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Abstract. The purpose of this paper is to establish a strong convergence of two explicit
iteration processes with mean errors to a common fixed point for a finite family of quasi-
contractive operators in normed spaces or in generalized convex metric spaces. The results
presented have generalize and improve the corresponding results of Berinde [1]-[2], Gu Feng
[15], Rafiq [3]-[4], Rhoades [14], Soltuz [10]-[11] and Zamfirescu [17].
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1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a metric space. A mapping 7' : X — X is said to be a
quasicontraction if T has at least one fixed point (F(T') # () and, for each
fixed point ¢, we have

d(Tz,q) < hd(z, q) (Q)
for all x € X, where h € (0,1).
Clearly, if T' is a quasicontraction then 7" has a unique fixed point. Supposing
that p is another fixed point of T" we obtain by (Q) that d(p, q) < hd(p,q), so
d(p,q) = 0, which means p = q.
Zamfirescu [17] proved the following result.
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Theorem 1.1. Let (X,d) be a complete metric space and T : X — X a
mapping for which there exist real numbers a,b,c satisfying a € (0,1),b,c €
(0,1/2) such that for each pair x,y € X, at least one of the following conditions
holds:

(i) d(Tz,Ty) < ad(z,y),

(ii) d(Tx,Ty) < bld(z,Tx) + d(y, Ty)],

(iii) d(Tz,Ty) < cld(x, Ty) + d(y, Tx)].
Then T has a unique fized point p and the Picard iteration {x,} defined by

Tpt1 =Ty

converges to p for any arbitrary fized xg € X.

An operator T satisfying the contractive conditions (i) — (iii) in the above
theorem is called a Z-operator. The conditions (i) — (4ii) can be written in
the following equivalent form

(T Ty) < hmax {d(x,y), d(z,Tx) +d(y,Ty) d(z,Ty)+ d(y,Tx) } ’

2 ’ 2

so it results the class of Z-operators is a subclass of Ciri¢ mapping [6] satisfying

the following condition

d(z, Tx) + d(y, Ty)
2

d(T'z, Ty) < hmax {d(x,y), Ld(z,Ty), d(y,Tx)} (CR)

for all z,y € X, considered recently by Rafiq [3]. Rafiq proved that a Ciri¢
operator satisfies the following condition

d(Tz,Ty) < hd(z,y) + Lmin{d(z, Tx),d(y,Ty)} (0S)

for all z,y € X, where h € (0,1) and L > 0, introduced by Osilike in [8]

Berinde [1] proved that this class is wider than the class of Z-operators
and used the Mann iteration process to approximate fixed points of this class
of operators in a normed space. Taking y = ¢ in (OS) we get the condition
(Q), so we obtain that Osilike operators, Ciri¢ operators and Z-operators are
quasicontractions.

Takahashi [16] introduced the notion of convex metric spaces and studied
the fixed point theory for nonexpansive mappings in such a setting.
Definition 1.1. [16] Let (X,d) be a metric space. A mapping W : X x
X x [0,1] — X is said to be a convex structure on X if, for each (x,y,\) €
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X xX x[0,1] and u € X
d(u, W(z,y,\) < Ad(u,z) + (1 — N)d(u,y) (T)

The metric space X together with W is called a convex metric space.
Definition 1.2. [16] Let X be a convex metric space. A nonempty subset A
of X is said to be convex if W(z,y, ) € A whenever (z,y,\) € A x A x[0,1].

All normed spaces and their convex subsets are convex metric spaces with
Wi(z,y,\) = Az + (1 — N)y.

Rafiq [5] introduced the notion of generalized convex metric spaces.
Definition 1.3. [5] Let (X, d) be a metric space. A mapping W : X x X x
X x[0,1] x [0,1] x [0,1] — X is said to be a generalized convex structure on
X if, for each (z,y,2,a,b,¢c) € X x X x X x[0,1] x [0,1] x [0,1] and u € X,

d(u, W(z,y, 2 a,b, ¢) < ad(u, x) + bd(u,y) + cd(u, 2) (R)

where a+b+c = 1. The metric space X together with W is called a generalized
convex metric space.

Definition 1.4. [5] Let X be a generalized convex metric space. A nonempty
subset A of X is said to be generalized convez it W (z,y, z;a,b, c) € A whenever
(z,y,2;a,b,c) € Ax Ax Ax|[0,1] x [0,1] x [0, 1].

Clearly every generalized convex metric space is a convex space, every gen-
eralized convex set is a convex set. All normed spaces and their generalized
convex subsets are generalized convex metric spaces with W(z,y, z;a,b,¢) =
ax + by + cz.

Let D be a nonempty closed generalized convex subset of a generalized
convex metric space X, T : D — D and T; : D — D a finite family of
mappings (i = 1,2,...,N).

Algorithm 1. The Xu-Ori [13] iteration with errors is defined by zy € D and

Tpt1 = W(2n, Tnn, tn; @, Bry 1) > 0,
where {an},{6n},{m} are sequences in [0,1] with a,, + B, + v = 1 and

T, = Tn(modN)'
For N =1 we obtained the Xu - Mann iteration with errors [12].
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Algorithm 2. The Xu multistep procedure with errors is defined by zg € D
and

Tn+1 = W(.CCn, Ty7117 urll; Oé}“ /87117 '7711)7
Y = W(wn, Ty, upt™s alth B0 A0, (1.1)

p—1 _ P. AP 3P AP
n _W(xnaT$n7un7an7 n’Vn)?

where i = 1,2, ...,p—2,{af } , {8}, {~i} C [0,1] such that of, + B, + 7} =1,
i1=1,2,...,p, and {u%} are bounded sequences in D.

If X is a normed space, taking W (z,y, z;a,b,¢) = ax + by + cz and 7% =0
we obtain the multistep procedure introduced by Rhoades and Soltuz [14] in
2004. In this case, for p = 3 we get the Noor procedure, for p = 2 we have the
Ishikawa procedure [7] and for p = 1 we obtain the Mann procedure [9]. If X
is a normed space and W (z,vy, z;a,b,c) = ax + by + cz then for p = 2 we get
the Xu - Ishikawa procedure with errors [12] and for p = 1 we obtain the Xu
- Mann procedure with errors [12].

In order to prove the main results of this paper, we need the following
Lemma:

Lemma 1.1. [1] Suppose that {an},{bn},{cn} are three nonnegative real
sequences satisfying the following condition:

ant1 < (1 - )\n)an + b +cp

for all n > ng, A, € [0,1], Y07 An = 00, by = 0o(A\y) and Y07 cn < 0.
Then lim,, o an = 0.

2. MAIN RESULTS

We are now able to prove our main results in this paper.

Theorem 2.1. Let D be a nonempty closed generalized convex subset of
a generalized convex metric space X. Let T; : D — D be a finite family of
quasicontractions, i = 1,2,.... N, with F = (F(T;) # 0. Let {an},{6n},{m}
be sequences in [0,1] with an + By +vn = 1 and T, = Ty (moeany) such that

(i) 20ty Bn =00,

(i) Yontim <00 or Y = 0(Bn).
Let {u,} be a bounded sequence in D, xo € D and {x,} the Xu-Ori iteration

with errors defined by Algorithm 1. Then {x,} converges strongly to a common
fized point of {T;}.
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Proof. Let g be a common fixed point of T;. By (Q) we have
d(xn—i-ly Q) = d(W(xna T, Uns Qn,y Bn,s ’Yn)a Q)
< and(xm Q) + ﬂnd(Tn'fna Q) + ’Ynd(una Q)
< and(xm Q) + ﬂnhnd(xm Q) + Vnd(un7 Q) (2'1)
< (an + Bnh)d(zn, q) + Ynd(un, q)
where h; is the coefficient of quasicontractivity of T;, ¢ = 1,2,..,N and h =
max {hl, hg, ceny hN}.
From the conditions (i)-(ii), using the relation (2.1) and Lemma 1.1 we have
lim,, o d(zp,q) = 0, and so {z,,} converges strongly to q. O
Corollary 2.1. (Theorem 2.1, [15]) Let D be a nonempty closed conver sub-
set of a normed space X. Let T; : D — D(i = 1,2,...,N) be a finite fam-
ily of operators satisfying the condition (CR) with F = (\F(T;) # 0. Let
{an} {Bn}, {7} be sequences in [0,1] with ap+Bn+vn = 1 and Ty, = Ty (modn)
such that
(i) >onti Bn =0,
(ii) Zzozl Tn < O0 OT Yp = O(ﬁn)
Let {uy} be a bounded sequence in D, o € D and {x,} the Xu - Ori iteration
with errors defined by

Tn+1 = Qpdp + ﬂnTnxn + YnlUn,n > 1.

Then {x,} converges strongly to a common fized point of {T;}.

Proof. Since every Ciri¢ operator is a quasicontraction, the conclusion of
Corollary 2.1 can be obtained from Theorem 2.1 immediately. U
Corollary 2.2. (Theorem 2.2, [15]) Let D be a nonempty closed convex subset
of a normed space X. Let T; : D — D(i = 1,2,...,N) be a finite family of
operators satisfying the condition (CR) with F = (F(T;) # 0. Let {an},{fn}
be sequences in [0,1] with an + B, =1 and Ty, = Ty, (moeany) such that

n=1

Let zg € D and {xy} the sequence defined by

Tn+l = QpTp + ﬂnTnxna n > 1.
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Then {z,} converges strongly to a common fixed point of {T;}.

Proof. Taking v, = 0 in the previous Corollary, the conclusion of Corollary
2.2 can be obtained immediately. (|
Corollary 2.3. (Corollary 2.2, [15]) Let D be a nonempty closed convex
subset of a normed space X. Let T, : D — D (i = 1,2,...,N) be a finite
family of operators satisfying the condition (OS) with F = (\F(T;) # 0. Let
{an}  {Bn}, {n} be sequences in [0,1] with cn+Bn+vn = 1 and Ty, = Ty moan)
such that

(i) 222y Bn = o0,

(if) Yon1m < 00 or Y = 0(Bn).
Let {uyn} be a bounded sequence in D, o € D and {x,} the sequence defined
by

Tyl = QpTy + ﬁnTn + Ynln,n > 1.

Then {xn} converges strongly to a common fixed point of {T;}.

Proof. Since every Osilike operator is a quasicontraction, the conclusion of
Corollary 2.2 can be obtained from Theorem 2.1 immediately. O
Theorem 2.2. Let D be a nonempty closed generalized convex subset of a
generalized convex metric space X. Let T : D — D be a quasicontraction. Let
{ail} ) {ﬁfl} ) {%} be sequences in [0,1] with of, + B +~L =1,4i=1,2,...,p
and {u;} bounded sequence in D, i =1,2,....,p. Suppose further that xq € D
and {x,} is the multistep procedure with errors defined by Algorithm 2. If the

following conditions

(i) ZZO:I 57% = 00,
(it) 2oy v < 00 or 7 = o(Bh),
(iii) v2 — 0,82 =0 orqf, — 0,i =1,2,...,5,85 — 0,s < p,

hold, then {x,} converges strongly to the unique fized point of T
Proof. Since T is a quasicontraction we have by (R), (Q) and Algorithm 2:

Ay, q) < ald(wn, q) + BLA(T 2y, q) + Ed(u2, )
< (afy + hBy)d(zn, q) +vd(ub, q) (2.2)
< d(2n, q) +hd(ub, q)
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Also
d(yh2,q) < o d(wn, q) + B ATyl q) + 5 d(ub ™ q)
< b d(wn, q) + hBE (W q) + A d(uh T g)
< (a7 + hBE N d(@n, q) + hBEIARA(uD, q) + A5 d(ub ! q)
< d(xn, q) + B Ahd(ub, q) + 4R (Wb g).

Inductively, we obtain that

d(yp,q) < d(@n,q) + B2 05 Ahd(ub, q)+
B2 B 2R d(ub ™ q) + o+ vhd(up, q),
so we have
d(2ni1,q) < apd(n, q) + Brd(Typ, q) + vhd(uy, q)
< ayd(n,q) + h3yd(Yn, @) + Ypd(ug, @)
< (ap, + h3})d(xn, q) + hB} (820,00 Ahd(ub, q)
+ BB B (b q) + -+ vad(un, )] + yad(uy, q)
< [1 = Ba(1 = h)]d(n,q) + Yad(uy, ) + W848 6585 Ahd(ub), q)
+ BB B 2R (b ) + s+ nd(ur, g)-
(2.5)

From the condition (i) - (iii), using Lemma 1.1 and the relation from above
we get limy, o d(x,,q) = 0, and so {z,} converges strongly to g. O
Corollary 2.4. (Theorem 3, [3]) Let D be a nonempty closed generalized
convex subset of a gemeralized convexr metric space X. Let T : D — D be an
operator satisfying the condition (CR). The sequence {xy} defined by xoy € D
and

Tp4+1 = W(ﬂ?n,T$n,Un, anaﬁn/yn))n > 07

where {an},{Bn},{m} are sequences in [0,1] with o, + Bp+vn =1 and {u,}
is a bounded sequence in D, converges strongly to the unique fized point of T
provided that

(i) 22021 Bn = oo,
(i) vn = o(Bn).
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Proof. Taking p = 1 in Theorem 2.2 we obtain immediately the conclusion
of Corollary 2.4. O
Corollary 2.5. Let D be a nonempty closed convex subset of a normed space
X. Let T : D — D be an operator with F(T) # 0 and satisfying the condition
(Z). Let {at}, {8} C [0,1] be such that of, + B, =1, i = 1,2,...,p and
{u;} bounded sequences in D. Suppose that xo € D and {x,} is the multistep
procedure defined by
Tni1 = oty + BTy,
yh = alt e, 4 gEHI Ty (2.6)
ygil = afﬂﬂn + /Bngn

If the following condition
> By =0,
n=1

holds, then {x,} converges strongly to the unique fixed point of T

Proof. Taking W(x,y,2;a,b,c) = ax + by + cz and v}, = 0,i = 1,2,...,p in
Theorem 2.2 we get the conclusion of Corollary 2.5. g
Corollary 2.6. (Theorem 2, [2]) Let D be a nonempty closed convex subset
of a normed space X. Let T : D — D be an operator with F(T) # () and
satisfying the condition (Z). Let {an},{0n} C [0,1], x0 € D and {z,} the
Ishikawa procedure defined by

Tnt1 = (1 — ap)zy + anTyn,
Yn = (1 - ﬁn)xn + BT xy,.
If the following condition

(2.7)

)
E Qay = 00,
n=1

holds, then {x,} converges strongly to the unique fized point of T

Proof. Taking p = 1 in Corollary 2.5 we get the conclusion of Corollary 2.6. [
Remark 2.1. Under conditions of Corollary 2.6 Soltuz [10] proved that the
Mann iteration(Ishikawa iteration with (3, = 0) converges strongly to the
unique fixed point of T if and only if the Ishikawa iteration converges strongly
to the unique fixed point of T. But, by Corollary 2.6 it results that both
always converge to the unique fixed point of 7.
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Remark 2.2. Under conditions of Corollary 2.5 Soltuz [11] proved that the
multistep procedure converges strongly to the unique fixed point of T if and

only if the Mann iteration converges strongly to the unique fixed point of

T. But, by Corollary 2.5 and 2.6 it results that both always converge to the

unique fixed point of T
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