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Abstract. This paper has three goals:

e to present two abstract models: forward step model and backward step model;
e to prove that the global operator which appear in these models are weakly Picard;
e to give applications to functional differential equations with retarded argument and

to functional differential equations with advanced argument.
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1. INTRODUCTION
We formulate our problem by the following example:
2'(t) = f(t,z(t),z(r —h)), te€la,b], h>0, (1.1)
x(t) = p(t), tela—h,al, (1.2)
z € C([a— h,b],B) N C*([a,b],B),
and the conditions
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(C1) (B, ] -||,<) is an ordered Banach space and f € C([a,b] x B x B,B),
RS C([a_h)aL]B);

(C2) 3Ly >0: [ f(tur,v1) — ftuz,v2)|| < Ly([lur — uzll + [[vr — v2]),
Vteab],Vu,veB i=1,2;

(C3) ALy >0: |[f(t,ur,v) — f(t,ug,v)|| < Ly|lur —uaf, ¥V t € [a,b],
Y uq,ug,v € B.

Let m € N* be such that:
a+(m—1)h<b and a+mh>b.

We denote t_1 :=a —h, ty:=a, t; :=a+1th,i=1,m—1, t, :=b.
In what follow we consider on C([t_1,t], B) the Bielecki norm,

= t —T|t—t0‘
Jolls o=, max (a(o)le=),

and on C([t;—1,t], B) the norm

. -— —T(t—t‘,l)
il =, max (la(®)le ).

The equation (1.1) is equivalent with the fixed point equation
r=FEf(x), xeC(t-1,tm],B),
and the problem (1.1)4(1.2) is equivalent with
x = By(x), xeC([t-1,tm],B),

where
(1), t € [t_1,to]
Er@® =0 40 + ttf<s,x<s>,x<s—h>>d5> t € [to, tm]
and 0
(D), t € [t_1,to]
By(z)(t) :=

t
o(to) + [ f(s,z(s),x(s— h))ds, t € [to,tm].
to
The following results are well known (see [1]-[7], [9]-[11], [15], [16]-[21], [27],
[28]):
Theorem 1.1. In the conditions (C1) + (C2) we have:
(i) the problem (1.1)+(1.2) has in C([t_1,tm],B) a unique solution x* and

z* € O([t—1,tm),B) N C"([to, tm], B);
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(ii) the successive approrimations
p(t), t € [t to]

o o(to) + t F(s,2™(s),2"(s — h))ds, t € [to,tm]

n+1(t) —

converges to x*, for all 2% € C([t_1,tm], B);
(iii) the operator Ey is weakly Picard operator and By is Picard operator
(see [26]).
In what follow we suppose that we are in the conditions (C4) and (Cs).
The step method for the problem (1.1)+(1.2) consists in:

(e0) zo(t) = (1), t € [t-1,10]
(e1) x1(t) = p(to) + ) f(s,21(s), (s — h))ds, t € [to, t1]
(e2) wa(t) = (1) + ttf(s,xg(s),:n’{(s — h))ds, t € [t1,t2]

(em)  @m(t) = a1 (tm-1) + f(s,2m(s), 21 (s = h))ds, T € [tm—1,tm]

tm—1

where 27 € C([t_1,t;],B) is the unique solution of the equation (e;), i = 1, m.
We have

Theorem 1.2. In the conditions (C1) and (C3) we have that:
(i) the problem (1.1)+(1.2) has in C([t—1,tm],B) a unique solution =* where

p(t), teltatol,
l‘*(t) — "L’T(t), te [tO)tl],

xp (t), t€ [tmot,tm];

(1) the functions x} are the limit of the successive approximations

t
2T (t) = 2y (tion) + (s, i (s), wi1(s — h))ds, t€ [ti1,ti]
ti—1
in (C([ti*hti]?B)a ” ’ ||B); t=1,m.
In this paper we shall study the following problem:

Problem 1.1. Can we put z}* ; instead of zj_;, i = 2, m, in the conclusion
(ii) of the above theorem?
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For to study this problem we need some notions and results from weakly
Picard operator theory.

2. FIBRE WEAKLY PICARD OPERATORS

Let (X, d) be a metric space and A : X — X an operator.
Definition 2.1. (see [26]). The operator A is weakly Picard operator (WPO)
if the sequence

(A"(@))nen

converges, for all z € X, and the limit (which may depend on x) is a fixed
point of A.
Definition 2.2. (see [26]). If the operator A is WPO and F4 = {z*}, then
by definition A is Picard operator (PO).
Definition 2.3. (see [26]). If A is WPO, then we consider the operator A>
defined by
A X - X, A®(z):= lim A"(x).
n=oo

It is clear that A*°(x) € F4 and A®(X) = Fja.

In this paper we need the following results (see [12], [23]-[26]):
Theorem 2.1. Let (X,d) and (Y, p) be two metric spaces and A = (B,C) :
X XY =Y xY a triangular operator, i.e., B: X - X, C: X xY =Y.

We suppose that:

(i) (Y, p) is a complete metric space;

(ii)) B: X — X is WPO;

(i1i) there exists a € (0,1) such that C(z,-) : Y — Y is a-contraction, for
allz e X;

(v) if (x*,y*) € Fa, then C(-,y*) is continuous in x*.

Then the operator A is WPO.

If B is PO, then A is PO.

By induction, from the above results we have (see [26]):
Theorem 2.2. Let (X;,d;), i = 0,m, m > 1 be some metric spaces. Let
A Xgx - x X; — X;,i=0,m be some operator. We suppose that:

(i) (X;,d;), i = 1,m, are complete metric spaces;

(ii) the operator Ay is WPO;

(iii) there exist a; € (0,1) such that

Ai(a;o,...,a:i_l,) :Xi—>XZ‘, i:1,m,
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are a;-contractions;
(iv) the operator A;, i = 1,m are continuous.
Then the operator A : Xg X +++ X X — Xg X -+ X X,

A(zo, ... xm) = (Ao(xo), A1(xo,21)s - ., A (0, - - - s Tm)),

is WPO.
If Ag is PO, then A is PO.

3. FORWARD STEP METHOD

Let t; e R, i € {—1,0,1,...,m} be such that t_; <ty <t; < -+ < ty,. Let
(B, || - |l, <) be an ordered Banach space. We consider on X; := C([t;—1,t;],B)
a complete metric d;, i = 0,m. Let Ag : Xg — Xo, 4; : X;-1 x X; — X,

i = 1, m be some operators and the operator
A Xogx Xy x o x Xy, —Xox Xy x - x X
be defined by
A(zo,z1, ..., 2m) == (Ao(zo), A1(z0, 1), - s A (Tim—1, Tm))-
We consider the following subset of Xg x - -+ X Xy,
U:={(xo, 21, ,Tm) € Xo X X1 X+ X Xp | ®i(t;) = xi31(t;), i =0,m — 1}

and the operator
R:C([t-1,tm],B) = U
defined by
R(z) = (37|[t,1,t0]733‘[t0,t1]7 e afv‘[tm,l,tm})~
It is clear that R is an increasing bijection.
Remark 3.1. In general U is not an invariant subset of A.
First our abstract result is the following
Theorem 3.1. We suppose that:
(i) A() 18 WPO,‘
(i1) Ai(zi—1,-) : Xi — Xj is aj-contraction, for all xj—q € X;—1, i =1,m;
(153) Ai(xi—1,2:)(ti—1) = xi—1(ti—1), i =1, m.
Then:
(a) A is WPO;
(b) if Ay is PO, then A is PO;
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(c) if (x5, 27,...,2},) € Fa, then (z3,x7,...,2},) € U and
R Nah o, .., xkh) € C([t—1,tm],B).

Proof. (a)+(b). This part of the theorem is a particular case of the Theorem
2.2. A direct proof follows from the fibre contraction theorem (Theorem 2.1;
see also M.W. Hirsch and C.C. Pugh [12] and I.A. Rus [24] and [25]).

(c) From A(xg, ..., x}) = (x§, x7, ..., x},) it follows that

Aj(xi_q,x7)(tiz1) = x5 (tiz1)-

So, by (iii) we have =} (t;—1) = x}_{(ti—1), i = I, m.
Remark 3.2. Let A be as in the Theorem 3.1. If A is increasing, then the
operator
RYM™®R: C([t_1,tm],B) — C([t_1,tm],B)

is increasing. Indeed, from (c) we have that U is an invariant set of A, i.e.,
R7'A®R is defined. On the other hand R~!, A%, R are increasing operators.
Theorem 3.2. (Gronwall lemma). Let A be as in Theorem 3.1. We suppose
that A is an increasing operator. Let x € C([t_1,tm],B) be such that R(x) <
AR(x). Then, v < RT'A®R(x).

Proof. A increasing WPO imply that

R(z) < AR(z) < A’R(z) < --- < A®R(x).

From R(z) < A®R(z), it follows that, * < R"1A®R(z).
Theorem 3.3. (Comparison lemma). Let A,B,C : Xo X -+ X X, — Xp X
--- X Xy, be as in Theorem 3.1. We suppose that:

(1) B is increasing operator;

(2) A< B<C.
Then:

z,y,z € C([t-1,tm],B), 2 <y <z =
R™'A®R(z) < R™'B*R(y) < R'C*R(2).

Proof. =z < y < z implies that R(z) < R(y) < R(z). Since A, B,C are
WPOs and B is increasing, it follows from Lemma 7.4 in [26], that A R(z) <
B*®R(y) < C*R(z). But R~! is an increasing operator. So, R"!A®R(z) <
R™!B®R(y) < R"'C®R(2).

In the next section we present an application of the above results.
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4. APPLICATIONS TO THE PROBLEM (1.1)4(1.2)

From Theorem 3.1 we have
Theorem 4.1. In the conditions (C1) and (C3), the problem (1.1)+(1.2) has

in C([t—1,tm],B) a unique solution, =*,

o(t), telto,tol,
xf(t), t e [to,tl],

z* (1)
xr (), t€ [tm-1,tml,
and the functions x, 1 = 1,m, are the limit of the successive approximations
n+1(t) = 1’ ti_ 1 / f IL (S — h))ds, te [t’i—la ti],
ti—1

in (C([ti-1, t:], B), | - l5), i = T,m.
Proof. We consider the following operators

Bof:C([t_l,to],B)%C([t_l,to],ﬁ), o k— @
and
Bif : C([ti—Q’ti— ] ) X C([ i—1, ]7 ) - C([ i—1, ]’B)

defined by

t

Bif(l'ifl,l‘i)(t) = 1131'71(252;1) + . f(S,l’i(S),l’ifl(S — h))dS,

te [ti—lati]; 1=1,m.
Condition (C) and (C3) imply that we are in the conditions of the Theorem
3.1, where A; = B;y and
A = Ef = (Bgf(l‘o), Blf(:L‘(), {L‘l), cey Bmf(l'mfl, {L‘m))

Since By is PO, hence that Ef is PO and R_I(E)Oo(xg, ..., @V) is the unique
solution of the problem (1.1)+(1.2), for all 2¥ € X;, i =0, m.
Remark 4.1. If we take Eof := 1o(s_, 40),5) and

Eif : C([tia, tioa], B) x C([ti-1, ti), B) — C([ti-1, ], B)

defined by

Eif(xi_l, .%'Z)(t) = xi_l(ti_l) =+ / f(S, xi(s), xi_l(s — h))ds, t e [tz’—la ti],

ti—1
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then, in the conditions of the Theorem 4.1, the operator

Ep(x0,21,...,%m) = (Eos(x0), B1f(0,21), - - -, Bmf (@m—1, Tm))
is WPO and R_I(Ef)oo(azg, ..., oY) is a solution of the equation (1.1) and for
each solution z € (C[t_1,tm],B) there exists 29 € C([t;—1,t],B), i = 0,m,
such that

=R YE)®(),49,...,2%).

rrm

Theorem 4.2. We suppose that f is as in the Theorem 4.1 and f(t,-,-) :
B x B — B is increasing for all t € [a,b]. Then:

z€C([t_1,tn),B), R(z) < EfR(zx) = z <R (E;)®R(x).

Proof. The proof follows from Remark 4.1 and Theorem 3.2.
Remark 4.2. From Theorem 4.2 we have that if z* € C([a — h,b],B) is the
solution of the problem (1.1)+(1.2) and = € C([a — h, b, B) is a solution of the
differential inequality
2'(t) < f(t,z(t),z(t — h)), tE€ la,b],
.T(t) S@(t), te [a_haa]

then, z < x*.
Theorem 4.3. Let f,g,h be as in the Theorem 4.1. We suppose that:

(1) g(t,-,-) : B x B — B is increasing;

(2) f<g<h.

Let x be a solution of the equation (1.1), y a solution of the equation

Y () =gt y(t),y(t —h)), tE€lab],
and z a solution of the equation
2'(t) = h(t,z(t),z(t — h)), tE€ a,b]
Then:
Ta—ha) < Yla—ha < ?lla—ha = <Yy < 2
Proof. Let

~nJ ox(t), tela—h,a
#(t) = { z(a), tE€ [a,b].

In a similar way we define g, z. It is clear that, z <y < Z and

=R YE)®RE), y=R Y E)®R®@) and z=R YE,)®R(Z).
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From Theorem 3.3 it follows that x < y < z.
Example 4.1. Let us consider the following problem (see [15], p. 27):

2/ (t) = p(t)z(t) + q(t)z(t — 2)e =2 ¢ 0,5] (4.1)
z(t) = ¢(t), te]-2,0]. (4.2)

If p,q € C[0,5] and ¢ € C[—2,0], then by the Theorem 4.1 the problem
(4.1)4(4.2) has a unique solution

o), te[-2,0]
e ) i), tel0,2]
v = x’;‘(t), te 2,4
Zi(t), € [4,5]

and z7, x5, x5 are the limits of the following sequences, respectively

21 (t) = ¢(0) +/0 [p(s)a (s) + a(s) (s — 2)e #¢"D)ds, t € [0,2],
zy (1) = 21(2) +/2 [p(s)a5 (s) + q(s)2 (s — 2)e 10 2]ds, ¢ € [2,4],

t
2T (t) = a5 (4) +/4 [p(s)25(s) + q(s)a5 (s — 2)e "2 D]ds, ¢ € [4,5].
Remark 4.3. In the case of the equation
a(t) = p(t)z(t) + q(t,x(t = h)), € [a,b]

if p € Cla,b], ¢ € C(]a,b] x R) then we are in the conditions of the Theorem
4.1.

5. BACKWARD STEP METHOD
Lett; e Ry tg <ty < -+ <ty < tmy1 and
Xi = C([ti_l,ti],B), z:l,m—f-l

Let A; @ X; X Xijy1 — X;, i = 1,m and Apt1 @ Xppp1 — Xime1 be some

operators and
A: Xy X X X1 — X1 X - X X
be defined by

A(l‘l, N ,.%'m+1) = (A1 (1‘1, 1‘2), AQ(l‘Q, 1'3), e ,Am(a;m, :L'm_H), Am—i—l(xm—i-l))-



302 IOAN A. RUS

We consider the following subset of X7 x -+- x X411,

U:={(z1,...,2m41) € X1 X -+ X Xppq1 | 2i(t;) = zip1(ti), i =1, m}
and the operator R : C([to, tm+1],B) — U defined by

R('T) = (x‘[to,t1]7 ey w’[tm,tm+1])'

We remark that the operator R is an increasing bijection.

The second our abstract result is the following
Theorem 5.1. We suppose that:

(i) A1 is WPO;

(ii) Ai(-, zi41) : Xi — Xi is ag-contraction, i = 1, m;

(’iii) Ai(a;i,xiﬂ)(ti) = LIJZ'_H(ti), 1= m
Then:

(a) A is WPO;

(b) if Amy1 is PO, then A is PO;

(c)if (x7,...,25,,1) € Fa, then (27,...,2}, 1) € U and

RY(x, ..., 25.1) € C([to, tmt1], B).

Proof. The proof is similar with that of Theorem 3.1.
Remark 5.1. Let A be as in Theorem 5.1. If A is increasing operator, then
the operator R™'A®R : C([to, tm+1],B) — C([to, tm+1],B) is increasing.

In a similar way as in section 3 we have:
Theorem 5.2. Let A as in Theorem 5.1. We suppose that A is increasing
operator. Then:

z € C([to, tms1],B), R(z) < AR(z) = 2 < RT'A®R(z).

Theorem 5.3. Let A,B,C : X1 X -+ X X1 — X1 X -+ X Xjpg1 be as in
Theorem 5.1. We suppose that
(1) B is increasing operator;
(2) A< B<C.
Then:
z,y,z € C([t1,tm+1),B), z<y<z =

R™'A®R(z) < RT'B®R(y) < R'C™R(2).

In what follow we shall give some applications of the above results.
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6. APPLICATIONS TO DIFFERENTIAL EQUATIONS WITH ADVANCED

ARGUMENT

303

We consider the following Cauchy problem for a functional differential equa-

tion with advanced argument (see [8], [14], [15], [22],...)
2 (t) = f(t,z(t),z(t + h)), te€la,b], h>0;

z(t) = ¢(t), te€[bb+ hl;

in the following conditions:
(C1) f € C([a,;b] x B x B,B), ¢ € C([b,b+ h], B);
(CZ/S) 3 Lf >0: Hf(tvulvv) - f(ta ’LLQ,U)H < LfHUl - uQH’

Vtea,b], Vu,u,veB.
Let m € N* be such that
b—(m—1h>a and b—mh<a.
We denote
to:=a, ti:==b—(m—1h,...;t;, =0, tmy1:=b+h,

and Xz = C([ti_l,ti],B), 1= l,m + 1.
The equation (6.1) is equivalent with the fixed point equation

:C:Ef(l'), T € C([to,tm+1],B)
and the problem (6.1)+(6.2) is equivalent with

T = Bf(x)v T E C([to,tm+1),B),

where
w(8), t € [tms tmii]
Ep(2)(t) := 2(tm) +/tt f(s,2(s), (s + h))ds, t € [ts,tm]
and
(1), t € [tms tma1]
By(x)(t) := o) +/tt f(s,2(s),2(s + h))ds, t € [to, tm]

(6.1)

(6.2)
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The step method for the problem (6.1)+(6.2) consists in the following:

xm+1(t) = (,0(75), te [tmatm+1]a
Tm(t) = @(tm) + [ f(s,2m(s), p(s + h))ds, t € [tms1,tm],

tm
t

Tm—1(t) = 2 (tm—1) +/ f(s,zm-1(s), 25, (s + h)), T € [tm—2,tm-1],
tm—1

t

x1(t) = x5(t1) + t f(s,z1(s),25(s + h)), t € [to, 1]

where z7 _, is the unique solution of the integral equation in the i-step.
The following result is well known ([6], [8], [14], [15],...).

Theorem 6.1. In the conditions (C1) + (C%) we have that:
(i) the problem (6.1)+(6.2) has in C([to, tm+1],B) a unique solution z* (z* €

C([to, tm+1],B) N CY([to, tm],B)), where

e(t),  tE€ [tmtms]

wi(t) = { T € ltm b

zi(t), te [to,t1]

(i) the functions x} are the limits of the successive approximations
‘r%tll(t) = So(t) tE tm tm-i-l]

n+1 / f s, x (S+h))d$, t e [tm—latm]a

w?n—’—ll(t) = .Z' m 1 / f ) x;kn(s + h))d87 te [tm—27tm—1]7
tm—1

t
2Nt = a5(h) + [ f(s,27(s), 25(s + h))ds, t € [to, t1]
t1

In this section we shall study the following problem:
Problem 6.1. Can we put z},, instead z;, |, i = 1,m, in the conclusion (ii)
of the Theorem 6.17

We have
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Theorem 6.1. In the conditions (C}) and (C%) the problem (6.1)+(6.2) has
in C([to, tm+1],B) a unique solution x*,

w(t% te [tmatm—‘rl]
a2kt € [tmet,tm]

$>(1(, te [to,tl]

and the functions x are the limits of the successive approximations

T

Xz

:Ln{rkll(t) = Qp(t)a t e [tmatm+1],
t

(1) = p(t) + / F(5,20(5), 95+ ))ds, ¢ € [tm1,t]

thll (t) = xrnn(tm—l) + f(svxnmfl(s)vxfn(s + h))d57 le [tm—Q’tm—l]v

tm—1

t
;H—l(t) = l'g(tl) + f(sa x’f(s),xg(s + h‘))ds7 te [t07t1]'
t1

Proof. The proof follows from the Theorem 5.1. See the proof of the Theorem

4.1
Re
By

1]
2]
3]

[4]

[5]

[6]

mark 6.1. f(¢,-,-) : BxB — B increasing do not imply that the operators
and Ey are increasing.
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