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1. INTRODUCTION

Let (X,d) be a metric space and f : X*¥ — X. For Z = (zg,...,2x_1) € X*, we
can construct the sequences

Yo = f(wo,.. . Tk-1),
(1) Y1 :f(y07-~-7y0)a

Yn+1 = f(yn7 o 7yn)

(2) Ttk = f (l’n, v a'rnJrk—l) , nE N.
 fiX-X
¥ F@)=f....a)
(@) Ay Xk — Xk
(ur, ... u) — (U, ooy up, flug, ..o ug)).

For (1) and for (2) we have:

yni1 = " (v0)

(xn+1;~~7xn+k) = A?(mo,...,xk,l)

Definition 1.1. (I.A. Rus [8]). Let (X,d) be a metric space. An operator A: X — X
is (uniformly) Picard operator (PO) if 3 x* € X sucht that:
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(a) Fa={z"},
(b) (A™(x)),,cn converges (uniformly) to x*, V x € X.

Definition 1.2. (I.A. Rus [8]). Let (X,d) be a metric space. An operator A: X — X
is (uniformly) weakly Picard operator (WPO) if:

(a) the sequence (A" (x)),cn converges (uniformly), V x € X,

(b) the limit (which may depend on x) is a fized point of A.

If A is weakly Picard operator then we consider the following operator:
A*® X - X,
A®(z) = limy, 0o A™(2).

Definition 1.3. (I.A. Rus [5]) Let (X,d) be a metric space. An operator A: X — X
is c-(uniformly) weakly Picard operator (c-WPO) if:

(a) A is (uniformly) weakly Picard;

(b) 3 ¢ >0 such that.:
(5) d(z, A= (z)) < c-d(z, A(z)),

VazoelX.

2. COMPARISON FUNCTIONS AND (C)-COMPARISON FUNCTION
Definition 2.1. (ILA. Rus [7]). A function ¢ : Ry — Ry is called comparison
function if:

(a) @ is monotone increasing:
(b) (¢"™(t)),cn converges to 0, asn — oo, V t.

We are interested to find that comparison functions which satisfies the condition:

(6) > pk(t) < 0.
k=0

V. Berinde in [2] give a necessary and sufficient result for the convergence of the
series of decreasing positive terms. Using this result he introduce the following notion:

Definition 2.2. (V. Berinde [1], [2]) A function ¢ : Ry — Ry is called (c)-
comparison function if the following condition hold:
(a) ¢ is monotone increasing:

(b) there exist two numbers ko, a, 0 < a < 1, and a conv. series of nonnegative

(o]
terms Y vy such that.:
i=0

O"THt) < ah(t) + vk, YVt and k> ko
Theorem 2.1. (V. Berinde [1], [3]) If ¢ : Ry — R4 is a (¢)-comparison function
then:

(i) o(t) <t, for each t > 0;
(i) ¢ is continuous in 0;
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oo
(iii) the series Y. ok (t) converges V t € Ry;

k=0
(iv) the sum of the series (1), s(t), is monotone increasing and continous in 0;
(v) (¢™(t)),en converges to 0, as n — oo, V t.

Definition 2.3. (V. Berinde [1], [3])p : RE. — Ry is called a k-dimensional (c)-
comparison function if:
(a) p(u) <¢ (), VuveR", uy;
(b) ¥ : Ry — Ry define by ¢ (t) = ¢ (t,...,t) is a (¢)-comparison function.
3. FIXED POINT THEOREMS

In this section we present some general fixed point theorems for the operator defined
on cartesian product spaces.

Theorem 3.1. (M. A. Serban [11]) Let (X,d) be a complete metric space, f : X* —
X. Suppose that
(i) 3 @1 :RE — Ry k-dimensional (c)-comparison function such that.:
(7) d(f(f(@),....[(@)), f(@) < ¢1 (d(z1, f(2)),....d(zx, f(2)))
= (r1,...,7) € X
(ii) 3 g2 : R¥ — R, continuous function such that.

d(f(z), f([@) < wald(z1, f(Z)), ..., d(zy, f(T)),

d(yh f(g))’ ) d(yk, f(g))7
(8) (131, ( ))7 ) d(xkv f(y))a
(y ( ))a '7d(yk7f(i'))a

d(@1,y1), - - -, d(@ks yi)),

V‘i:(Z‘la"'vxk)7y:(ylv"'ayk) GXka

(iii) forr e Ry, if: r <o | 0,...,0,7,...,7,0,...,0 | thenr =0.
—_—— —— ——

k 2k 2k
Then:
(a) f:X — X, defined by (3), is WPO and:
(9) a(f @), F@) <" () VrEX,

where (1) = @2 (bt 1), Ty iy = Sup { £ £ = 0(t) < d(w, f(2)) };
() f: X — X is ¢-WPO with constant:
€= T, f(2))"
If, additionaly, the following condition holds
(iv) forr e Ry, if :

(10) r<¢@s[0,...,0,7r,....,7 then r=0.
——

2k 3k
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then f is Picard and c-Picard operator.

Proof. We consider the sequence (y,,) defined by (1), and we have that

neN?

Yn = f " (Yo)-
Condition (7) implies that

4(f2 @), f@)) < v (de, f@)),
for any z € X. Therefore we obtaine that:

(11) d(yn? yn-i—p) S wn (Td(yo,yl)) bl

which shows that (y,), ¢y is fundamental, so is convergent to a point z* € X.
We'll proof that z* € Fr. We have

d(z*, f(z*,...,2") <d (@, yn) +d(yn, f(z",...,2")) <
S d(x*ayn)+<ﬁ2(d(y7b layn) . 7d(yn layn)
A (@), d(a” f(a*, . 2"),
d(yn 1 ( yeees L )) d(ynfl,f(m*v"',m*))a
d(z*,yn), - ..,d( * Un), d(x*,yn,l),...7d(x*7yn,1)),

making n — oo we obtaine:

<o | (0,...,0,d(z", f(z*,...;2")),...,d(z", f(z*,...,27)),0,...,0
——— ———
k 2k 2k

which implies d (z*, f(z*,...,2*)) = 0. The estimation (9) can be obtained from (11)
making p — oo.

The fact that f is c-WPO can be deduced from the (9) choosing n = 0.

Using condition (iv) we obtaine the uniqueness of the fixed point and therefore
that f is Picard and c-Picard operator. [

Theorem 3.2. Let (X,d) be a complete metric space, f : X* — X . Suppose that 3
Y Ri — Ry such that.:

(i) ¢ k-dimensional (c)-comparison function;
(ii) YV zg,...,25—1, Tk € X we have

d(f(l’ yeees L _1),f(1'1,...,$ ))S
(12) < CP(dO(on,wl)li'-~,d($k71,xk)]3;

(i) V r € Ry we have:
@ (r,0,...,0) + ¢ (0,7,0,...,0)+ ...+ ¢(0,...,0,7) <@ (r,...,7).
Then:
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(a) operator f:X — X, defined by (8), is PO:
yn» < Z ,(/}Z y07 yl

where (Yn ), cy i defined by (1), ¥ 2 = (29, ..., 7x-1) € X*andy : Ry — Ry,
Yir)=p(r,...,r).
(b) operator Ay : X* — X*, defined by (4), is PO and:

(13) d(xn7x*)5;k-j§i¢i%i+i(do)7

i=0
where (), cy 15 defined by (2), dy = max {d (zo,21),...,d(xp_1,2)};
(c) if ¥ is positive semihomogeneouse => f is c-PO with

c=> ¢ (1)
1=0

d) if ¢ is positive semihomogeneouse => Ay, is c-PO with
f

c=k-Y v (1)
=0

Proof. (a) Using conditions (ii) si (iii) we obtaine:

d(f@), fw) = d(fa,....), f(y,---,y))
Sd(f(x7’x)7f(x77x7y)) (f(x y77y)?f(y?? ))S
<@(0,...,0,d(z,y)) + ¢ (0,.. (w%) -+ (d(z,y),0,...,0) <
A IO S T T A

for any x,y € X, which proves that f : X — X is a t)—contraction with ¢ a (c)-
comparison function. This implies that F]; = Fy = {z*} and f is a Picard operator
(see V. Berinde [2]).

(b) We consider the sequence (), .y, defined by (2). From condition (ii) we have

d(zg, 1) =d(f(xo, s T8-1), f(T1,--,2)) < @ (do,-..,do) < dp
d($k+1axk+2) = d(f(mlw"7xk)>f($2a"'7xk+l)) <

(,O(d(l'l,xg), . '7d(xk7xk+1)) < QD(dOa v 71/)(d0)) <
@(do,...,d0)<d0

d(rop—1,22%) < @(d(xp—1,2k),...,d(Ton—2,226-1)) <
< @ (do,¥(do), - --ﬂﬁ(do)) < dy
d (Tok, Top+1) (d(xr, Thg1), - - d(@2k—1,T21)) <

VANVAN
€ €

(1(do), ¥(do), - .., ¥(do)) = ¥*(do) < ¥(do)
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We can prove by induction that:

d(n, ns1) < 0N (do) < 0l (do),  n>k,
and thus:

d(@nipwn) < k- D pET(dy),  n>k peN,
1=0

which implies that (x), oy is Cauchy sequence, so it is convergent. Let 2* = lim z,,

n—oo

using condition (ii) and the fact that function ¢ is continuous in 0 we obtaine z* € FY,
the uniqueness of x* can be deduced from condition (iii). The fact that the sequence
(Tn), ey is convergent to the unique fixed point of the operator f implies that the
sequence (y"),cn C X* defined by

yO = (x()axl,'“axk—l)
?/1 = ($17$2,-~-,$k)

is convergent to the unique fixed point of the operator A; : X¥ — X* s0 A; is a
Picard operator.

(¢) The conclusion (c) can be obtained from the conlusion that f is a ¢)—contraction
and v a (c)-comparison function positive semihomogeneouse.

(d) To prove that Ay : X¥ — X* is a c-Picard operator we consider the metric
space (X k,a) where

o (@1, k), (Y1, yk)) = max {d (z1,41) ..., d (T, Yk) } -

For y° = (x¢,...,2x_1) and y* = (z*,...,2%) we have:

o (yo,y*) =max {d(z1,2%),...,d(zx-1,2")}

Using relation (13) we obtaine:

U(yo,y*)<k‘ max {Zw“ do) }:k-zzpi(do).
i=0

Since 1) is positive semihomogeneouseeste then:

W, y") <k- Zw “do =k - Zw L Ar ()

) .
thus operator Ay is a c-Picard operator with ¢ =k - > %" (1).0
i=0
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4. DATA DEPENDENCE OF THE FIXED POINT SET

In this section we present some results concerning data dependence of the fixed
point set for two operators fi, fo : X*¥ — X from the perspective of I.A.Rus, S.
Muresan result.

Theorem 4.1. (I.A.Rus, S. Muresan [6]) Let (X, d) be a metric space. and Ay, Ay :
X — X two operator such that.:

(i) A; is ;—WPO, i ={1,2};
(ii) 3n>0s. t.: d(Ai(x), Az(x)) <n, Ve e X
Then:
H (Fa,,Fa,) <n-max{c,ca},
where H is Hausdor(f-Pompeiu metric on P(X).

Using Theorem 4.1 we can give two data dependence of the fixed point set results.

Theorem 4.2. Let (X,d) be a complete metric space, f1, f2 : X¥ — X. Suppose that

(i) 3 ¢, ¢ : RE — Ry k-dimensional (c)-comparison functions such that.:

d(fr (fi(®), .-, [1(7), [1(2) < @ (d(ar, [1(2)), ..., d(wk, [1(T)))

d(f2 (f2(T), ..., f2(2)), f2(Z)) < ¢ (d(x1, f2(T)), ..., d(zk, f2(T)))
T =(z1,...,75) € X¥;
(i) 3 1,92 : RS — Ry continuous function such that

d(f:(7), £i(9) < @ild(z1, fi(T)), - - ., d(xk, fi(T)),

d(y1, fi(9)), - 7d(yk7fz( y))s
(xlafz(y)) d(xk>fz( ))a
d(y1, (5?)) d(yk, fi(2)),
d(z1,91), (xk,yk))

)s -
Vi=(z1,...,%),9= y1,...,yx) € X¥, i={1,2};

(iii) forr e Ry, if: r<¢; | 0,...,0,7,...,7,0,...,0 | thenr=0,1i=1{1,2};
S—— Y—— ——

k 2k 2k
(iv) there exists n > 0 such that:

d(fl (1’,...7$),f2($,...,$)) 3777
forallxz € X.
Then:

2
H (FfFf) =7 max{ Ta(a, fi ()’ d(x,ﬁ(x))}

T(}(m’f](m)) = sup {t ct—o(t, .., t) <d(z, fl (gg))} ,

o, Fu(@) = SUP {t tt= ot t) < d(z, fz(x))} :

where
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Proof. Conditions (i)-(iii) implies that fi, fo are c-WPO with ¢; = T; ) and

("Evfl(

co = Tj(, Fi(2) and from condition (iv) and Theorem 4.1 we obtaine the conclusion of
Z,f1(T

this theorem.[]

Theorem 4.3. Let (X,d) be a complete metric space, f1,fz : X¥ — X . Suppose
that 3 @1, po : Ri — Ry such that.:

(i) @i are k-dimensional (c)-comparison functions, i = {1,2}, with vy, Yy positive
semihomogeneouse, where

i(r) =i (ry...,1), i=1{1,2};
(il) ¥ zg,...,2p—1,2x € X, i = {1,2}, we have

d(fi(l‘o, . ,J,‘k_l), fi(xl, . ,a:k)) S
< @; (d(xg,21), ..., d(Tr—1,2k)) ;

(i) V r € Ry, i = {1,2}, we have:
©i (r,0,...,0) +9; (0,7,0,...,0)+...+¢; (0,...,0,7) <, (r,...,7);
(iv) there exists n > 0 such that:
d(fi(z,...,2), fa(z,...,2)) <n,
for all x € X.

Then:
d(zy,25) <7n- maX{ZWi (1), v (1)} ;
i=0 =0
where Fy, = {x]}, respectively Fy, = {x3}.

Proof. Conditions (i)-(iii) implies that fi, fo are ¢-PO with ¢; = > %% (1) and
i=0
ca = > 4 (1) and from condition (iv) and Theorem 4.1 we obtaine the conclusion of
=0

1=
this theorem.[]

5. APPLICATIONS

In this section we present the most used corollaries of the abstract fixed point
theorems in proving the existence and uniqueness of the solution for integral equations
and differential equations.

Corollary 5.1. Let (X,d) be a complete metric space and f : X¥ — X such that
k

there exist ¢; € Ry, i = 1,k, with a = 5. ¢; < 1, such that:
i=1

k
A(f@). F@) < 3 audlei ),
=1

forany & = (x1,...,78), = (y1,.--,yx) € X*. Then
(a) the operator f : X — X, defined by (3), is a Picard operator , ( Fy = {z*});
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(b) the sequence (Yn),cy » defined by (1), is convergent, y, — x*, n — oo, and

we have:
an
d ny < 'dv
(yn,27) < 1—a
for any arbitrary T = (x1,...,2k) € X*  where dy =
IPaX{d(x()al'l)7'~'ad(‘rkflaxk)};

(¢) f:X — X is a c-Picard operator with the constant: ¢ = ﬁ;

(d) the operator Ay : X*¥ — X*, defined by (4), is a Picard operator and we have:

[#]
Q

N < k. .
d(xn,a:)_k do 1-0[7

where (x,,),, oy is defined by (2), and ;
(e) the operator Ay : X¥ — Xk is a c-Picard operator with the constant ¢ =
k.o L1

11—«

Proof. The conclusion can be obtained from T heorem 3.1 for

Y2 le- TSk: § qiT4i+1-

Here

rla---a E qiTi-

The functions ¢; and @9 satisfy the cond1t1on (i)-(iv) from the Theorem 3.1 and
therefore we have the conclusion.(]

Corollary 5.2. Let (X,d) be a complete metric space and f : X¥ — X such that
_ k
there exist ¢; € Ry, i = 1,k, with a« = > ¢; < 1 such that:

i=1

d(f(zo,...,xk-1), f(@1,..., 2

I'z 1ax1

H'M»

for any xg,x1,..., 2 € X. Then

(a) the operator f : X — X, defined by (8), is a Picard operator , ( Fy = {z*});
(b) the sequence (yn),cy » defined by (1), is convergent, y, — x*, n — oo, and

we have:
y an—i—l B
d(Yn,2") < 1 -max {d (z;, f(Z))},
— @ =1,k
for any arbitrary & = (x1,...,13) € X*;

(¢) f: X — X is a c-Picard operator with the constant: ¢ = ﬁ;

(d) the operator Ay : X* — X*, defined by (4), is a Picard operator and we have:
[#]

d(xn,x*)gk-do-la

where (x,,),, oy is defined by (2), and do = max {d (xo,21),...,d(Tx—1,71)};
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(e) the operator Ay : X* — X* is a c-Picard operator with the constant ¢ =
-

l-a*

Proof. The conclusion can be obtained from Theorem 3.2 for
k
2 (Tla ceey Tk) = Z q;iTi-.
i=1

The function ¢ satisfies the condition (i)-(iii) from the Theorem 3.2 and thus we have
the conclusion.[

Remark 5.1. In Corollaries 5.1 and 5.2 we can replace the "sum” condition with
the "maz” condition, i.e.
d(f(2), f(9)) < o max {d(x:,y:)}

and

d(f(wo,...,vx—1), f(w1,...,28)) < - Hji”; {d(wi—1,2)},

and we will obtaine the same theorems.
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