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1. INTRODUCTION

In this article we study the existence of the fixed points for operators defined
on cartesian product of structured sets by the following form:

f: X XY —->XxY

f (x,y) = (fl (‘T’y) 7f2 (xay))
The problem studied is:

Problem 1.1. If f: X XY — X XY satisfies the following conditions:

(H1) f1(-,y) : X — X has a fized point for all y € Y;
(H2) fa(x,-):Y =Y has a fized point for all x € X.
In which conditions f: X XY — X XY has a fized point.

Let f: X xY — X XY, f=(f1, fo) satisfies conditions (H1), (H2).
We define the following multivalued mappings:

P:Y —-X, Ply={reX:az=fi(z,y)} (1)
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Q: X =Y, Q)={yeY:y=/falz,y)} (2)

H:Y —Y, H(y)={faz,y): z€Py)} (3)

We have the following general principles for the existence of the fixed point
for operator f = (f1, f2).

Theorem 1.1. (M.A. Serban [29], [30]) Suppose that f : X xY — X x Y,
f = (f1, f2) satisfies conditions (H1), (H2). If the mapping Po @ : X — X
has at least a fized point or the mapping Qo P : Y —o Y has at least a fized
point then the mapping f has at least a fixed point.

Proof. Let z* € Fpog which means that ¥ € PoQ(z*) = | P(y).

Therefore there exists y* € @ (z*) such that z* € P (y*).

et e P(y") = 2" = fi(e",y7)

Y eQ (") =y = foz",y")

so (z*,y*) € Fy.
Similarly we can prove the existence of the fixed point in the case of Fgo.p #
0. O

Theorem 1.2. (I.A. Rus [15]) Suppose that f: X xY — X XY, f = (f1, f2)
satisfies condition (H1). If the mapping H has at least a fixed point then the
mapping f has at least a fized point.

Proof. Let y* € Fy therefore y* € H (y*), so there exists 2* € P (y*) such
that

y" = fa(z",y")
¥ e P(y") = 2" = fi(z",y")
which implies that (z*,y*) € Fy. O

Remark 1.1. If instead of conditions (H1) and (H2) we use the following
conditions

(HY) fi(-,y) : X — X has a unique fived point for ally € Y;
(H2)) fa(z,-):Y =Y has a unique fized point for all x € X;
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the mappings P, QQ, H become singlevalued

P:Y =X, P(y)=2"(y), Fp(y ={z" )} (4)
Q:X =Y, Q)=y"(2), Fye)={y" @)} (5)
H:Y =Y, H(y)= f(P(y),y) (6)

and we can formulate the following results:

(i) If in Theorem 1.1 we suppose that the mapping Po Q : X — X has a
unique fized point or the mapping Qo P :Y — Y has a unique fized
point then the mapping f has a unique fized point.

(ii) If in Theorem 1.2 we suppose that the mapping H has a unique fixed
point then the mapping f has a unique fixed point.

2. OPERATORS ON CARTESIAN PRODUCT OF ORDERED SETS

In this section we consider the case of ordered sets and we give some appli-
cations of the Theorem 1.1 and Theorem 1.2.

Theorem 2.1. (M.A. Serban [29]) Let (X,<1), (Y,<2) be two complete lat-
tices and f: X xY — X xY |, f=(f1, f2), such that:

(i) the mapping fi(-,y) is monotone increasing for any y € Y ;
(ii) the mapping fa(x,-) is monotone increasing for any x € X;
(iii) for every x1,x9 € X such that x1 <1 zo and y1 = fo(z1,91), Y2 =
fo(z2,y2) we have y1 <5 ya;
(iv) for every yi1,y2 € Y such that y1 <9 yo and v1 = fi(x1,y1), v2 =
fi(z2,y2) we have 1 <1 xa.

In these conditions f has at least a fixed point.

Proof. The conditions (i) and (ii) show us that fi(-,y) and fa(z,-) satistfy
the Knaster-Tarski Fixed Point Theorem for any y € Y, respectively for any
rzeX.

The conditions (iii) and (iv) can be write in the terms of mappings P and
Q as follow:

(iii) for every x1,x2 € X such that x1 <1 9 and y1 € Q(x1), y2 € Q(x2) we
have y; <3 yo;

(iv) for every y1,y2 € Y such that y; <o y2 and x; € P(y1), x2 € P(y2) we
have 1 <7 x9.
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Let y1 <2 y2, 21 € P(y1), 22 € P(y2) then x1 <y x3. For 21 <y w2, y; €
Q(z1), ¥h € Q(x2) then y] <2 yh. So, any selection g : Y — Y of multivalued
mapping ) o P is monotone increasing and thus ¢ is in the conditions of
Knaster-Tarski Fixed Point Theorem, therefore Fop # (). Applying Theorem
1.1 we obtain the conclusion. O

Theorem 2.2. (M.A. Serban [29]) Let (X, <1), (Y, <2) be two right induc-
tively ordered sets and f: X xY — X xY | f = (f1, f2), such that:

(i) for fixred y € Y we have x <1 fi(z,y), Vx € X
(ii) for fixzed x € X we have y <9 fo(z,y), Vy € Y;
iii) for every x € X and y € Fy,(,.y there exist ' € Fy (., such that
fa(z,) f1(-y)
r <y s
or the condition holds:
iii") for every y € Y and x € Fy (., there exist y' € Fy ..y such that
f1(w) fa(z,)
y <2 ¢;

In these conditions f has at least a fixed point.

Proof. From Bourbaki-Birkhoff Fixed Point Theorem, conditions (i) and (ii)
imply the conditions (H1) and (H2) of Theorem 1.1. Condition (iii) can be
formulate as:

(iii) for every x € X and y € Q(x) there exist 2’ € P(y) such that x <; 2/,

this means that there is a selection h of multivalued mapping P o ) such
that:

h:X =X, v—2a
Using condition (iii) we deduce that h satisfies: = <; h(x), V& € X, which
means that h satisfies the Bourbaki-Birkhoff Fixed Point Theorem, therefore
Fpoq # 0.

If we are using condition (iii)’ instead of (iii) we deduce the existence of
selection ¢ : Y — Y of multivalued mapping @ o P such that y <o ¢(y),
Vy € Y, thus Fgop # 0. O

From the Theorem 1.2 point of view we get the following results:

Theorem 2.3. (I.A. Rus [15]). Let (X,<1), (Y,<2) be two complete lattices
and f: X XY —- X xY | f=(f1, f2), such that:

(i) the mapping fi(-,y) : X — X is monotone increasing for any y € Y;
(ii) the mapping fo(x, ) : Y — Y is monotone increasing for any x € X;
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(iii) the mapping fa(-,y) : X — Y is monotone increasing for any x € X;
(iv) for every yi,y2 € Y such that y1 <2 y2 and z1 = fi(z1,41), 22 =
fi(z2,y2) we have 1 <1 2.

In these conditions f has at least a fixed point.

Proof. We show that multivalued mapping H, defined by (3), has a fixed
point. For y; <9 y2 and x1 € P(y1), x2 € P(y2) we have z1 <; xg, therefore:

fa(z1,y1) <2 fa(wa,y1) <2 fa(wa, o).

Thus, any selection s : Y — Y of multivalued mapping H is monotone increas-
ing, so s is in the conditions of Knaster-Tarski Fixed Point Theorem, which
implies that Fyy # 0. O

Theorem 2.4. (M.A. Serban [29]) Let (X, <1), (Y, <2) be two right induc-
tively ordered sets and f : X xY — X xY, f = (f1, f2), such that:

(i) for fixred y € Y we have x <1 fi(z,y), Vo € X;
(ii) for every y € Y and x € Fy (., there exvist y' € Fy, .y such that

y<av.

In these conditions f has at least a fixed point.

Proof. Condition (ii) ensure the existence of selection s : Y — Y of multival-
ued mapping H, defined by (3), such that

y<as(y), vyeV
which implies that Fg # 0. O

3. OPERATORS ON CARTESIAN PRODUCT OF METRIC SPACES

In this section we present some applications of the Theorem 1.1 and Theo-
rem 1.2 in the case of cartesian product of metric spaces.

3.1. Equivalent conditions. Let (X,d) and (Y,p) two complete metric
spaces. We have:

Theorem 3.1.1. (M.A. Serban [29], [30]) f: X xY — X XY | f=(f1, f2),
such that:

(i) fi(,y) : X — X is aj-contraction Yy € Y

(i) fao(z,-):Y =Y is ag-contraction Va € X
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(iii) fi(x, ) : Y — X is Ly-lipschitz Vx € X;

(iv) fa(-,y) : X =Y is Ly-lipschitz Vy € Y,
LiLs

(v) A=)l —a) < 1.

Then f has a unique fized point.

Proof. Since (X,d) and (Y, p) are two complete metric spaces and from (i)
and (ii) we have that f1(-,y) : X — X satisfies condition (H1’) and fa(x,-) :
Y — Y satisfies condition (H2') therefore P and @ are singlevalued operators.
Using (i) and (iii) we get that operator P is lipschitz:

d(P(y1), P (y2)) = d(fr (P (y1),41), fr (P (y2),92)) <
<d(fi (P(y1),y1), fr (P (y2),y1)) +d(f1 (P (y2),y1), f1 (P (y2),92)) <
<a1-d(P(y1),P(y2)) +L1-p(y1,92)
thus

AP(), Pln)) < 1
ai

Analogue, using (ii) and (iii), we obtain that operator @ is lipschitz:

p(ylayQ)a vyl,yQ ey.

d(l’l,l’g) Vaﬁl,l’g e X.
ag

PR, Qe2) < 1

The conclusion is obtained from Theorem 1.1 and Remark 1.1 since the oper-
ator Po (@ : X — X is contraction. 0

Theorem 3.1.2. (I.LA. Rus [16]) f: X XY — X xY , f = (f1, f2) satisfies
conditions (i) - (i) from Theorem 3.1.1 and
LiLs
(1 —a1)
Then f has a unique fized point.

<1

(V') a2 +

Proof. We consider the operator H : ¥ — Y defined by (6) which is a
contraction because of condition (v’):

p(H(y1), H(y2)) = p(f2 (P(y1),31) 5 f2 (P (y2) ,y2)) <
< p(fe (P(y1),v1), f2 (P (y1),92)) + p(f2 (P(y1),92) , f2 (P (y2) ,y2)) <

< as- plys, o) + Lo - d(P(y1), Pys)) < (az " LlLi) oy, 32)

1—-a
Applying the Theorem 1.2 and Remark 1.1 we get the conclusion. 0
L1Ly L1Ly
Remark 3.1.1. <l<=as+ < 1.
(1—a)(1 - a2) 2T =)
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Theorem 3.1.3. (ILA. Rus [16]) If f : X XY — X xY | f = (f1, f2) satisfies:
(i) There exist a1 € [0;1] and L1 > 0 such that:

d(filz1, 1), fi(z2,y2)) < ard(z1,z2) + Lip(y1, y2) (7)
for all (x1,y1), (z2,2) € X XY}
(ii) There exist ag € [0;1] and Lo > 0 such that:
p(fa(x1,y1), fo(x2,y2)) < Lod(z1,22) + azp(y1, y2) (8)

for all (z1,y1), (x2,y2) € X X Y
(iii) Condition (v) from Theorem 8.1.1 or condition (v’) from Theorem
3.1.2 hold.

Then f has a unique fized point.
Proof. The proof of this theorem is similar with the proof of Theorem 3.1.1

because conditins (i)-(ii) are equivalent with conditions (i)-(iv) from Theorem
3.1.1. U

Theorem 3.1.4. (Perov Theorem) If f: X XY — X xY | f = (f1, f2) such
that:
(i) there exist ay, a9, L1, Lo € Ry such that (7) and (8) hold;

(ii) the matriz
a- [ @m I
L2 a9

has the property that A™ — 0.
Then f has a unique fized point.

The Perov Theorem is obtained using the vectorial metric 6 : (X x V) —
R2:

5(($1,y1) ) ($2,y2)) — ( d(xlva) )

P (yh y2)

and conditions (i) can be written in the following form:

0 (f (xhyl) 7f (.%2, yQ)) <A-9 ((1.173/1) ) (%2,:{/2)) :

Remark 3.1.2. The conditions of the Perov Theorem are equivalent with the
conditions of Theorem 3.1.1 and Theorem 3.1.2 because:
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A" — 0 < the matrix A has eigenvalues with
A <1< il < L
(1 - al)(l — ag)
Theorem 3.1.5. (St. Czerwik [9], J. Matkowski [12]) If f: X xY — X x Y,
f = (f1, f2) such that:
(i) there exist a1, a9, L1, Lo € Ry such that (7) and (8) hold;
air1 + Lire <17

(ii) there exist r1,r9 € R such that .
Lori +agrs <1y

Then f has a unique fized point.
Proof. We denote by

airy + Lire Lory + asry
Loy = max ,
T )

and Z = X x Y. Now we consider the metric ooy : Z X Z — Ry
oom ((T1,91) 5 (22,92)) = rid (x1,22) + r2p (y1, y2)
It is easy to check that f: Z — Z, f = (f1, f2) is Loy — contraction with

respect to oo O

Remark 3.1.3. Condition (ii) from Theorem 38.1.5 <= the matriz A has
eigenvalues with |A| < 1.

3.2. Remarks on contraction condition for operators on X x Y. Let
(X,d) and (Y,p) two metric spaces. For the set X x Y we can define the
following metrics:
oc: (X xXY)x (X xY)—Ry
oc ((z1,91), (¥2,y2)) = max {d (z1,22) ,p (y1,%2)} ,
o (X xY)x (X xY)—=Ry
om ((z1,51) , (22,92)) = d (21, 22) + p (41, 92) ,
op: (X XxY)x (X xY)—-Ry
or ((z1,91) . (w2.32)) = /(@ (21, 22))° + (p (1, 42))*,
and generalized metric used in Perov Theorem:

§:(XXY)x (X xY)—R2:

d((x1,11), (x2,2)) = ( i((zi’;f)) ) .
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Lemma 3.2.1. Let ay, a9, L1, L2 € Ry and the matrix

A= @ B
LQ a
The following statements are equivalent:
(i) A is convergent to zero matrix;
(ii) I — A is non-singular and
(I-A)'=T4+A+A%+..
(iii) the matriz A has eigenvalues with || < 1;
(iv) I — A is non-singular and (I — A)™" has nonnegative elements;

LiLs ]
V) G=ani—ap <V

Proof. The equivalence of (i), (ii), (iii), (iv) is well-known (see R. Precup
[13], [14], .A. Rus [24]).

(791) <= (v) The eigenvalues of matrix A are solutions of the equation

)\2 — (a1 +a2) A4 ajas — L1Ly =0,

SO
a1 +as + \/(al —a2)2+4'L1L2
)\172 = 5 .
We have
a1+a2+\/(a1—a2)2+4-L1L2
0<|Ai2] < 5
and

a1+a2+\/(a1—a2)2+4-L1L2
2

<l<= 1Ly < (1 — al)(l — ag).
Il

Theorem 3.2.1. Let (X,d) and (Y, p) two complete metric spaces and f :
X xY = X xY, f=(f1,f2) such that there exist ay, a2, L1, Ly € Ry such
that (7) and (8) hold. Then:

(i) f is lipschitz with respect to oc with the lipschitz constant Lo, =
max {a1 + L1,a2 + Lo}. If Ly, < 1 then the matriz A is convergent
to zero matriz;
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(ii) f is lipschitz with respect to op with the lipschitz constant Lo, =
max {a1 + La,a2 + L1}. If Ly, < 1 then the matriz A is convergent
to zero matriz;

(iii) f @s lipschitz with respect to op with the lipschitz constant Ly, =
\/a% +a3+ L2+ L3. If Ly, < 1 then the matriz A is convergent to

zero matrix;

Proof. (i) We have

oc (f(z1,41), f (22,92)) <
< max {a1d(z1, x2) + L1p(y1,y2), L2d(21, 22) + azp(y1,y2)} <
< max {a1 + L1,a2 + Lo} - oc ((x1, 1) , (22, 2))

If Ly, <1 then

o+t <l<=—=Li<1l—a
and

s+ Lo <1< Ly <1—ay
therefore

LiLy < (1—a1)(1—a2)

so from Lemma 3.2.1 we have that A is convergent to zero matrix.
(7i) In this case we have

om (f (z1,91), f (22,92)) <
< (a1 + La) - d(w1, 2) + (L1 + a2) - p(y1,52) <
< max{a1 + Ly, a2 + L1} - on (21, 91) s (22, y2))

If Ly,, <1 then

a1+ Iy <le=Ly<1—a
and

ar+Lli<l<=Li<l—as
therefore

LiLy < (1—ay)(1—a2)

so, again, from Lemma 3.2.1 we have that A is convergent to zero matrix.

(797) From (7), (8) and Cauchy inequality we get:

op (f (z1,11), f (22,92)) <

< \/(ald(l‘l,ﬂ?Q) + Lip(yr, 42))? + (Lad (21, 22) + azp(y1,y2))° <
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< /(a3 + L3) (dle1, 220 + plyr,92)?) + (L3 + a3) (1, 22)? + plyr, 42)?) <

< (@ + 12+ L3+ a3) -ox ((z1,91). (22,32))
If Ly,, <1 then ay, a2, L1, Ly € [0;1] and
L1L2§2‘L1L2§L%+L§< 1—a%—a%§
<l—-a;—a2<1l—a;—az+aiaz=(1-ay)(l—a2)

thus from Lemma 3.2.1 we have that A is convergent to zero matrix. g

Theorem 3.2.1 shows that if f : X xY — X xY ,f = (f1, f2) satisfies
conditions (7) and (8) for a1, a2, L1, Ly € R, and it is contraction with respect
to o¢ or o or o the f satisfies conditions from Perov Theorem, which means
that Perov Theorem is weaker than Banach Theorem used in complete metric

space (X x Y,o¢) or (X x Y,op) or (X x Y,op). If f satisfies Perov Theorem
then there exist 71,72 € R% such that

airiy + L17“2 <nm
Lori +asre <19

and we can always construct a complete metric on X X Y,

oom ((x1,91) 5 (z2,y2)) = rid (z1,22) + r2p (Y1, y2)

such that f becomes Lcjs-contraction (Lopys = max{“”lle”, L”l;ga?” }),
due to Czerwik-Matkowski Theorem, Theorem 3.1.5.

3.3. Generalization. In this subsection we extend the Theorem 3.1.1 to the
case of c-Picard operator. For the convenience of the reader we recall the
following definitions:

Definition 3.3.1. Let (X, d) be a metric space. A: X — X is called a Picard
operator (briefly PO) if:
(i) Fa={z"};

(ii) A™(x) — 2* asn — oo, forallz € X.

Definition 3.3.2. Let (X, d) be a metric space. A is c-Picard operator (briefly
c-PO) if A is PO and there exists ¢ > 0 such that

d(z,z*) <c-d(z,A(z)), VrelX.
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Example 3.3.1. (S. Reich-I.A. Rus-L. Ciri¢, (1971)) Let (X, d) be a complete
metric space and f : X — X. There exist o; € Ry, i = 1,3 with oy + 2ag +
2ai3 < 1 such that

d(f(z), f(y) < and(z,y) + az - [d(z, f(z)) +d(y, f(y))] +
+ag - [d(z, f(y)) +d(y, f(2))],

altastas

then f is c-PO operator with ¢ = %a where a = e

I
For other examples of PO and ¢-PO see I.A. Rus [23], [26], M.A. Serban
[30].

Theorem 3.3.1. Let (X,d) be a complete metric space, (Y,p) be a metric
space and f: X XY — X XY, f=(f1, f2), such that:

(i) fi(y): X = X isc1-POVYy € Y;
(ii) fa(z,:): Y =Y is co-PO Vx € X
(ii) fi(z,-):Y — X is Ly-lipschitz Vz € X;

(iv) fa(-,y) : X =Y is Lo-lipschitz Vy € Y;
(V) c1LicoLly < 1.

Then f has a unique fized point.
Proof. From (i) and (ii) we have:
d($,P(y)) <ad (xmfl (':Uay)) ) VeeX

p(y,Q () <cop(y, f2(2,y), VyeY

therefore if we take x = P (y1) we get

d(P(y1),P(y2)) <cad(P (), i (P(y1),y2) =
= cad(fi(P),n),f1(P(n),y2) <clip(yi,y2), Yyi,y2 €Y

In the same way we have:

p(Q(x1), Q(x2)) < caLlod (w1, x2) Vo1, z0 € X.

From the Example 3.3.1 point of view we get the following corollary:

Corollary 3.3.1. Let (X,d) and (Y, p) two complete metric spaces and f :
X XY — X xY, f=/(f1,f2), such that:
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(i) there exist a; € Ry, i = 1,3 with ay + 22 + 2a3 < 1 such that:
d(f1(x1,9), fi(22,9)) < ard(@1, x2) +ag- [d(21, fi(21,y)) + d(z2, fi(22,9))] +

+a3 : [d(l’l, fl(x27y)) + d(x27 fl(ﬂfl,?/l))] 3
Ve, ze € X,y €Y
(ii) there exist B; € Ry, i = 1,3 with B1 + 202 + 2033 < 1 such that:

p(fa(z, 1), f2(,y2)) < Brp(yr, ye) + B2 - [p(y1, fa(z,y1)) + p(y2, fo(w, y2))] +

+05 - [p(y1, f2(2,92)) + p(y2, fa(z,91))]
Ve e X,y1,y2 €Y.
(iii) fi(x, )Y — X is Ly-lipschitz Vo € X
(iv) fa(,y): X =Y is Lo-lipschitz Yy € Y,

Ly | _Lo _ ai1toastas _ B1+B2+4083
(v) o Tooy < 1 where a1 = r—— and as = T -

Then f has a unique fized point.

Proof. In this case we have the operators fi(-,y) : X — X and fo(z,): Y —
Y satisfies the condition from Example 3.3.1 which means that fi(-,y): X —
X is ¢1-PO for every y € Y with:

1
- 1—aq

C1

where a; = % and fa(z,:): Y — Y is co-PO for every x € X with:
1

:1—CL2

C2

where ay = % Now we apply the Theorem 3.3.1 and we get the

conclusion. O
3.4. Fibre generalized contractions.

Definition 3.1. A : X — X is said to be a weakly Picard operator (briefly
WPO) if the sequence (A™(x))nen converges for allx € X and the limit (which
may depend on x) is a fixed point of A.

IfA: X — X is a WPO, then we may define the operator A : X — X by
A®(x) := lim A"(x).
n—oo

Obviously A*(X) = F4. Moreover, if A is a PO and we denote by z* its
unique fixed point, then A*(x) = z*, for each z € X.
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The following open problem was posed, (see Problem 10.5, in [23]), by I. A.
Rus:

Fibre Picard operator problem. Let <X, i>) and (Y, i) be two L-
spaces. Let B : X — X be a WPO and C : X xY — Y be such that
C(z,"):Y =Y is a WPO for every x € X. Consider the triangular operator
A defined as follows:

A: X XY - X xY, A(z,y) := (B(x),C(x,y))
In which conditions A is a WPO ¢

By (X,—) we will denote an L-space. Actually, an L-space is any set
endowed with a structure implying a notion of convergence for sequences.
For example, Hausdorff topological spaces, metric spaces, generalized metric
spaces in Perov’ sense: d(z,y) € R, in Luxemburg-Jung’ sense: d(x,y) €
R4 U {400}, d(z,y) € K, K a cone in an ordered Banach space, d(z,y) € E,
E an ordered linear space with a notion of linear convergence, etc. ), 2-
metric spaces, D-R-spaces, probabilistic metric spaces, syntopogenous spaces,
are examples of L-spaces. For more details see Fréchet [10], Blumenthal [6]
and I. A. Rus [23].

For results on fibre WPO’s see S. Andrész [2], C. Bacotiu [4], I.A. Rus [19],
[20], [21], M.A. Serban [28], [30].

In this section we present a result in the case of (X,—) an L-space and
(Y,p) a generalized metric space in the Luxemburg-Jung’ sense, p(z,y) €
R4 U {+o00}. This result generalize a result from M.A. Serban [27] to the
case of p—contractions. First we recall the definition of w—contraction in the
generalized metric space:

Definition 3.4.1. A function ¢ : Ry — R4 is a strong comparison function
if it satisfies the conditions:
(i) ¢ is increasing;

(i) D @™ (t) < +oo, Vt e Ry .
n=0

For more informations about comparison functions see I.A. Rus [22] (p.
41-42), V. Berinde [5], M.A. Serban [30] (p. 33-36) and J. Jachymski and I.
Joézwik [11].
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Definition 3.4.2. Let (Y, p) be a generalized metric space, (p(x,y) € Ry U
{+0}), A:Y =Y an operator and ¢ : Ry — Ry be a strong comparison
function. A is a p—contraction if

p(A(y), A(y2)) < ¢ (y1,92)

for all y1,y2 € Y with p(y1,y2) < +oo.

Theorem 3.4.1. Let (X, —) be an L-space, (Y, p) a complete generalized met-
ric space, B: X — X and C: X XY — Y. We suppose that:
(i) B is weakly Picard operator;
(ii)) C (z,:) : Y — Y is a po—contraction for any v € X, where ¢ is a
subadditive strong comparison function;

(iii) C is continuous

(iv) Vvy €Y, p(y,C (z,y)) < o0, Vz € X.

Then A= (B,C): X xY — X x Y is WPO.
Proof. (Y, p) is a generalized metric space, thus we have a partition Y = (J V;

i€l
from the equivalence relation and

XxY=|JXxV.
el
Let zg € X, yo € Y;, i € I. We consider the following sequences
zn = B" (w0),

Yn =C (Tn-1,Yn-1), n € N.
We have that

(Tn, yn) = A" (0, 90) , n € N.
Since C' (B> (xy) , -) is ¢—contraction and p (yo, C (B* (x¢) ,yo)) < +00 (con-
dition (iv)) there exists an unique y* € Y; N F(poo(a),) and therefore
(B> (x0),y*) € Fa. Now we prove that (z,,y,) — (B> (z9),y*) which will
imply that A is WPO. From condition (i) we have that z, — B> (x¢) € Fp.
It remains to prove that y, — y*.

First we show that y,, € Y;. Using condition (iv) we get

p(y07y1) =p (y07 C (x()ay())) < 400
which implies that y; € Y;.

p W1, y2) = p(y1,C (w1,y1)) < +o0,
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S0 Y2 € Y; and by induction we obtain that y, € Y;, n € N.
We have

P (yn+17 y*) <p (O (xn,yn) ,C (‘rmy*)) +p (C (xn’ y*) ,C (BOO (.730) 7y*)) <

<@ (p(Yn,y") +p(C(zn,y"),C (B (20),y")) <
<@* (p(Yn-1,9")) + ¢ (p (C (xn-1,y*) , C (B> (z0) ,y"))) +
+p(C (20, y") . C (B> (20) ,y7)) <
<..<

<" (0 (Yo, y*)) + ¢ (p(C (w0,y™) , C (B (w0) ,y"))) + oot
o (p(C(zn-1,y"),C(B* (z0) ,y"))) + p (C (zn,y") , C (B* (x0) ,y")) -
We take
an = p(C(xn,y"),C (B> (x0),y"))
Using conditions (ii) and (iii) we have that a,, — 0. Applying the convergence

Lemma 3.1 from M.A. Serban [28] we obtain that Z ©"*(a) — 0, as n —
k=
+00, which implies that p (y,+1,9*) — 0, as n — +oo and the theorem is

proved. O

4. OPERATORS ON CARTESIAN PRODUCT OF TOPOLOGICAL SPACES

Definition 4.1. A topological space (X,T) has the fized point property
(shortly fpp) if any continuous map A : X — X has a fized point.

It is well known that the Kuratowski problem (1930) stated as follows:
Kuratowski Problem. If spaces X and Y have the fixed point property,
does their cartesian product X x Y have the fixed point property?

has a negative answer even for Peano continuum (compact, connected and
locally connected metric spaces). The study of behavior of fixed point property
under cartesian product was suggested by the Brouwer Fixed Point Theorem
which states that I™ has the fpp, where [ is the unit interval from R, but in
1967 E. Fadell and W. Lopez presented an example of Peano continuum X
with the fpp such that X x I doesn’t have the fpp. For details see R.F. Brown
[7], [8]-

In this section we consider the case of (X,d) a metric space and (Y, 7) a
Hausdorff topological space with the fpp. A general principle for the existence
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of the fixed point of operator f = (f1, f2) in this case can be formulated as
follows:

Theorem 4.1. (I.A. Rus [17]) Let (X, 1), (Y, 72) be two Hausdorff topological
spaces and f: X XY — X xY, f=(f1, f2). Suppose that:
(i) f1(y): X — X satisfies condition (H1);
(ii) the operator P :Y — X defined by (4) is continuous;
(iii) fo: X XY —Y is continuous;
(iv) the topological space (Y, T2) has the fixed point property.
Then the operator f has a fized point.

Proof. We consider the operator H : Y — Y defined by (6). From (ii) and
(iii) we have that H is continuous and using the fixed point property of the
topological space (Y, 72) we get that Fy # (. Applying the Theorem 1.2 we
obtain that Fy # (. O

In order to give some applications of the Theorem 4.1 we present an auxiliary

result which gives sufficient conditions for the continuity of the operator P :
Y — X defined by (4).

Lemma 4.1. Let (X,d) be a metric space, (Y, T) a Hausdorff topological space
and f: X xY — X such that
(i) f(-y): X — X is ¢-PO for everyy €Y ;
(ii) f(x,-): Y — X is continuous for every x € X.
Then the operator P :Y — X defined by (4) is continuous.

Proof. From condition (i) we have that
d(z,z" (y) =d(z,P(y)) <c-d(z, f(z,y)), VreX, yeY. (9)

Let y € Y and (yn),cn C Y such that y, — y. Applying (9) for x = P (y)
and z* (y,) = P (yn) we obtain:

d(P(y), P (yn) <c-d(P(y), f(Py),yn)-

Making v, — vy and using condition (ii) we have that f(P(y),yn) —
f(P(y),y) = P(y) therefore d(P (y),P (yn,)) — 0 which shows the conti-
nuity of P. (|

Theorem 4.2. Let (X,d) be a metric space and (Y, 12) be a Hausdorff topo-
logical spaces and f: X xY — X xY, f = (f1, f2). Suppose that:
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(i) fi(,y): X — X is c-PO for everyy €Y ;
(ii) fo: X xY — Y is continuous;

(iii) the topological space (Y, T2) has the fized point property.
Then the operator f has a fized point.

Proof. From (i) we have that fi (-,y) : X — X satisfies condition (H1’).
From (i), (ii) and Lemma 4.1 we get that P : ¥ — X, defined by (4), is
continuous and thus all the conditions of Theorem 4.1 are satisfied, therefore
we have the conclusion. OJ
To get consequences of this result we just combine results which imply that
fi(,y) : X — X is ¢-PO for every y € Y with results which imply that (Y, m2)
has the fixed point property. For example we have the following corollary:

Corollary 4.1. Let (X,d) be a complete metric space, Y a Hausdorff locally
convex space and f: X XY — X XY, f = (f1, f2). Suppose that:

(i) Z CY is a compact convex nonempty set and f (X x Z) C X x Z;
(ii) there exist o; € Ry, i = 1,3 with ay 4+ 2as + 2a3 < 1 such that:

d(f1(z1,), fi(22,y)) < a1 d(x1,22) +ag-[d(z1, f1(21,v)) + d(z2, fi(z2,9))] +

+as - [d(xlvfl(x%y)) + d(x27f1($17y1))] )

Vri, o0 € X,y € Z;
(iii) fi1(z,-) : Z — X is continuous for every x € X;
(iv) fo: X X Z — Z is continuous.

Then the operator f has a fized point.

Proof. From (ii) we have that fi(-,y) : X — X is ¢-PO for every y € Y with:

1
l1—a

CcC =

where a = % (see Example 3.3.1). From conditions (iii) and (iv) we
have that H : Z — Z, defined by (6), is continuous and Z has the fixed point
property due the Theorem of Tihonov, therefore we get the conclusion. O

If in condition (ii) of Corollary 4.1 we take as = a3 = 0 we obtain a result
given by C. Avramescu in [3]. Similar results with Corollary 4.1 can be found

also in I.A. Rus [17], M. A. Serban [29], [30].



[1]
2]

[7]
8]
[9]
(10]
(1]
(12]

(13]
(14]

(15]
(16]
(17]

(18]
(19]

20]

21]

FIXED POINT THEOREMS ON CARTESIAN PRODUCT 349

REFERENCES

S. Andrész, Fcuatii integrale Fredholm-Volterra, Ed. Didactica si Pedagogica, Bucuresti,
2005.

S. Andrész, Fibre ¢o—contraction on generalized metric spaces and applications, Math-
ematica, 45(68)(2003), 3-8.

C. Avramescu, Asupra unei teoreme de punct fiz, St. Cerc. Mat., 22(1970), 215-221.
C. Bacotiu, Fibre Picard operators on generalized metric spaces, Sem. on Fixed Point
Theory Cluj-Napoca, 1(2000), 5-8.

V. Berinde, Contractii generalizate si aplicatii, CUB Press 22, Baia Mare, 1997.

L.M. Blumenthal, Theory and applications of distance geometry, Oxford University
Press, 1953.

R.F. Brown, On some old problems of fized point theory, Rocky Mountain J. Math.,
4(1974), 3-14.

R.F. Brown, The fized point property and cartesian products, The Amer. Math. Monthly,
89(1982), 654-678.

St. Czerwik, Fized point theorems and special solution of functional equations, Univer-
sytet Slaski, 1980.

M. Fréchet, Les espaces abstraits, Gauthier-Villars, Paris, 1928.

J. Jachymski, I. Jézwik, Nonlinear contractive conditions: A comparison and re-
lated problems, Fixed Point Theory and Its Applications, Banach Center Publications,
77(2007), 123-146.

J. Matkowski, Some inequalities and a generalization of Banach’s principle, Bull. Acad.
Polon. Sci. Ser. Sci. Math. Astronom. Phys., 21(1973), 323-324.

R. Precup, Methods in Nonlinear Integral Equations, Kluwer, Dordrecht, 2002

R. Precup, The role of convergent to zero matrices in the study of semilinear operator
suytems, to appear.

1. A. Rus, Asupra punctelor fize ale aplicatiilor definite pe produs cartezian, I: Structuri
algebrice, Studii si cercetiri matematice, 24(1972), 891-896.

1. A. Rus, Asupra punctelor fize ale aplicatiilor definite pe produs cartezian, II: Spatii
metrice, Studii si Cercetari Matematice, 24(1972), 897-904.

1. A. Rus, Asupra punctelor fixe ale aplicatiilor definite pe produs cartezian, Studia Univ.
Babeg-Bolyai, Mathematica, 24(1979), 2, 55-56.

1. A. Rus, Fized Point Structure Theory, Cluj University Press, 2006.

I.A. Rus, A fibre generalized contraction theorem and applications, Mathematica,
41(1999), 85-90.

I.A. Rus, Fibre Picard operators and applications, Studia Univ. Babeg-Bolyai Math.,
44(1999), 89-98.

I.A. Rus, Fibre Picard operators on generalized metric spaces and applications, Scripta
Sc. Math., 1(1999), 326-334.



350
22]
23]

(24]
(25]

(26]
27]
(28]
29]

(30]

MARCEL-ADRIAN SERBAN

I.A. Rus, Generalized Contractions and Applications, Cluj University Press, Cluj-
Napoca, 2001.

I. A. Rus, Picard operators and applications, Scienticae Mathematicae Japonicae,
58(2003), 191-219.

1. A. Rus, Principii si aplicatii ale teoriei punctului fiz, Ed. Dacia, Cluj-Napoca, 1979.
1. A. Rus, Technique of fixed point structures, Babeg-Bolyai University, Seminar on Fixed
Point Theory, Preprint No. 3, 1987, 3-16.

I.A. Rus, Weakly Picard operators and applications, Seminar on Fixed Point Theory
Cluj-Napoca, 2(2001), 41-58.

M. A. Serban, Fibre contraction theorem in generalized metric spaces, Automation Com-
puters Applied Mathematics, 16(2007), 9-14.

M.A. Serban, Fibre ¢—contractions, Studia Univ. Babeg-Bolyai, Math., 44(1999), 99-
108.

M. A. Serban, Technique of fixred point structure for the mapping on product spaces,
Babes-Bolyai Univ., Seminar on Fixed Point Theory, Preprint No. 3, 1998, 1-18.

M.A. Serban, The fized point theory for the operators on cartesian product, Cluj Uni-
versity Press, Cluj-Napoca, 2002 (in Romanian).

Received: November 20, 2007; Accepted: February 10, 2008.



