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1. INTRODUCTION

We consider the following hyperbolic partial differential system

8—u(t,yc) + @(t,x) + az,u) = f(t,z)
(8) G i
o tw) + S (b 2) + A, v) = (6, 2),
t>0, x>0,
with the boundary condition
(BC) Slég;(?)) c-a “S(’g) +B(t), t>0.

This paper was presented at the International Conference on Nonlinear Operators, Dif-
ferential Equations and Applications held in Cluj-Napoca (Romania) from July 4 to July 8,
2007.
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The unknown functions u, v and also the functions f, g are the vectorial
ones depending on (¢t,z) € IRy x IRy with values in IR", and the unknown
function w is a vectorial one depending on t € IR; with values in IR™. The
functions o and (3 are of the form a(x,u) = col(ay(z,u1),...,an(x,uy)),
B(x,v) = col(fi(x,v1),...,0n(x,vy)), S is a positive diagonal matrix, G
is an operator in the space IR"™™, which satisfy some assumptions and
B(t) = col(by(t), ..., bpim(t)) € R™™ for all t > 0.

This problem has applications in the theory of integrated circuits (see [7],
[11], [12] and their references). The existence, uniqueness and asymptotic
behavior of the strong and weak solutions of the problem (S)+(BC) with the
initial data

(IC) { u(0, ) = uo(z), v(0,2) =wo(x), = >0,

w(0) = wo,

have been investigated in [10], [11]. The system (S) for € (0,1) and ¢ > 0,
with the boundary condition

u(t,0) v
—u(t,1) | € -G| v
S(w'(t)) w(t)

and the initial data
u(0,2) = up(z), v(0,2) =vo(x), x € (0,1), w(0) = wo,

has been investigated in [7], [11] for the existence, uniqueness and asymptotic
behavior of the solutions, in [8], [11] for the existence of periodic solutions,
and in [9] for the existence of almost-periodic solutions.

In this paper we shall present some existence results for the time periodic
solutions of the problem (S)+(BC), in two different cases B(t) = const. and
B(t) # const. We shall use several results from the theory of monotone opera-
tors and nonlinear evolution equations of monotone type (see the monographs
[1], [2], [5], [6]), and also a fixed point theorem due to F.E. Browder and W.V.
Petryshyn (see [3]).

We introduce the assumptions that we shall use in the sequel

(Al) a) The functions z — ai(x,p) and * — Fi(z,p) are measurable on

R, for any fixed p € IR. Besides, the functions p — ay(z,p) and
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p — Ok(z,p) are continuous and nondecreasing from IR into IR, for
aa. r€R,, k=1,n.

b) There exist ag, by > 0, k = 1,n and the functions ¢y, ¥y €
L?(IRy;IR), k = 1,n such that

|l (2, p)| < aglpl + or(x), |Br(z,p)| < brlp| + Yi(z),

fora.a. x € Ry, forallpe R, k=1,n.
c) There exist cg, dr > 0, k = 1,n and the functions &, n €
L*(Ry;IR:), k =1,n such that

(2, p)| = cxlpl = (@), [Br(x,p)| = dilpl — m(2),

fora.a. z€ Ry, forallpe R, k=1,n.
(A2) a) G : D(G) ¢ R™™™ — IR™™ is a maximal monotone operator

(possibly multivalued). Moreover, G can be split in

G- < G Gz ) ’
Ga1 G2

where G171 : D(Gu) c R — Bn, Gia D(Glg) c R™ — Bn,
Go1: D(Ga1) C R" — IR™, Gag: D(Gy2) C R™ — IR™, and

G(col(z?, 2%)) = col(G11(x?) + Gra(a?), Gor(x%) + Gaa(a?)), for all
z € D(G), = =col(z? z?) € R" x R™.

b) There exists ¢; > 0 such that for all z,y € D(G), = =
col(z®, 2%), y = col(y®,y?) € IR™ x IR™ and for all wy; € G(z), wy €
G(y) we have

(w1 —wa, = y) grem > G| 2® =3 |fm -
¢) There exists (o > 0 such that for all z,y € D(G) and all w; €
G(z),wz € G(y) we have

<U}1 — w2, T — y>Rn+m Z CZ || xr—y H%Rn-km .

(Il - |z~ and (-, ) gr are the euclidian norm and corresponding scalar
product in IR™).

(A3) S = diag(s1,...,Sm) with s; >0, j =1,m.

The above assumption (A2)a is a technical one and it generalizes the matrix

case.
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2. PRELIMINARY RESULTS

We shall write our problem (S)+(BC) as an evolution equation in a cer-
tain Hilbert space. For this aim, let us consider the Hilbert spaces X =
(L?(IR,; IR™))?, R™ and Y = X x IR™ with the corresponding scalar prod-
ucts

(f,9)x = (f1,91) L2(my ;B + (f2, 92) L2(Ry , B™):
f = COl(flva)v g = COl(glagQ)?

m
<$7y>s = Zsixiyh T, Y € JRma

<<f>7<g>>yz<f7g>X+<m7y>87 <f>; <g>ey
x Y x y

We define the operator A: D(A) CY —Y,
D(A) = {y = col(u,v,w) €Y; u, v € H'(IRy;IR"), col(v(0),w) € D(G),
u(0) € —G11(v(0)) — Gr2(w)},

/

u v u
A v — u/ ) v S D('A)7
w Singl(v(O)) + SilGQQ(w)

and the operator B: D(B) CY — Y, D(B) = {y = col(u,v,w) € Y, B(y) €
Y},

u
Bl v |=| stv)
w
Under the assumptions (A2)a and (A3) we have D(A) # ) and D(A) =
X x D(G12) N D(Ga2), and under assumptions (Al)ab we have D(B) =Y.
Lemma 1. If the assumptions (A2)a and (A3) hold, then the operator A is
maximal monotone in the space Y.

Lemma 2. If the assumptions (Al)ab hold, then the operator B is mazimal
monotone in Y.

In the first case, i.e., B(t) = const., we can replace G' by G defined by
Gw = Gw — by, which is also, in the assumption (A2)a, a maximal monotone
operator. So, we can suppose without loss of generality that B(t) = 0.

We present some existence and uniqueness results for the solutions of the
problem (S)+(BC)+(IC), which are obtained in the paper [10].
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Using the operators A and B the problem (S)+(BC)+(IC) can be equiva-
lently expressed as the following Cauchy problem in the space Y

(P) %@) + (A+B)(y(t) 3 F(t,-), t>0,
y(0) = o,
where

y(t) = col(u(t), v(t), w(t)),
F(t,) = col(f(t,-), g(t,"),0),
Yo = COI(U(), V0, ’UJ()).

We shall say that y = col(u, v, w) is a strong (weak) solution of the problem
(S)+(BC)+(IC) if y is a strong (respectively weak) solution of the problem
(P), (see {[1], Chapter III, §2}).

Theorem 1. Assume the assumptions (Al)ab, (A2)a and (A3) hold. If
f,g € WHH0,T; L2(IRy; R")) (with T > 0 fived), ug, vo € H'(IR,; IR"™),
col(vp(0),wp) € D(G), up(0) € —G11(v0(0)) —Gr2(wo), then the problem (P)<
(S)+(BC)+(IC) has a unique strong solution y = col(u,v,w) € Wh>(0,T;Y).
Moreover u, v € L>®(0,T; H' (IR, ; IR"™)).

Theorem 2. Assume the assumptions (Al)ab, (A2)a and (A3) hold. If
f,g € LY0,T; L*(IRy; IR™)) (with T > 0 fized), ug, vo € L*(IR.;IR"™),
wo € D(G12) N D(Gaz), then the problem (S)+(BC)+(IC) has a unique weak
solution y = col(u,v,w) € C([0,T];Y).

For the proofs of Lemma 1, Lemma 2, Theorem 1 and Theorem 2 see [10].
Lemma 3. Assume that (Al)abc, (A2)ab and (A3) hold. Then the operator
A+ B is coercive with respect to any y° = col(u®,v°,w®) € D(A), that is

i (A+BWy =)y )

lylly —oo llylly
yeD(A)

Proof. We suppose without loss of generality that the operator G is single-

valued. Let y° = col(u’,v",w®) be arbitrary, but fixed for the moment in

D(A). By (A2)b, for every y = col(u,v,w) € D(A), u = col(uq,...,u,),

v =col(v,...,vp), w=col(wi,...,wy), we have
= ((A+B)(y),y — ")y = (A(y) — Ay ¥y + (B(y),y — )y
0 0 v(0) v”(0) v(0) v2(0
+<A(y),yy>y=<G<w >G< ) <w ) 40 )Rn+m

Ey
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+k§/0 o, g (2)) (i () — ) dm+2/ B, vk (2)) (v (2) — v (2))
FEo > o — w0 + 3 / (e () (g (2) — (@) da
k=10

3 [ B onte) - b + B
k=1
0 0 0

(u® = col(uy, ..., ul), v°=col(s?,...,09)).

For y # 0, we obtain

n

/Ooo o (@, up () (up () — ud(z))da

B alw-wly B S

Wiy = Tl Tolly ol
> [ Bl @) onla) - o)z
k=170 N

OO ol =
/ (2, g () () — () / Bz vk (2)) (wn (&) — v(z))d
min 0 0
{ ”Uk”m(zm) 7 ”Uk”L2(1R+) 7

2
S E

, k=1,n,+ o

lylly

To prove (1) it is sufficient to show that

/Ooo o (, up () (up(2) — ul(z))da

lim =00, k=1,n, (2

HUkHL2<1R+)_’O° ||ukHL2(R+)

/ B, v (1)) (o) — vQ())

u =00, k=1,n, (3)

||kaL2(1R+)_’°° Hvk”LQ(R_‘_)

and

lim M — 0. (4)

lw]| s —o0 |wl|s

For the relations (2), using the assumptions (Al)abc we have

ag (@, up(2)) (ug (x) — u(x)) > Jag(z, ug(2))] - [ug(z) — up(z)|
—2lay,(z, up(@))| - fug () — u(@)] > (cxlur(@)] — & (2)) - Jug(z) — up ()|
—2(ag|up ()| + ¢r()) - Jug(z) — up(@)| > exlup(@)|(Jug(2)] — |up(2)])
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—&(2) (Juw(@)] + [u@(@)]) = 2(ax|uf (@)] + |or(@)]) - (Jur(2)] + ud(2)])
= cplug(2)? — |ug(@)] - (cx|up(@)] + &(@) + 2ar|u ()| + 2|pr(@)|)
—(lup (@) k() + 2ax|up () + 2lpp(@)| - [uf(2)]) = cxlur(@)|* — C1lug(2)]?
—Cy(aglup ()| + &k (@) + 2lpx(2)])* — gluf(@)* = 36 (x) — 2ap|uf(z)[?
—¢i(2) = [u(@)]* = Elur(2)]? = C3(jui(2)|* + & () + gj(x)), = > 0.
We choose C1, Cy > 0 such that C7 < ¢, ¢x = ¢, — C1 > 0, C3 > 0,
ap = ¢ + 2a; > 0.

Integrating over [0, c0) we obtain

/ (@, up(®)) - (up(z) — u(@))da > G / jup () 2z — C / ()P
0 0 0
+€]§(CL‘) + ga%(:c))d:c = 5k‘|uk‘|%2(ﬂ+) — C4, C4 > 0, k= 1,n,

(because uY, &, pr € L2(IR4)).
The above inequality implies the relations (2). In the same manner we

[e.e]

deduce the relations (3). The last relation (4) is a simple consequence of the
equivalence between the norms || - ||grm and | - ||s. Q.E.D.

In the second case, i.e, B(t) # const., the existence, uniqueness and some
properties (regularity, asymptotic behavior) of the solutions of the problem
(S)+(BC)+(IC) were studied in [10], where we used the change of functions

up = Uy, + g, with ik(t,:v) =7 bp(t), k = 1,n. Then our problem was

. +x
written as
ou ov ~ ~
~ —(t,$)+—(t,x)+a(m,ﬂ+ﬂ(t,x)) :f(t,(L‘)
®) 3 5 _
a(tax) + %(tvx) + ,B(IE,'U) = g(t,ﬂ?),

t>0, >0,
with the boundary condition

— u(t,0) B v(t,0) 0
(B9 <S<w'<t>> ) c G( w(t) )+<Bz(t) ) 10

and the initial data

{ (0, z) = p(z), v(0,z) = vo(z), = >0,

1c) w(0) = wo,

where f = col(fi, .-, fu), 5= col(@, .. ), fult,a) = flt,2) — - i (1),

Qbk(t),w>0,t>0,k:1,7n,ﬂ0:

§k(t,x) = gk(t,x) + (1—}—15{,‘)
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- - - 1
col(uig, - -, Uno), Uko(x) = ugo(z) — 1+$bk(0), x>0, k = 1,n, Bat) =
col(bpt1(t)y .-y bpgm(t)), (f = col(fi,...,fn), g = col(gi,...,gn), up =
col(uig, ..., Unp))-

Using once again the operators A and B, the problem(§)+(l§é)+(fé) can
be equivalently formulated as a time dependent Cauchy problem in the space

p u u u+u(t) f(t, )
i +Al v | +B v > g(t,-)
(P) w w w S=1By(t)
u(0) Uo
v(0) | =1 wo
w(0) wo

Theorem 3. Assume the assumptions (Al)ab, (A2)ac, (A3) hold, f, g €
WbH0,T; L*(Ry; R™)) (T > 0 fized), by € WH2(0,T), k = T,n+m,
up, v9 € H'(IRy;IR"), wg € IR™, col(vg(0),wo) € D(G) and B1(0) €
uo(0) + G11(v0(0)) + Gia(wo). Then the problem (P) < (S)+(BC)+(IC)
has a unique strong solution y = col(u,v,w) € W5H*(0,T;Y). Moreover
u, v € L>®(0,T; HY(IR+; R™)), (B1(t) = col(by(t),...,bn(t))).

Theorem 4. Assume the assumptions (Al)ab, (A2)ac and (A3) hold. If
f,g € LY0,T; L*(IRy; R™)) (T > 0 fized), b, € L*(0,T), k = T,n+m,
ug, vo € L2(IRy), wo € D(G12) N D(Ga2), then the problem (S)+(BC)+(I1C)
has a unique weak solution y = col(u,v,w) € C([0,T];Y).

For the proofs of Theorem 3 and Theorem 4 see [10].

3. THE EXISTENCE OF TIME PERIODIC SOLUTIONS

In the first case, i.e., B(t) = const., in fact under our assumption, B(t) = 0,

we have the following result.
Theorem 5. Assume that (Al)abe, (A2)ab, (A3) hold and

f7 g€ Llloc(R+;L2(lR+;an))

are Ty-periodic in time, that is f(t + To,x) = f(t,x), g(t + Ty, z) = g(t,x),
for a.a. (t,x) € IRy X IRy. Then the problem (S)+(BC) has at least one
To-periodic weak solution.
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Proof. Let y° = col(u®,v°, w") € D(A) be fixed. We define the operator C by
D(C) = {y = col(u,v,w) € Y; y+3° € D(A)}, Cly) = (A+B)(y +1°).

Because the operators A, B are maximal monotone (Lemma 1, Lemma 2),
the operator B is single-valued and everywhere defined, by {[1], Theorem 1.7,
Chapter I}, we deduce that the operator A + B, and also C are maximal
monotone. Using now Lemma 3, we obtain that the operator C is coercive
with respect to 0. With the change of functions 0x(t, ) = uy(t,z) — ul(z),
O (t, ) = v (t,z) —vl(2), k =T, n, 7;(t) = w;(t) — w?, j = 1, m, the problem
(S)+(BC) becomes

(B) L ewsr

where w = col(4,6,7), § = col(d1,...,0,), 6 = col(0y,...,6,), T =
col(Ti, ..., Tm)-

Using now the periodicity of functions f, g, and {[4], Proposition 1, p.285},
we deduce that the solutions of the equation (E) are bounded on the positive
half-axis. Therefore all the solutions of the equation (P); are also bounded,
that is sgg”y( Jly < co. We define the operator £ : D(A) — D(A), L(y°) =

t

y(To; yo)_, where y(t,2°), t > 0 is the weak solution of the proble S)+(BC)
with the initial date y°. This operator is nonexpansive and if y° € m the
sequence {L£"(y")},>1 is bounded in Y, because £"(y°) = y(nTp;y°). Using
a theorem due to F.E. Browder and W.V. Petryshyn (see [3]) we deduce that
the operator £ has at least one fixed point. This means that the problem
(S)+(BC) has at least one time periodic weak solution with the period Tp.
Q.E.D.
Remark. If ay(z,-) and fi(x,-) are strongly monotone, a.a. = € IR} and
fi g€ Wl1 Y(R; L2(IR; IR™)) are Ty-periodic functions in the variable ¢, then
the problem (S)+4(BC) has a Tp-periodic strong solution.

In the second case, i.e., B(t) # const., we shall firstly present some condi-
tions for the boundedness of the solutions to problem (S)+(BC).
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Theorem 6. Assume that (Al)abc, (A2)ac, (A3) hold, and f,g €
L? (Ry; L*(IRy; R™)), by € L? (IRy), k = 1,n + m, verify the conditions

loc loc

t41 t+1
sup [ 16 a0 < Con sup [ 19062 ) g, ey @0 < Co,
t>0 Jt t>0 Jt

t+1
sup/ bx(6)1%d6 < Co, (Co > 0).
t

>0
(5)

Then, every weak solution of the problem (S)+(BC) is bounded on IR .
Proof. Because the operator A + B is maximal monotone and coercive, it
follows that R(A + B) =Y and, hence F = (A + B)~(0) # (. We suppose
again that G is single-valued.

First, we show that if f, g € Wlicl (IRy; L*>(IR,; IR™)) and by, € VVllof(lRJr),
k = 1,n+ m, verify the conditions (5), then every strong solution of the
problem (S)+(BC) is bounded on IRy. Let T" > 0 be arbitrary, but fixed for
the moment, f, g € WH(0,T; L?(IR.; R"™)), by € WH2(0,T) k = T,n +m,
verify the conditions (5), ug, vo € H'(IRy;IR"), wg € IR™, col(vy(0),wq) €
D(G) and B1(0) € up(0) + G11(vo(0)) + Gi2(wp). Then the strong solution
y(t) = col(u(t),v(t), w(t)) of the problem (S)+(BC)+(IC) corresponding to
above data satisfies

%(t) +A®) + Bly(t) = Fi(t,)), 0<t<T
u(t,0) = ~Gui(v(1,0)) — Gua(w(®) + Bi(), 0<t<T O
y(0) = yo,

where Fy(t,-) = col(f(t,-),g(t,"), S~ Ba(t)).
Let v = col(p,q,7) € F, that is

(A+B)(y) = 0. (7)

We subtract from equation (6); the relation (7) and we multiply the obtained
relation by y(t) — 7 in the space Y. We obtain

thuy<t>—~yu%+<0< o )—G( ! )( o )>Bn+m
Y / ™ (s ug(t,2)) — (@, () - (et 7) — pr(@))da
k=170

# 3 [ Bl nlt,0) = B (o)) - (1,0) — )
k=10
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= (B1(t), v(t,0) = q(0)) rr + (Ba(t), w(t) — r)mm
+<f(t7 ‘),U(t, ) - p>L2(R+;Rn) + <g(t7 '),’U(t, ) - Q>L2(R+;R")7 0<t<T.
Therefore using the assumption (A2)c we get

1d
S () — -+ Gallv(t, 0) = a(0)l[Fn + Gallw(t) — 7| Fem

e [ @alnt0)) — aupela)) - (us(t,0) = (o)
k=10

+ 3 [ (Grlo o) — el (@) - ((0:) = () ds
k=10

< & 1B1(®)ln + Gollv(t, 0) — q(0)l|5n + & | B2(t)ll5em + Gollw(t) — [
I Fo(t, )lxlly@) =y, 0<t<T,
where Fy(t,-) = col(f(t,-),g(t,")).

We choose 0 < {5 < (2; then the above inequality gives us

%%Hym —l5 + ; /OOOW% up(t,@)) = (@, pi(x))) (ur(t, ) — pi(2))dz

#3° [T Gkttt — Bl ) on01, ) — axle)
k=170

+Cs]w(t) = rlfm < Coll B#) | 5gnim + 1 Fots ) xlly(t) —=lly, 0<t< T( |
8

where the positive constant Cs, Cg are independent of 7.

Now, by assumptions (Al)abc we have

(o (@, up(t, ) — oz, pr(a))) - (uk(t, @) — pe(@)) = (cklur(t, )]
—&k(2)) - fuk(t, ) — pr(@)| — (arlpr(@)| + or(@))|ur(t, ) — pr()|
= cp(|uk(t, @) — pr()] = [pe(@)]) - [ue(t, ) — pr()] — (&) + aklpr())|
Hoow(@)]) - fur(t, ) — pr(2)| = cxlur(t, 2) — pr(@)|* = (cxlpr(@)| + k()
+aglpi(@)] + ler(@)]) - fur(t, 2) — pr(a)] = exlug(t, x) — pr(2)? = Crlug(t, )
—pr(@)? = Cs((cx + ar)*pi(2) + & (2) + 9 (x)) = eulur(t, ) — pr(a)?
~Co(pi(x) + G () + 9i(2)), >0, 0<t<T, k=1,
(we choose C7 > 0 such that C7 < cy; %k =c,—Cr, k=1,n, and Cg, Cy > 0
are independent of T').

Integrating over (0, 00) the obtained inequality, we deduce

/0 ™ (e, un(t @) — e, pe(@)) - (unlts 2) — pu(a))de

> Cil|ur(t) —pkH%g(lR+) —Ci, 0<t<T, k=1,n.

9)
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In the same manner we obtain

/Oooﬁﬂk(% v(t, ) — Bz, qr(2))) - (vi(t, @) — gr(z))d 10)

> gk””k(t) - Qk‘|%2(ﬂ+) -Ci1, 05t < T, k= L,n,

where dj, > 0, k = 1, n, and the constants Cjg, C1; > 0 are independent of T'.
From the inequalities (8)-(10) we deduce

1d D~
2L y0) =21 + Clott) i + 303l = pela,
k=1

57 dellow(®) = aellZe, ) < nCro+nCit + Col BE)Zgnim + I1Fo(t, ) xly(2)
k=1

7y,

Ly 8) = IR+ Crally(®) — 7|2 < Crs + Co| B2 Cal|Fo(t, )|
= 57 19 =l + Cr2lly(®) = vlly < Cra+ Col| BE) | e + Crall Fo(t, ) [
+Cl5||y(t) - 7”%7 0<t<T,

(we choose C; > 0, i = 12,15, such that C15 < C12).
Therefore we obtain
1d
2719 — Y5 + Cuslly(t) — VI3 < Cis + Col| Bt) [ 55n4m
+Cul| Fo(t, )%, 0<t<T,
with C1¢ > 0 independent of T'.
Because T is arbitrary, the inequality (11) is verified for a.a. t € [0, 00).

(11)

Now we shall use the following lemma from [4] (see {[4], Lemma 4, p.286}).

Lemma 4. Let A be a nondecreasing nonnegative function on IRy, o > 0,
t+1

C > 0, ¢(t) be measurable nonnegative function, with/ ¢(0)do < C, for

t

allt > 0. Let V e C([0,00),Ry) be absolutely continuous on every compact
interval of IR, such that % + A(V(t)) < (), for a.a. t € [0,00). Then, if
a>V(0) and AN(a) > C, we have V(t) < a+ C, for all t > 0.

We consider V(t) = |y(t) — v|%, Au) = 2Cieu, ((t) = 2C13 +
QCGHB(t)H?RHm + 2C14|Fo(t, -)||%. Using the conditions (5) we have

t+1 N
sup / ¢(0)df < 2C13 + 2(n + m)CoCs + 4CoCiy "2 C.
t>0 Jt

C
Therefore, Lemma 4 gives us that if a > max{”yo —%, 20}, then
16

we obtain [|y(t) — |3 < a+ C, for all t > 0. We deduce that the solution
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y(t) is bounded on IR;. The extension to the case of weak solutions is then
immediate, so we obtain the conclusion of the theorem. Q.E.D.
Theorem 7. Assume that (Al)ab, (A2)ac, (A3) hold,

f> g€ Llloc(R+;L2(lR+;an))

2
loc

tions. Then, if the problem (S)+(BC) has at least one bounded solution on
IR, then the problem has also a weak Ty-periodic solution.

are Ty-periodic in time and by, € L7 (IRy), k = 1,n + m are Ty-periodic func-

Proof. Let y = col(u,v,w) be a bounded solution on IR} of the problem
(S)+(BC). Then using the following inequality for the solutions y and y

ly() = 5Oy < ly(0) = g(O)lly, >0,

we deduce that all the solutions of the problem (S)+(BC) are bounded on IR+ .
Now, using the operator £, defined as in the proof of Theorem 5 (for this case)
and the same fixed point theorem due to F.E. Browder and W.V. Petryshyn,
we conclude that the problem (S)+(BC) has at least one Tp-periodic weak
solution. Q.E.D.

Now, combining Theorem 6 and Theorem 7, and by using the fact that a
periodic function from space L? belongs to the Stepanov space of index 2, we
obtain sufficient conditions for the existence of time periodic weak solutions
for our problem, formulated in the following corollary.

Corollary. Assume that (Al)abc, (A2)ac, (A3), hold,

f7 g e L?OC(R+;L2(R+;RTL>)

2
loc

are Ty-periodic in time, and by, € L;. (IRy), k = 1,n + m are Ty-periodic func-
tions. Then the problem (S)+(BC) has at least a time periodic weak solution

with period Ty.

4. SOME REMARKS IN THE CASE z € IR

If the spatial variable x belongs to IR, then from the boundary condition
(BC) it only remains w'(t) € =S~ Gaa(w(t)) + S~!By(t). This equation with
the initial date w(0) = wq give by integration the function w(t). Therefore,
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for u and v we obtain the problem

5 O t2) + 2 (4,2) + alau) = £(1,2)
v u
a(tvx) + %(tv l’) + ﬁ(l’,U) - g(t,x),
t>0, z€ R,
with the initial data
(ﬁ) U(O,.%) = ’LL(](ZC), ’U(O,l‘) = UO(x)a HS R)

under the assumptions (Avl)abc which are (Al)abc with IR instead of IR.
We consider the space Z = (L?(IR; IR"))? with the standard scalar product
and the operators
C:D(C)C Z— Z, D(IC)= (HYIR;R"))? C(col(u,v)) = col(v',u),
D:D(D)C Z— Z, D(col(u,v)) = col(a(-,u), B(-,v)).
If (A1)ab hold, then C is maximal monotone in Z, and D is everywhere defined
(D(D) = Z) and maximal monotone. By using the operators C and D the
problem (S)+(IC) can be written as
dz — .
= —(t) +C(2(t)) + D(2(t)) = F(t,-), t>0, in Z

(P) dt
z(0) = zp,

where z(t) = col(u(t),v(t)), z0 = col(ug,vo), F(t,-) = col(f(t,-), g(t,)).

The existence, uniqueness and asymptotic behavior of the strong and weak

solutions of the problem (S) + (IC) have been investigated in [10]. We shall
only recall the existence results.
Theorem 8. a) Assume that (Al)ab hold. If f, g € Wh1(0,T; L2(IR; IR"))
(T > 0 fized), ug, vo € H'(IR; IR™), then the problem (P) < (S) + (IC) has
a unique strong solution z = col(u,v) € W1(0,T;Z). Moreover u, v €
L>=(0,T; H (IR; IR™)).

b) Assume that (Al)ab hold. If f, g € L*(0,T; L2(IR; IR"™)) (T > 0 fized),
ug, vo € L?(IR; IR™), then the problem (S)+(IC) has a unique weak solution
z = col(u,v) € C([0,T); Z).

Using similar arguments as in the case z € IR; we obtain for this problem
the following results.
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Lemma 5. Assume that (Avl)abc hold. Then the operator C 4+ D 1is coercive
with respect to any 2° = col(u®,v°) € D(C), that is
_ 50
e D)) ),
lzll 7 —o0 2]z
zeD(C)

Theorem 9. Assume that (Al)abc hold and f, g € L} (IRy; L*(IR; IR")) are

loc

To-periodic in time, that is f(t + To,x) = f(t,z), g(t + To,x) = g(t,x), for

a.a. (t,x) € Ry x IR. Then the system (S) has at least one Ty-periodic weak
solution.
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