy and thereby

xo Yo 20
HTku - a|| < / / / (/{:101 + ]{53) drdsdt = (k:lCl + kg) ToYoR0- (3.14)
o Jo Jo
Choose (9, Y0, 20) € D such that the condition
(k1C1 + k3) moyozo <7 (3.15)

holds.

By (3.14), (3.15) we obtain ||Tpu—c«f < 7, ie. Tpu € Bla;r], or
TiBla;r] C Blogr], k € N. The set TiB [o; r] is relatively compact by the
Arzela-Ascoli Theorem. By Schauder’s Fixed Point Theorem, the operator T},
k € N, has at least a fixed point ug, k£ € N, which is a solution of the Darboux
Problem (3.8;) + (1.2) on Dy. This solution can be extended to the whole D
[28]. Then

ug (z,y,2) = a(x,y, 2 / /yo/ fr (rys,tug (r,s,t)) drdsdt, (3.16)
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(z,y,2) € D, k € N, is equivalent to (3.8;) and (1.2).

aguk (xa Y, z)

8x8y8z :fk (l‘,y,Z,Uk (aj,y,z)),(:n,y,z) GD?”k EQCRn, (38k)

up (z,y,0) = ¢ (z,y), (z,y) € D1 =1[0,a] x[0,0],
u (0,9,2) =¥ (y,2), (y,2) € D2 =10,b] x [0, ], (1.2¢)
ug (x,0,2) = x(z,2), (x,2)€ D3 =10,a] x [0, (]
where uy, k € N, denotes the extended solution on D.
The family {ug (z,y, )}y of solutions is equicontinuous and equibounded
in the Banach space C (D;R").
For h,k,l € R, (x +hy+kz —i—D € D, from the absolute continuity of
the integral, we get

Huk (x4 h,y+k,z+1) —zk(:v,y,z)H <e, for ’B"‘H7‘l—’ <d(e).

Thus, the family {u (2,y,2)},cy is equicontinuous. Taking into account
the sublinearity of f, k¥ € N, by a Gronwall’s type inequality [9], [28] we get
from (3.16)

r T oy [z T ry [z
|luk (z,y,2)|| < B |1+ kl/ / / exp (/ / / k1d¢ dn dC> dr ds dt} =
L 0 JOo JO r Js Jt

=B :1+k1/0x/0y/ozexp(k:1(a:—r)(y—s)(z—t))drdsdt]g

r T ry rz
<B|l1+ k‘l/ / / exp (kizyz) drds dt] <
L 0o Jo Jo
< B[1+ kj exp (kiabe) xyz] <
< B[l + kiabcexp (kiabe)], for a.e. (v,y,2) € D,

where
B =sup|lo(z,y,2)|| + ko] abe, (z,y,2) € D.

Thus, the family {uy (z,y, 2)},cy is equibounded.

By the Arzela-Ascoli Theorem, the sequence {uy (z,y, 2)},cy contains an
uniformly convergent subsequence to a continuous function U € C (D;R"),
ug, (v,y,2) = U (z,y,2), (z,y,2) € D.

We shall prove that the function above obtained is a solution of the Darboux
Problem (1.1) 4+ (1.2). To this end we shall show that the conditions of the
characterization Theorem 3.6 [29] of a solution is fulfilled. The conditions
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(1.2) from (1.2j) are obviously satisfied. We have to prove the relation (3.7)
for the compact [x1,z2] X [y1, y2] X [21, 22] C D. Thus, we prove the inequality

A([U (22,92, 22) = U (21,92, 29) = U (w2,91,22) + U (1,91, 22)] -
—[U(22,92,21) — U (z1,y2,21) — U (22,91, 21) + U (21, 91, 21)] ,

x2 Y2 22
/ / / F(z,y,2,U (z,y,2))dz dydz) <e. (3.17)

1 1 21

Integrating (3.8;) on [z, z2] X [y1,y2] X [21, 22] € D one gets

[ug, (22, Y2, 22) — ug, (21, Y2, 22) — uk (T2, Y1, 22) + g (21, Y1, 22)] —

[Uk (x27y2azl — Ug 361,?;2,21)—1% (96‘27y1,z1)+uk ($1,y1,zl)]

/ /:2/ fi (rys,t up (r,5,t)) dr ds dt. (3.18)

By (3.17) and (3.18) we have

dOU@%WJﬁ—U@hmwﬁ—U@mwﬁﬂ+U@bmwm—
—[U (22,92, 21) = U (21,92, 21) = U (22,91, 21) + U (w1, 91, 21)] ,

/ /:2/ rstUrst))drdsdt)

< d([U (w2,02,22) = U (21,92, 22) = U (2,51, 22) + U (21,91, 22)] -
— U (x2,y2,21) — U (21,92, 21) — U (2,91, 21) + U (z1, 91, 21)], (3.19)
[uk (22, Y2, 22) — ug (21, Y2, 22) — uk (T2, Y1, 22) + ug (21,91, 22)] —

— [ug (w2, y2, 21) — uk (1, Y2, 21) — ug (22,91, 21) + uk (1, y1, 21)] +

Y2
+d / / / fie (rys,t,ug (r,s,t)) drdsdt,
U1
/ / / F (r,s,t,U (r,s,t))drds dt).
xr1 Y1 21
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Denoting for simplicity k = k,, from uy (x,y,2) — U (x,y, ) uniformly on
the compact set D, we deduce

d( [U (1‘2792,22) -U (9317242,22) - U($2,y1,22) +U (3317341,22)] -
— U (w2,92,21) — U (w1,y2,21) — U (x2,91, 21) + U (21,91, 21)] , (3.20)
[ug (22, Y2, 22) — ug, (71, Y2, 22) — uk (T2, Y1, 22) + up (21, Y1, 22)] —

)

N ™

— [ug (w2, y2, 21) — ug (w1, Y2, 21) — uk (2, Y1, 21) + g (21, Y1, 21)] <

(\V/)k‘ eEN (5)

Since d (¢, A) = d(0,¢ — A), where 6 is the null vector in R" and A C R",

we deduce
Y2
d</ / / Jr (rys,t,ug (r,s,t)) drdsdt,
Y1 21

/ / / (r,s,t,U (r,s,t))drds dt) = (3.21)
- d<6’/xl /yl /Z1 [fi (r, 8,6, ug (r, s,t)) — F (r, s,t,U (r, s,t))] dr ds dt.

For (r,s,t) € [z1, 2] X [y1,¥y2] X [21, 22], by the Lemma [6], there exists a
natural number N, = Ny (g, (1, s,t)) such that [5], [29]

fr (rys,tyug (r,s,t)) € B[F (r,s,t,U (r,s,t)) €],
for (V) k > Na (e, (r,s,t)), and therefore
d(fr (rys,tyug (rys,t), F(r,s,t,U(r,s,1))) < ¢,
or
d (0, fx (r,s, t,ug (r,s,t)) — F (r,s,t,U (r,s,t))) < €
Thus, by Definition 2 [6]
0 € im { fi (r,s,t,ug (r,s,t)) — F (r,s,t,U (r,s,t))}.
Then

z2 P] 22
96/ / / lim { fi (r, s, t, ug (r,s,t)) — F (r,s,t,U (r,s,t)) } dr dsdt.
T y z
e (3.22)
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Using the Proposition 3.2, the membership relation (3.22) yields

2 Y2 22
Helim/ / / {fx (r,s,tyug (rys,t)) — F (r,s,t,U (r,s,t)) } drds dt.
a1 Jyr Iz
(3.23)
By (3.23) and Definition 2 [6], each neighbourhoud of ¢ intersects the sets of
the form

T2 Y2 z2
/ / / (i (s, b u (ry,8)) — F (r, 5,8, U (1, 5,1))} dr ds dt,
Tl Y1 Z1

for a large enough k, (V) k > Nz (e, (1, s,1)).
By (3.23) one gets

</ /y/ {fe (r, 8,8, uk (1, 5,1)) = F(r,s,t,U(r,s,t))}drds,dt)<

(3.24)
for k > Ny (), or by (3.21) it results

(//y/fk (r,s,t,ug (r,8,t)) dsdrdt, (3.25)
/:rl /y1 /Z12F(T’,s,t,U(r,s,t))drds dt>

for k > Na (e, (1, s,1)).

Taking into account (3.20) and (3.25) the relation (3.19) yields (3.17) for
(V) k > max {N; (¢), Nz (g, (r,s,t))}.

But F (r,s,t,U (r,s,t)) is closed and then, by (3.17) for € — 0, one obtains
(3.7).

Recalling that (3.7) together (1.2) are sufficient conditions for U be a solu-
tion of the Darboux Problem (1.1) 4 (1.2), the proof is complete.

l\D\(T)
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