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INTRODUCTION

We shall consider initial-boundary value problems for the equation

Dyu(t, z) = > Dj[f;(t, z,ult, x), Vu(t, z))] + folt, 2z, u(t, ), Vu(t, z))+

h(t,z, [H(w)](t,x)) = F(t,z), (t,z) € Qr=(0,T) x

where {2 C R™ is an unbounded domain with sufficiently smooth boundary, H is a
linear continuous operator in LP(Qr), the functions f;, h satisfy the Carathéodory
conditions and certain polynomial growth conditions. We shall show that the weak
solutions of this problem can be obtained as the limit (as k¥ — oo) similar problems,
considered in (0,T) x Qk where ; C Q are bounded domains with sufficiently smooth
boundary, having the property Q D QN By (Bry = {z € R™ : |z| < k}). Similar
statements were proved in [13] for more special equations. There will be also proved a
uniqueness theorem and the boundedness of the solutions if some additional conditions
are satisfied.

The problem was motivated by the climate model considered by J.I. Diaz and G.
Hetzer [8] where this type of equation was considered on the unit sphere in R? (instead
of ©2). Some qualitative properties were proved in [1] and [7] for the climate model.
Functional partial differential equations arise also in population dynamics, plasticity,
hysteresis (see, e.g., [2], [5], [12], [19]).

In [15] similar problem was considered for bounded €2, where the equation contained
a rapidly increasing term with respect to v and also discontinuous terms in u. It is not
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difficult to extend the results of the present paper to higher order parabolic equations,
containing discontinuous terms with respect to the unknown function.

1. EXISTENCE THEOREMS

Let 2 C R™ be an unbounded domain with sufficiently smooth boundary, p > 2.
For any domain Q¢ C R™ denote by WP (£y) the usual Sobolev space with the norm

nun=Lwamp+mpﬂ”5

Let V be a closed linear subspace of W1?(Qq) and denote by LP(0,T;V) the Banach
space of the set of measurable functions w : (0,7') — V such that || u ||P is integrable
and define the norm by

T
o oiry= [ I alt) .
The dual space of LP(0,T;V) is L9(0,T;V*) where 1/p + 1/q¢ = 1 and V* is the
dual space of V' (see [9], [11], [18]).
Let v be a continuous weight function satisfying

1
v(z) > ¢; >0 and /

o 2D <

with some constant c¢;. Denote by Wﬁ}’p(ﬂ) the space of functions having a finite

norm
1/p
HUW—{AﬂVwW+7wVﬂ .

By Holder’s inequality it is easy to show that W,}’p(Q) is continuously imbedded into
L?(Q). Let V7 be a closed linear subspace of W.1'P(2) and X7, = LP(0,T; V7).
Let ¢ € C3°(R™) be a fixed function having the properties

0<o(@) <1, ¢@)=1if|z| <1/2, ¢(x)=0if [z] = 3/4

and define function ¢y by pr(z) = p(z/k).

Assume that

AV} is a closed linear subspace of W1?(€,) such that for any w € V7, (prw) |q, €
Vie-

Further, there exist linear and continuous (extension) operators Ly : Vi — V7
such that for any wy, € Vi, (Lxwy) |q,= wk, for any w € V7, (Lyprw) o, = prw, the
sequence || Ly || is bounded.

Remark 1. It is easy to show that assumption A is satisfied e.g. in the followig
special cases:

a/ VI = WE(Q), Vi = Wy ();

b/ 98 is bounded, Q = QN By, V7 = WP(Q) and Vi, = WHP(Qy);

¢/ 90 € C' is bounded, Q) = QN By, V7 = Wvlg(Q) and Vi, = {v € WhP(Qy) :
vlaa = 0}.

Define the operators My, by (Mv)(t,z) = v(t,-) |a, (z), v € X7.. Then we have
Mi(prv) € X5 = LP(0,T; Vy,).
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Similarly, define the operators Ny by (Nyv)(t,z) = (Lrv(t,-))(z), v € X%. Then
Ny : LP(0,T; Vi) — LP(0,T;V7) are linear and continuous, their norms are bounded.

On the functions f; we assume that

B (i) fj : Qr x R x R® — R are measurable in ({,z) € Qr and continuous in
neR,CeR;

(i) 15 (8,1, O < er[(y(@)Valnfp= + CP~ + gl] + ko (), § = 1, o,

|fo(t,z,m, Q)| < er[(y(z)P~ L n|P~ L +|¢[P~1 +|n|] + k1 (z) with some constant ¢; and
a function ky € L1(Q);

(iil) 37 [t zn, ) — fi(tzn, QNG — G) > 0if C £ G

(iv) 20y fitsx,m, QG+ folt, @,m, O)n > eal[C[P + (v(2))P~Hn|P] — ko (2) with some
constant ¢y > 0 and ks € LY(Q).

Remark 2. A simple example for f; satisfying B is

fj(t7z7naC) = aj(tax)gj|Cj‘p72 (] = 17 "'7”)3

folt,z,m,¢) = (3())"~ P~ + bo(t, )7,

where a;, by are measurable functions, satisfying 0 < ¢y < a,(t,z) < ¢j, 0 < bo(¢t,z) <
¢(, with some constants co, c{).

On function h we assume

C (i) h(t,z,0) is measurable in (¢,z) and continuous in 6.

(i) [A(t, 2, 0)] < ks(x)ka(|0])(y(2))P~ O]~ + ks (@)

where ks € L'(2) N L>(Q), [, |k5|‘17p%1 < oo and k4 is a continuous function,
satisfying lim, k4 = 0.

Finally, assume that

D H : LE(Qr) — LE(Qr) is a linear and continuous operator (in the LP space
with the weight function «) such that for any compact K C Q there is a compact
K C Q with the following property: the restriction of H(u)to (0,t) x K depends only
on the restriction of u to (0,¢) x K for all t € (0, 7] and it is continuous as an operator
LE(Q¢) — LE(Q:) with the same bounds for all ¢.

Remark 3. The operator H may have e.g. one of the following forms:

[H(uw)](t,z) = /0 Bo(s, t,x)u(s, z)ds or [H(u)](t,x) = u(7(t), x)

with some By € L ((0,T)xQr) and a continuously differentiable function 7 satisfying
7 >0,0<7(t) <t
Define operators A, B : XJ. — (X7)* and Ay, By, : X% — (X%)* by

T
Aol = [ (A, o) =

T n
/ Z/fj(t,x,u,Vu)Djvdx+/fo(t,x,u,Vu)vd:c dt,
0o |iS;/e Q

[B(u),v]:/OT<B(U)(t),v(t)>dt:/0T [/Qh(t,x,H(u)(t,x))vdx] dt, e X
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T
(A (), 4] = jg (A () (8), v () dt =

7| n
/ Z fi(t, z, ug, Vug)Djvpde + fo(t,z, ug, Vug)vrda | dt,

T T
Bl = [ Bl Ol = [ ] [ wieo B 0)nde]| ar
0 0 Qp
Uk, Vi € X%
Finally, define for F € (X7.)* its "restriction” F}, € (X%)* by
[Fk,vk] = [F, Nkvk], Vg € Xécﬂ
Theorem 1.1. Assume A - D. Then for any F € (X])*, ugp € V7 there exists
ux € XK satisfying
duk

(1.1) -t (Ax + Bi)(ug) = F,

dug
dt
uk(O) :Mk(gakuo), k:LQ,...

Further, there exist a subsequence (uy,) of the sequence (uy) and u € X7 such that

€ L9(0,T; V;)

(N, ug,) — u weakly in X7

and u satisfies

(1.2) % + (A+ B)(u) =F, % € (X))

u(0) = up.

Proof. The existence of solutions wuy, of (1.1) follows from the fact that (Ay + By) :
Xk — (Xk)* is bounded, demicontinuous, pseudomonotone with respect to
du
dt
and it is coercive (see, e.g., [14], [15]). Thus by a known existence theorem (see, e.g.,
[3]) there exists a solution of (1.1).

Applying both sides of (1.1) to uy we find

D(L) :=={u e Xk — c (X})*,u(0) =0}

1 1
(1.3) 5 | Nur(t) 1720 3 | uo (1720 +e3 || Nius s 0,00 S

(I F [l xqye +eal | Newk [lLeosv7) +¢5

for all ¢t € [0,T] with some positive constants cs, c4, 5. This inequality implies that

(1.4) | Niug ||xy is bounded.

Hence

(1.5) Ag(ug), By(ux) are bounded in L(0,T; Vy).
Further,

(1.6) (Njuy) — u weakly in X7 for a subsequence
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with some u € X7.. Define the ”extensions” Ap(uy) by

[Ar(ur), 0] = [Ag(ug), My (opv)], v € X7,
then || Ay (uz) l[(x7)~ is bounded. Consequently, for a subsequence
(1.7) (Ag(ug)) — w weakly in (X7)*
with some w € (X7)*.

Since by (1.1), (1.4), (1.5) | % l[(xx)+ is bounded, by using also (1.4) we can
choose a subsequence of (uy) such that for any bounded Qy C 2,

(1.8) (Niug) — win LP((0,T) x o) and
(1.9) (Npug) — u a.e. in Qr.

By (1.8) and assumption D for a suitable subsequence
(1.10) H(Nyuy) — H(u) a.e. in Q.

Since for an arbitrary v € X7,
(Mg (prv)) — v in the norm of X7, and
[Fk, Mi(pxv)] = [F, Ni.(My (¢1v))] = [F, ],
applying (1.1) to My (¢rv) with an arbitrary fixed v € X7}, we obtain as k — oo
du du

1.11 — Bu)=F, — e (X})*
(111) CbwBu) =F, e (X))

u(0) = ug
(see, e.g., [18]).
Now we prove w = A(u). Apply (1.1) to My (ux — u)¢ with arbitrary fixed ¢ €
C§°(9Q) having the properties ¢ > 0, {(z) = 1 in a compact subset K of Q. So we
obtain for sufficiently large k

(1.12) [Diuy, — Dyuy, My ((ur, — u)C)] + [Deu, My ((ur — u)Q)]+

[Ak (ur), My ((ur — w)Q)] + [Br(ur), Mi((ur = )Q)] = [Fie, Mi((ur = u)C)]-
For the first term (for sufficiently large k) we have

T
(113)  [Dyus — Dyu, My (g, — u)C)] = 1/2 / [jt /Q (un () — u(t))2Cda | dt =

1/2/ (up(T) — u(T))*¢dx > 0.
Q
Further, by (1.6)
(1.14) klirgo[Dtu, My ((ug —u)¢)] =0,
Jim [, My (s~ 0))] = Jim [ Ne(My(ug —u)))] = Jim [F, (g~ w)] =
By D, Holder’s inequality and (1.8)
(115) leH;o[Bk(uk), Mk((uk — U)C)] =0.
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Thus (1.12) - (1.15) imply
(1.16) lim sup[Ayg (ux ), Mi((ur —u)¢)] < 0.

k—o0

Since by D, Hélder’s inequality and (1.8)

klim fo(t, z, uk, Vug) (ug — u){dtde =0  (where Qrr = (0,T) x Qp),
X JQrk
(1.16) implies
(1.17) limsupz fi(t, @, uk, Vug)Dj[(ur — uw)(ldtdz < 0.

k—oo 1= JQr
By using arguments of [6] (see also [13]) we obtain from (1.17)
Vup — Vu a.e. in (0,T) x K.
Since K can be chosen as any compact subset of 2, we find
V(Nyug) — Vu ae. in Qr.
Thus Vitali’s theorem and Holder’s inequality imply (see, e.g. [6])
(Ap(ug)) — A(u) weakly in (X7.)*

i.e. w = A(u) which completes the proof of our theorem.

Remark 4. It follows from the above proof that if the solution of (1.2) is unique
then also for the original sequence (uy) of solutions to (1.1), (Nxug) converges weakly

in X7, to the solution u of (1.2).

If some additional conditions are satisfied then one can prove the uniqueness of the

solution.

Theorem 1.2. Assume A - D and the following monotonicity condition is satisfied:

n

(1.18) D w8 = fi(t 2,0 — &)+

Jj=1

[fo(t,a:,ﬁ) - fo(t,ﬂ?,é)](fo - go) > _00(50 - 50)2

with some constant cy. Further, there exists a conctant ko such that

(1.19) \h(t,2,0) — h(t,z,0)| < ko|0 — 0]

for any (t,z) € Qr and 0,0 € R. Finally, H is positive, i.e. u > 0 implies H(u) > 0.

Then the solution of (1.2) is unique.

Proof. Perform the subtitution v = e“*%. Then (1.2) is equivalent with
di  « . - da .
E+(A+B)(U)+CU:F, s (X7)
ﬂ,(O) = U
where
[A(a),v] =
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| n
/ Z/ e U fi(t, @, e, e Vi) Dyjvdr + | fo(t,z, e, e Via)vdr | dt,
0 Q Q

[B(i), o] = /0 ' { /Q e—cth(t,x,H<eCfa)(t,x))udx] dt, F=eF.

and for sufficiently large ¢ we obtain that the solution of the above problem is unique
because then (by (1.18), (1.19)) the operator @ — (A + B)ai + cii is monotone.

It is not difficult to prove an existence theorem for the interval [0,00). Denote
by X2 and (X2)* the set of functions u : [0,00) — V7, w : [0,00) — (V7)*,
respectively, such that for any finite T', u € X 7., w € (X])*, respectively. Further,
define Qo = (0,00) x Q and let L? (Qoo) be the set of functions v : Q, — R such

~,loc
that v € LE(Qr) for arbitrary finite 7.

Theorem 1.3. Assume A, further assume that fj : Qoo x R"™ — R, h: QuoxR — R
satisfy B and C for any finite T > 0 and H : Lv 1oc(@osc) — Lz 1oc(Qoc) satisfies D
for any finite T. Then for arbitrary F € (XX)* there exists u € XX such that u
satisfies (1.2) for any finite T.

2. BOUNDEDNESS OF THE SOLUTIONS

Theorem 2.1. Assume that the conditions A - D are satisfied for any finite T

such that the constants and functions are independent on T. Further, assume that
| () ||v+ is bounded,

(2.20) |A(t, 2, 0)|" < cil0]* + ki (x)

with some constant ¢ and a function ki € L'(Q); for any u € X1,

(2.21) / |H (u)|?(t,z)dx < ¢k sup / |u(T, z)|*dx
T€[0,t]

with some constant c.
Then for the solution u of the problem in Q, the function

- /Q lu(t, z)|2dz

is bounded in (0,00) and there exist positive numbers ¢, ¢” such that
T
(2.22) / | w(t) |5 dt < (To —Th) + ¢ for sufficiently large Ty < Ts.
T
Remark 5. The examples in Remark 3. satisfy (2.21).

Proof. Apply (1.2) to u and integrate the equality over (T3, Ts) with respect to ¢
then we obtain

T2
(2.23) / (Dyult), u(t))dt + /

T1 Tl

T2 T2

(A4 B)(u)(t), u(t))dt + / (F'(t), u(t))dt.

T
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For the first term in (2.23) we have

(224) | Do), uw)de = 5 lu(t) - (1)

Ty

By the assumption B (iv)

Ty T>
(2.25) /<mmwMMﬁz@/|mwww4nfm[fz

Tl Tl
Further, by (2.20), (2.21), for arbitrary number & > 0

(2.26)  [(B(u)(t),u(?))| < % [ u(t) IILP(Q / [t e, [H ()] (¢, 2))|dx <

eP p
;II u(t) [ly + IUTfCI dz + cg

with some constant ¢f. Finally, for the right hand side of (2.23)

qd r€lo,1]

T cP T ] 1 T
ey 1w < S [ e g [ 1Eo 1.
Ty P Jr €q Jn,
Choosing sufficiently small £ > 0, we obtain from (2.23) - (2.27)
1 Co T2 p
(2.28) SW(T2) —y(T)l + 5 . | u(®) Iy~ dt <
1

T>
o / sup y(7)dt + c5(To — T1)
T, 7€[0,t]

with some constant c¢y. Since

y(t) = /Q lu(t, z)|*dx < const [/Q u(t,x)|p'y(x)dx} 2/7”

we obtain
1 T2

(2.29) *MB%WHM+%/ (D) 2de <

T,

[\)

Ts
co / sup y(7)dt + cg(To — T1)
T, 71€[0,t]

with some positive ¢y. It is not difficult to show that the last inequality implies the
boundedness of y if p > 2 which will imply (2.22) by (2.28). Assume that y is not
bounded. Then for any (sufficiently large) M there exist o > 0 and ¢; € (0, ¢o] such
that

y(t1) = sup y = M.
[0,20]

Since y is continuous, there is a § > 0 such that

yt) > M —1ift; —§ <t <t.
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Applying (2.29) with T = ¢; and T1 = t; — 0 we find

1
Sl(t) = y(ty = )] + T — 1) < codM + cis

where y(t1) — y(t1 — §) > 0. Consequently,

%(M 1P < oM +

which is impossible if M is sufficiently large.
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