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Abstract. The purpose of this paper is to establish a strong convergence of two explicit

iteration processes with mean errors to a common fixed point for a finite family of quasi-

contractive operators in normed spaces or in generalized convex metric spaces. The results

presented have generalize and improve the corresponding results of Berinde [1]-[2], Gu Feng
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1. Introduction and Preliminaries

Let (X, d) be a metric space. A mapping T : X → X is said to be a
quasicontraction if T has at least one fixed point (F (T ) 6= ∅) and, for each
fixed point q, we have

d(Tx, q) ≤ hd(x, q) (Q)

for all x ∈ X, where h ∈ (0, 1).
Clearly, if T is a quasicontraction then T has a unique fixed point. Supposing
that p is another fixed point of T we obtain by (Q) that d(p, q) ≤ hd(p, q), so
d(p, q) = 0, which means p = q.

Zamfirescu [17] proved the following result.

This paper was presented at International Conference on Nonlinear Operators, Differential

Equations and Applications held in Cluj-Napoca (Romania) from July 4 to July 8, 2007.
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Theorem 1.1. Let (X, d) be a complete metric space and T : X → X a
mapping for which there exist real numbers a, b, c satisfying a ∈ (0, 1), b, c ∈
(0, 1/2) such that for each pair x, y ∈ X, at least one of the following conditions
holds:

(i) d(Tx, Ty) ≤ ad(x, y),
(ii) d(Tx, Ty) ≤ b[d(x, Tx) + d(y, Ty)],
(iii) d(Tx, Ty) ≤ c[d(x, Ty) + d(y, Tx)].

Then T has a unique fixed point p and the Picard iteration {xn} defined by

xn+1 = Txn

converges to p for any arbitrary fixed x0 ∈ X.
An operator T satisfying the contractive conditions (i)− (iii) in the above

theorem is called a Z-operator. The conditions (i) − (iii) can be written in
the following equivalent form

d(Tx, Ty) ≤ h max
{

d(x, y),
d(x, Tx) + d(y, Ty)

2
,
d(x, Ty) + d(y, Tx)

2

}
,

so it results the class of Z-operators is a subclass of Ćirić mapping [6] satisfying
the following condition

d(Tx, Ty) ≤ h max
{

d(x, y),
d(x, Tx) + d(y, Ty)

2
, d(x, Ty), d(y, Tx)

}
(CR)

for all x, y ∈ X, considered recently by Rafiq [3]. Rafiq proved that a Ćirić
operator satisfies the following condition

d(Tx, Ty) ≤ hd(x, y) + Lmin {d(x, Tx), d(y, Ty)} (OS)

for all x, y ∈ X, where h ∈ (0, 1) and L ≥ 0, introduced by Osilike in [8]
Berinde [1] proved that this class is wider than the class of Z-operators

and used the Mann iteration process to approximate fixed points of this class
of operators in a normed space. Taking y = q in (OS) we get the condition
(Q), so we obtain that Osilike operators, Ćirić operators and Z-operators are
quasicontractions.

Takahashi [16] introduced the notion of convex metric spaces and studied
the fixed point theory for nonexpansive mappings in such a setting.
Definition 1.1. [16] Let (X, d) be a metric space. A mapping W : X ×
X × [0, 1] → X is said to be a convex structure on X if, for each (x, y, λ) ∈
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X ×X × [0, 1] and u ∈ X

d(u, W (x, y, λ) ≤ λd(u, x) + (1− λ)d(u, y) (T)

The metric space X together with W is called a convex metric space.
Definition 1.2. [16] Let X be a convex metric space. A nonempty subset A

of X is said to be convex if W (x, y, λ) ∈ A whenever (x, y, λ) ∈ A×A× [0, 1].
All normed spaces and their convex subsets are convex metric spaces with

W (x, y, λ) = λx + (1− λ)y.
Rafiq [5] introduced the notion of generalized convex metric spaces.

Definition 1.3. [5] Let (X, d) be a metric space. A mapping W : X ×X ×
X × [0, 1] × [0, 1] × [0, 1] → X is said to be a generalized convex structure on
X if, for each (x, y, z, a, b, c) ∈ X ×X ×X × [0, 1]× [0, 1]× [0, 1] and u ∈ X,

d(u, W (x, y, z; a, b, c) ≤ ad(u, x) + bd(u, y) + cd(u, z) (R)

where a+b+c = 1. The metric space X together with W is called a generalized
convex metric space.
Definition 1.4. [5] Let X be a generalized convex metric space. A nonempty
subset A of X is said to be generalized convex if W (x, y, z; a, b, c) ∈ A whenever
(x, y, z; a, b, c) ∈ A×A×A× [0, 1]× [0, 1]× [0, 1].

Clearly every generalized convex metric space is a convex space, every gen-
eralized convex set is a convex set. All normed spaces and their generalized
convex subsets are generalized convex metric spaces with W (x, y, z; a, b, c) =
ax + by + cz.

Let D be a nonempty closed generalized convex subset of a generalized
convex metric space X, T : D → D and Ti : D → D a finite family of
mappings (i = 1, 2, ..., N).
Algorithm 1. The Xu-Ori [13] iteration with errors is defined by x0 ∈ D and

xn+1 = W (xn, Tnxn, un;αn, βn, γn), n ≥ 0,

where {αn} , {βn} , {γn} are sequences in [0,1] with αn + βn + γn = 1 and
Tn = Tn(modN).

For N = 1 we obtained the Xu - Mann iteration with errors [12].
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Algorithm 2. The Xu multistep procedure with errors is defined by x0 ∈ D

and
xn+1 = W (xn, T y1

n, u1
n;α1

n, β1
n, γ1

n),

yi
n = W (xn, T yi+1

n , ui+1
n ;αi+1

n , βi+1
n , γi+1

n ),

yp−1
n = W (xn, Txn, up

n;αp
n, βp

n, γp
n),

(1.1)

where i = 1, 2, ..., p− 2,
{
αi

n

}
,
{
βi

n

}
,
{
γi

n

}
⊂ [0, 1] such that αi

n + βi
n + γi

n = 1,
i = 1, 2, ..., p, and

{
ui

n

}
are bounded sequences in D.

If X is a normed space, taking W (x, y, z; a, b, c) = ax + by + cz and γi
n = 0

we obtain the multistep procedure introduced by Rhoades and Şoltuz [14] in
2004. In this case, for p = 3 we get the Noor procedure, for p = 2 we have the
Ishikawa procedure [7] and for p = 1 we obtain the Mann procedure [9]. If X

is a normed space and W (x, y, z; a, b, c) = ax + by + cz then for p = 2 we get
the Xu - Ishikawa procedure with errors [12] and for p = 1 we obtain the Xu
- Mann procedure with errors [12].

In order to prove the main results of this paper, we need the following
Lemma:
Lemma 1.1. [1] Suppose that {an} , {bn} , {cn} are three nonnegative real
sequences satisfying the following condition:

an+1 ≤ (1− λn)an + bn + cn

for all n ≥ n0, λn ∈ [0, 1],
∑∞

n=0 λn = ∞, bn = o(λn) and
∑∞

n=0 cn < ∞.
Then limn→∞ an = 0.

2. Main results

We are now able to prove our main results in this paper.
Theorem 2.1. Let D be a nonempty closed generalized convex subset of
a generalized convex metric space X. Let Ti : D → D be a finite family of
quasicontractions, i = 1, 2, ..., N , with F =

⋂
F (Ti) 6= ∅. Let {αn} , {βn} , {γn}

be sequences in [0,1] with αn + βn + γn = 1 and Tn = Tn(modN) such that

(i)
∑∞

n=1 βn = ∞,
(ii)

∑∞
n=1 γn < ∞ or γn = o(βn).

Let {un} be a bounded sequence in D, x0 ∈ D and {xn} the Xu-Ori iteration
with errors defined by Algorithm 1. Then {xn} converges strongly to a common
fixed point of {Ti}.
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Proof. Let q be a common fixed point of Ti. By (Q) we have

d(xn+1, q) = d(W (xn, Tnxn, un;αn, βn, γn), q)

≤ αnd(xn, q) + βnd(Tnxn, q) + γnd(un, q)

≤ αnd(xn, q) + βnhnd(xn, q) + γnd(un, q)

≤ (αn + βnh)d(xn, q) + γnd(un, q)

≤ (1− βn(1− h))d(xn, q) + γnd(un, q),

(2.1)

where hi is the coefficient of quasicontractivity of Ti, i = 1, 2, .., N and h =
max {h1, h2, ..., hN}.
From the conditions (i)-(ii), using the relation (2.1) and Lemma 1.1 we have
limn→∞ d(xn, q) = 0, and so {xn} converges strongly to q. �

Corollary 2.1. (Theorem 2.1, [15]) Let D be a nonempty closed convex sub-
set of a normed space X. Let Ti : D → D(i = 1, 2, ..., N) be a finite fam-
ily of operators satisfying the condition (CR) with F =

⋂
F (Ti) 6= ∅. Let

{αn} , {βn} , {γn} be sequences in [0,1] with αn+βn+γn = 1 and Tn = Tn(modN)

such that

(i)
∑∞

n=1 βn = ∞,
(ii)

∑∞
n=1 γn < ∞ or γn = o(βn).

Let {un} be a bounded sequence in D, x0 ∈ D and {xn} the Xu - Ori iteration
with errors defined by

xn+1 = αnxn + βnTnxn + γnun, n ≥ 1.

Then {xn} converges strongly to a common fixed point of {Ti}.
Proof. Since every Ćirić operator is a quasicontraction, the conclusion of
Corollary 2.1 can be obtained from Theorem 2.1 immediately. �

Corollary 2.2. (Theorem 2.2, [15]) Let D be a nonempty closed convex subset
of a normed space X. Let Ti : D → D(i = 1, 2, ..., N) be a finite family of
operators satisfying the condition (CR) with F =

⋂
F (Ti) 6= ∅. Let {αn} , {βn}

be sequences in [0,1] with αn + βn = 1 and Tn = Tn(modN) such that
∞∑

n=1

βn = ∞.

Let x0 ∈ D and {xn} the sequence defined by

xn+1 = αnxn + βnTnxn, n ≥ 1.
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Then {xn} converges strongly to a common fixed point of {Ti}.
Proof. Taking γn = 0 in the previous Corollary, the conclusion of Corollary
2.2 can be obtained immediately. �

Corollary 2.3. (Corollary 2.2, [15]) Let D be a nonempty closed convex
subset of a normed space X. Let Ti : D → D (i = 1, 2, ..., N) be a finite
family of operators satisfying the condition (OS) with F =

⋂
F (Ti) 6= ∅. Let

{αn} , {βn} , {γn} be sequences in [0,1] with αn+βn+γn = 1 and Tn = Tn(modN)

such that

(i)
∑∞

n=1 βn = ∞,
(ii)

∑∞
n=1 γn < ∞ or γn = o(βn).

Let {un} be a bounded sequence in D, x0 ∈ D and {xn} the sequence defined
by

xn+1 = αnxn + βnTn + γnun, n ≥ 1.

Then {xn} converges strongly to a common fixed point of {Ti}.
Proof. Since every Osilike operator is a quasicontraction, the conclusion of
Corollary 2.2 can be obtained from Theorem 2.1 immediately. �

Theorem 2.2. Let D be a nonempty closed generalized convex subset of a
generalized convex metric space X. Let T : D → D be a quasicontraction. Let{
αi

n

}
,
{
βi

n

}
,
{
γi

n

}
be sequences in [0,1] with αi

n + βi
n + γi

n = 1, i = 1, 2, ..., p

and
{
ui

n

}
bounded sequence in D, i = 1, 2, ..., p. Suppose further that x0 ∈ D

and {xn} is the multistep procedure with errors defined by Algorithm 2. If the
following conditions

(i)
∑∞

n=1 β1
n = ∞,

(ii)
∑∞

n=1 γ1
n < ∞ or γ1

n = o(β1
n),

(iii) γ2
n → 0, β2

n → 0 or γi
n → 0, i = 1, 2, ..., s, βs

n → 0, s ≤ p,

hold, then {xn} converges strongly to the unique fixed point of T .
Proof. Since T is a quasicontraction we have by (R), (Q) and Algorithm 2:

d(yp−1
n , q) ≤ αp

nd(xn, q) + βp
nd(Txn, q) + γp

nd(up
n, q)

≤ (αp
n + hβp

n)d(xn, q) + γp
nd(up

n, q)

≤ d(xn, q) + γp
nd(up

n, q)

(2.2)
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Also

d(yp−2
n , q) ≤ αp−1

n d(xn, q) + βp−1
n d(Typ−1

n , q) + γp−1
n d(up−1

n , q)

≤ αp−1
n d(xn, q) + hβp−1

n d(yp−1
n , q) + γp−1

n d(up−1
n , q)

≤ (αp−1
n + hβp−1

n )d(xn, q) + hβp−1
n γp

nd(up
n, q) + γp−1

n d(up−1
n , q)

≤ d(xn, q) + βp−1
n γp

nd(up
n, q) + γp−1

n d(up−1
n , q).

(2.3)

Inductively, we obtain that

d(y1
n, q) ≤ d(xn, q) + β2

nβ3
n...βp−1

n γp
nd(up

n, q)+

β2
nβ3

n...βp−2
n γp−1

n d(up−1
n , q) + ... + γ2

nd(u2
n, q),

(2.4)

so we have

d(xn+1, q) ≤ α1
nd(xn, q) + β1

nd(Ty1
n, q) + γ1

nd(u1
n, q)

≤ α1
nd(xn, q) + hβ1

nd(y1
n, q) + γ1

nd(u1
n, q)

≤ (α1
n + hβ1

n)d(xn, q) + hβ1
n[β2

nβ3
n...βp−1

n γp
nd(up

n, q)

+ β2
nβ3

n...βp−2
n γp−1

n d(up−1
n , q) + ... + γ2

nd(u2
n, q)] + γ1

nd(u1
n, q)

≤ [1− β1
n(1− h)]d(xn, q) + γ1

nd(u1
n, q) + hβ1

n[β2
nβ3

n...βp−1
n γp

nd(up
n, q)

+ β2
nβ3

n...βp−2
n γp−1

n d(up−1
n , q) + ... + γ2

nd(u2
n, q)].

(2.5)

From the condition (i) - (iii), using Lemma 1.1 and the relation from above
we get limn→∞ d(xn, q) = 0, and so {xn} converges strongly to q. �

Corollary 2.4. (Theorem 3, [3]) Let D be a nonempty closed generalized
convex subset of a generalized convex metric space X. Let T : D → D be an
operator satisfying the condition (CR). The sequence {xn} defined by x0 ∈ D

and

xn+1 = W (xn, Txn, un;αn, βn, γn), n ≥ 0,

where {αn} , {βn} , {γn} are sequences in [0,1] with αn +βn +γn = 1 and {un}
is a bounded sequence in D, converges strongly to the unique fixed point of T

provided that

(i)
∑∞

n=1 βn = ∞,

(ii) γn = o(βn).
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Proof. Taking p = 1 in Theorem 2.2 we obtain immediately the conclusion
of Corollary 2.4. �

Corollary 2.5. Let D be a nonempty closed convex subset of a normed space
X. Let T : D → D be an operator with F (T ) 6= ∅ and satisfying the condition
(Z). Let

{
αi

n

}
,

{
βi

n

}
⊂ [0, 1] be such that αi

n + βi
n = 1, i = 1, 2, ..., p and{

ui
n

}
bounded sequences in D. Suppose that x0 ∈ D and {xn} is the multistep

procedure defined by

xn+1 = α1
nxn + β1

nTy1
n,

yi
n = αi+1

n xn + βi+1
n Tyi+1

n ,

yp−1
n = αp

nxn + βp
nTxn.

(2.6)

If the following condition
∞∑

n=1

β1
n = ∞,

holds, then {xn} converges strongly to the unique fixed point of T .
Proof. Taking W (x, y, z; a, b, c) = ax + by + cz and γi

n = 0, i = 1, 2, ..., p in
Theorem 2.2 we get the conclusion of Corollary 2.5. �

Corollary 2.6. (Theorem 2, [2]) Let D be a nonempty closed convex subset
of a normed space X. Let T : D → D be an operator with F (T ) 6= ∅ and
satisfying the condition (Z). Let {αn} , {βn} ⊂ [0, 1], x0 ∈ D and {xn} the
Ishikawa procedure defined by

xn+1 = (1− αn)xn + αnTyn,

yn = (1− βn)xn + βnTxn.
(2.7)

If the following condition
∞∑

n=1

αn = ∞,

holds, then {xn} converges strongly to the unique fixed point of T .
Proof. Taking p = 1 in Corollary 2.5 we get the conclusion of Corollary 2.6. �

Remark 2.1. Under conditions of Corollary 2.6 Şoltuz [10] proved that the
Mann iteration(Ishikawa iteration with βn = 0) converges strongly to the
unique fixed point of T if and only if the Ishikawa iteration converges strongly
to the unique fixed point of T . But, by Corollary 2.6 it results that both
always converge to the unique fixed point of T .
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Remark 2.2. Under conditions of Corollary 2.5 Şoltuz [11] proved that the
multistep procedure converges strongly to the unique fixed point of T if and
only if the Mann iteration converges strongly to the unique fixed point of
T . But, by Corollary 2.5 and 2.6 it results that both always converge to the
unique fixed point of T .
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[10] Ş.M. Şoltuz, The equivalence of Picard, Mann and Ishikawa iterations dealing with quasi-

contractive operators, Math. Commun., 10(2005), 81-89.
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[14] B.E. Rhoades, Ş.M. Şoltuz, On the equivalence of Mann and Ishikawa iteration methods,

Int. J. Math. Sci., 7(2003), 451-459.

[15] Feng Gu, Strong convergence of an explicit iterative process with mean errors for a

finite family of Ćirić quasi-contractive operators in normed spaces, Math. Commun.,

12(2007), 75-82.

[16] W. Takahashi, A convexity in metric spaces and nonexpansive mappings, Kodai Math.

Sem. Rep., 22(1970), 142-149.



242 OVIDIU POPESCU

[17] T. Zamfirescu, Fix point theorems in metric spaces, Arch. Math. (Basel), 23(1972),

292-298.

Received: October 14, 2007; Accepted: January 20, 2008.


