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Abstract. In general, all results on the existence of solution of the stochastic differential

equations are based on the convergence of some approximating sequence by a kind of Picard

iteration. The our goal, is to prove existence of solutions of a backward stochastic differential

equation with some general assumptions on coefficients functions using the Schauder’s fixed

point theorem, generalizing some results for the (forward) stochastic differential equations.
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1. Introduction

The linear backward stochastic differential equations (BSDEs) appeared
long time ago, both as the equations for the adjoint process in stochastic
control, as well as the model behind the Black and Scholes formula for the
pricing and hedging of options in mathematical finance. These linear BSDEs
with deterministic terminal time was fist solved by Pardoux and Peng (1990,
[14]), who introduced the term of the BSDE and proved the existence and
uniqueness of adapted solution with Lipschitz coefficients functions. Since
then, the interest of the BSDEs, has increased steadily (see [10]), due to the
connections of this subject with mathematical finance, stochastic control, and

This paper was presented at the International Conference on Nonlinear Operators, Dif-

ferential Equations and Applications held in Cluj-Napoca (Romania) from July 4 to July 8,

2007.

199



200 ROMEO NEGREA

partial differential equations. In particular, many efforts have been made
to relax the assumptions on the coefficient functions (for instance Mao [11],
Lepeltier and San Martin [8], [9], Kobylanski [7], Constantin [5] and Negrea
[13]). In general, all results on the existence of solution are based on the
convergence of some approximating sequence by a kind of Picard iteration. In
this paper, we prove existence of solutions of a backward stochastic differential
equation with some general assumptions on coefficients functions using the
Schauder’s fixed point theorem, generalizing some results for the (forward)
stochastic differential equations (see for example [6]).

2. Preliminary results

Throughout this paper (Ω,F , P ) is a complete probability space endowed
with a filtration {Ft}t∈[0,1] satisfying the usual hypotheses. We denote with
M2(0, 1) the set of all stochastic processes defined on Ω × [0, 1]] which are
square integrable matingale with respect to the natural filtration {Ft}, 0 ≤
t ≤ 1.

We consider the following stochastic system{
Xt = X0 +

∫ t
0 a(s,X(s), Y (s))ds+

∫ t
0 b(s,X(s), Y (s))dW (s)∫ 1

t f(s,X(s), Y (s))ds+
∫ 1
t g(s,X(s), Y (s))dW (s) = X1

(1)

with a, b, f, g : Ω× (0, 1)× R× R and the following hypotheses
i) a, b, f and g is P ⊗ B ⊗ B measurable functions;
ii) ϕ(·, 0, 0) ∈M2((0, 1),R), where ϕ is any functions a, b, f or g;
iii) there exists u(t) a continuous, positive and derivable function on 0 <

t ≤ 1 with u(0) = 0, having nonnegative derivative u′(t) ∈ L([0, 1]), with
u′(t) →∞, t→ 0+ such that

|ϕ(t, x1, y1)− ϕ(t, x2, y2)|2 ≤
u′(t)
Ku(t)

min(|x1 − x2|2, |y1 − y2|2), (2)

for all x1, x2, y1, y2 ∈ R, 0 ≤ t ≤ 1, positive constant K and ϕ is any function
a, b, f or g;

iv) with the same functions u(t) as above,

|ϕ(t, x, y)|2 ≤ u′(t) min(1 + |x|2, 1 + |y|2), (3)

and X0 is a finite random variable and X1 is given F1-measurable random
variable such that E|X|2 <∞.
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Remark. In the above system we have a forward stochastic differential equa-
tion (the first equation) and a backward stochastic differential equation (the
second equation). In the frame of the stochastic differential equations there
exists an important difference from the classical (non-stochastic or determin-
istic) case: a solution is a stochastic process which satisfies identically the
equation and has some common properties but it must to be Ft measurable
for any 0 ≤ leq1. This last properties make a difference between forward and
backward stochastic differential equation: in the forward stochastic frame the
Ft measurability is assure using the natural filtration Ft = σ(Xs, 0 ≤ s ≤ t),
but in the backward stochastic case (i.e. an equation with a final condition)
a natural filtration canot be obtained, so a solution made using the successive
approximation method not assure the property of the measurability.

Z.S.Athanassov[1] (1990) proved a uniqueness theorem of Nagumo type for
the Cauchy problem generalizing several known uniqueness theorems and suffi-
cient conditions to guarantee the convergence of the Picard successive approx-
imations for the ordinary differential equations. Stochastic generalizations of
the results of Athanassov for (forward) stochastic differential equations are
given by A. Constantin[2],[3], [4], Gh. Constantin and R. Negrea[6] or R.
Negrea[12] and others. But it is known that the uniqueness of the solution of
an initial value problem of Cauchy and the convergence of successive approxi-
mations are logically independent, i.e. the uniqueness of the solution does not
ensure the convergence of successive approximations nor is the converse true.

A very important results on the existence and uniqueness of the solution
of the backward stochastic differential equation from the system (1) in the
general hypothesis from above is given by the author in [13]

Theorem 2.1. Let be f and g satisfying the above hypotheses and
X ∈ L2(Ω,F1, P,R), then there exists a unique pair (x, y) ∈ M2((0, 1) ×
M2(0, 1),R × R) which satisfies the equation (1) for δ ≤ t ≤ 1, for any posi-
tive constant δ.

3. Main result

In this section, we prove that the stochastic (forward-backward) differential
system has a solution on some interval [δ, 1] for any positive constant δ in
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some general hypotheses of the coefficient functions a, b, f and g as above.
This case, with some discontinuity in the initial time moment t = 0 is is in
according situation of the transition financial markets, where the underlying
assets (which is modeling with a forward stochastic differential equation) is
over-quoted.

We have the following theorem:

Theorem 3.1. Let be f and g satisfying the above hypotheses and X ∈
L2(Ω,F1, P,R), then there exists a pair (x, y) ∈ M2((0, 1),R) which satisfy
the equation (1) for δ ≤ t ≤ 1, for any positive constant δ.

Proof. Let to prove the existence of a solution of system (1) on some interval
[δ, 1] with a positive number δ which will be explained from along to the proof.
We will made a reasoning similar to Gh. Constantin and R. Negrea [6].

We consider the operator T defined on M2(0, 1)×M2(0, 1) by

T [x(t), y(t)] = (F [x(t), y(t)], G[x(t), y(t)]) =

=

 x0 +
∫ t

0
a(s, x(s), y(s))ds+

∫ t

0
b(s, x(s), y(s))dW (s)∫ 1

t
f(s, x(s), y(s))ds+

∫ 1

t
g(s, x(s), y(s))dW (s)−X

 , δ ≤ t ≤ 1.

By hypotheses, these integrals exist and T maps M2(0, 1) × M2(0, 1) into
M2(0, 1)×M2(0, 1).

In the Banach space M2(0, 1)×M2(0, 1) we consider the norm

|||(x, y)||| =
√
‖x‖2 + ‖y‖2, ‖x‖2 = E[ sup

0≤t≤1
|x(t)|2].

Let n ∈ N be such that
√
u(t) ≤ (n − 1)q, q = max{‖x0‖, ‖X‖} and

Q = (2n − 1)q
√

2. Let δ1 ∈ (0, 1] such that ‖x‖ ≤ Q and ‖y‖ ≤ Q and from
(3) we have that ‖φ(t, x, y)‖2 ≤ u′(t) for t ∈ [b, 1] and for every φ of the form
a, b, f or g.

The set

B = {(x, y) ∈M2((0, 1)×M2((0, 1) : ‖x‖ ≤ Q, ‖y‖ ≤ Q for t ∈ [δ1, 1]}

is a closed bounded and convex subset of the Banach space M2((0, 1) ×
M2(0, 1), |||.|||.
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If x and y are in B, we have that

‖
∫ t

δ1

a(s, x(s), y(s))ds‖ ≤ {
∫ t

0
‖a(s, x(s), y(s))‖2ds}1/2 ≤

≤ {
∫ 1

t
u′(s)ds}1/2 =

√
u(t)

and

‖
∫ t

δ1

b(s, x(s), y(s))dW (s)‖ ≤ {
∫ t

0
‖b(s, x(s), y(s))‖2ds}1/2 ≤

≤ {
∫ 1

t
u′(s)ds}1/2 =

√
u(t),

for δ1 ≤ t ≤ 1.
For the second equation we have

‖
∫ 1

t
f(s, x(s), y(s))ds‖ ≤ {

∫ 1

t
‖f(s, x(s), y(s))‖2ds}1/2 ≤

≤ {
∫ 1

t
u′(s)ds}1/2 ≤

√
u(1)− u(t) ≤

√
u(t)

and

‖
∫ 1

t
g(s, x(s), y(s))dW (s)‖ ≤ {

∫ 1

t
‖g(s, x(s), y(s))‖2ds}1/2 ≤

≤ {
∫ 1

t
u′(s)ds}1/2 ≤

√
u(1)− u(t) ≤

√
u(t).

because, from the hypotheses of the function u(t) there exists a positive num-
ber δ2 such that u(t) − u(1) ≤ u(t), therefore the above inequalities hold on
for any δ2 ≤ t ≤ 1

We take δ = max{δ1, δ2} and we obtain, for

|||T [x, y]||| =
√
‖F [x, y]‖2 + ‖G[x, y]‖2,

the following estimates

‖F [x(t), y(t)]‖ ≤ q + 2(n− 1)q = (2n− 1)q, δ ≤ t ≤ 1,

and respectively

‖G[x(t), y(t)]‖ ≤ 2(n− 1)q + q = (2n− 1)q, δ ≤ t ≤ 1

which implies

|||T [x, y]||| ≤
√

2(2n− 1)2q2 = Q, x, y ∈ B,
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i.e. T (B) ⊆ B.
Also, if x, y are in B we have that

‖F [x(t), y(t)]− F [x(s), y(s)]‖2 ≤ u(t)− u(s), δ ≤ s ≤ t ≤ 1

and respectively

‖G[x(t), y(t)]−G[x(s), y(s)]‖2 ≤ u(t)− u(s), δ ≤ s ≤ t ≤ 1

using similar inequalities as above. Therefore

|||T [x(t), y(t)]− T [x(t), y(t)]||| ≤ u(t)− u(s), δ ≤ s ≤ t ≤ 1

and thus the set T (B) is equicontinuous.
Moreover, we have for x, y, x′, y′ ∈ B that

‖F [x(t), y(t)]− F [x′(t), y′(t)]‖2 ≤
∫ t

δ
‖a(s, x(s), y(s))− a(s, x′(s), y′(s))‖2ds+

+
∫ 1

δ
‖b(s, x(s), y(s))− b(s, x′(s), y′(s))‖2ds, δ ≤ t ≤ 1.

and respectively

‖G[x(t), y(t)]−G[x′(t), y′(t)]‖2 ≤
∫ 1

t
‖f(s, x(s), y(s))− f(s, x′(s), y′(s))‖2ds+∫ 1

t
‖g(s, x(s), y(s))− g(s, x′(s), y′(s))‖2ds δ ≤ t ≤ 1.

It is easy to see that for every φ of the form a or b we have∫ t

δ
‖φ(s, x(s), y(s))− φ(s, x′(s), y′(s))‖2ds ≤

≤
∫ t

δ

u(s)
Ku′(s)

(min{|x(s)− x′(s)|, |y(s)− y′(s)|})ds, δ ≤ t ≤ 1

and using the Lebesgue’s convergence theorem results that F is continuous
function. Analogous, we obtain It is easy to see that for every ψ of the form
f or g we have ∫ 1

t
‖ψ(s, x(s), y(s))− ψ(s, x′(s), y′(s))‖2ds ≤

≤
∫ 1

t

u(s)
Ku′(s)

(min{|x(s)− x′(s)|, |y(s)− y′(s)|})ds, δ ≤ t ≤ 1

and similar, from the Lebesgue’s convergence theorem, G is a continuous func-
tion, and then T is continuous.
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Applying the Schauder’s fixed point theorem we obtain that T has a fixed
point B, thus the stochastic differential system (1) has a solution on [δ, 1].

Using similar arguments as in [15] or [13] we have that there exists a solution
on [δ, 1] for any positive number δ. �
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