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Abstract. The notion of B-contraction mapping in probabilistic metric spaces is due to V. M.
Sehgal(1966), who proved that any B-contraction on a complete Menger space (X,F,Min)
has a unique fized point. Important contributions are due to Sherwood(1970) and Istratescu &
Sacuiu(1971). A fundamental step was made by O. HadZé in 1978, who introduced a class of
continuous t-norms, essentially weaker than Min, for which the above result of Sehgal still holds.

Our aim is to present some comments and results related to the following statements concerning
a triangular norm 7T

(B1) T is of HadZié type; that is the family of its iterates is equicontinuous at = = 1.

(Bi11) T has the fized point property; that is each B-contraction on every complete Menger space
(X, F,T) has a fixed point.

(Br11) Va € (0,1), 3b> a such that T'(b,b) =b < 1
which are seen to correspond to different kinds of classical deterministic fixed point theorems, together
with the main tools used in fixed point theory for probabilistic contractions.
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1. PRELIMINARIES

1.1. Menger norms and triangular norms
Definition 1.1.1 1° A mapping

T:0,1] x[0,1] = [0,1] =1

is called a Menger- norm (shortly M-norm) if it satisfies the following conditions:

N1) T(a,b) =T(b,a) ,Va,be I
N2) a<e¢, b<d=T(a,b) <T(c,d)
N3) T(a,1) =a, (V)a € I.

20 A triangular norm (shortly t-norm) is an associative M -norm:
N4) T(a,T(b,c¢) =T(T(a,b),c),Va,b,c € I.
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It is easy to see that if T is an M-norm then T'(a,b) < Min(a,b) (V)a,b € I, and
T(a,0) =T(0,a) =0, (V)a € I. Among the most important examples of ¢-norms, we
will use:

Ti(a,b) = W(a,b)=Maz(a+b—1,0),
T.(a,b) = Tp(a,b) = Prod(a,b),
Too(a,b) = Tyla,b) = Min(a,b).

Given a t-norm 7' and an element z € [0, 1], we can define the T-powers of z by:
=12 =2 and 2" = T(2",2), (V)n > 1.

Since ([0,1],7) is a semigroup, T'(z"™, z™) = 2" ™, (V)n,m € N.
Definition 1.1.2 A t-norm T is called Archimedean if, for each a € [0,1),
lim, o a™ = 0 or, equivalently,

Va,e € (0,1),Im e N :a™ <e.

Proposition 1.1.3 A continuous (in the product topology on I) t-norm  is
Archimedean if and only if

d(z) <z (V)z € (0,1),

where 6(z) := T (x,z) = 22

There are known many proofs of the representation theorems for continuous and
Archimedean t-norms, which have a simple structure.

Simple proofs can be given by using the following

Lemma 1.1.4 Let T be a continuous and Archimedean t-norm.

a) If T does not have interior nilpotents, then the semigroup([0,1],T) is iseomor-
phic with the semigroup ([0,1], Prod) (Faucett, 1955)

b) If T has interior nilpotents, then ([0,1],T) is iseomorphic with ([1/2,1],0)
where x oy = Max{1/2,xy} [M-S, 1957].

Therefore, if T is a continuous and Archimedean ¢-norm, then there exist a €
{0,1/2 } and h : [0,1] — [, 1], a continuous bijection, such that

T(u,v) = h™ (Max {a, h(u) - h(v)}), (V)u,v € [0,1].

¢) Let A=V :[0,1] — [0,1] , A=V (2) = h~Y(Max {a, z}). Then
(Mult) T(u,v) =k (h(u) - b)), (V)u,v € [0,1].
d) Moreover, for f : [0,1] — [0,—loga], f(z) = —logh(x), f is strictly decreasing
and continuous, with f(1) = 0, and
(Addit) T(a,b) = fV(f(a) + f(b)(V)u,v € 0,1],

where f(=D(x) = f~"(Min {z, f(0)}) is the pseudo-inverse of f.

Proposition 1.1.5 (The structure theorem for continuous t-norms ). Let T be a
continuous t-norm. Then there exists an at most countable family of closed intervals
I, = [ag, Br] C [0, 1], such that

i) [0,1] = (VL) UC(UIy)
ii) (Oék,ﬁk) ﬂ(al,ﬂl) = @, (V)k‘ 75 l
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iii) T(b,b) = b, (V)b & U(ak, B)

. Ti(a,b) € I, ifa,bEIk

iv) T(a,b) = Mz('n(a), b), otherwise

v) T(a,a) < a, (Y)a € I (thus Ty =T 1, x1, is Archimedean)

The proof is based on the fact that the set ¢ = {b] T'(b,b) = b} is a closed subset
of [0,1], and C; = (0,1)\¢ is an at most countable union of open disjoint intervals.
More details on M-norms and t-norms can be seen in [SCSK83]. A proof of the
representation theorem can also be found in [MRD93].

1.2. The strong topology and the strong semiuniformity on Menger spaces

In what follows Ay denotes the set of distribution functions F : [0,00] — [0,1]
with the properties:

a) F(0)=0and F(o0)=1;

b) F is increasing ;

¢) F is left continuous on (0, 00).

D is the subset of A containing functions F' which also satisfy the condition
lim F(z) =1.If a >0, then g, is defined by

(@) = 0, if z<a
)=V 1, if 2>a

Let X be a nonempty set and F : X x X — D, a given mapping (F(z,y) will
be denoted by F,). The pair (X, F) is called a probabilistic semi-metric space
(shortly PSM-space) if

I. Fpy=c¢pifandonlyifz =y
II. Fpy = Fyp Va,y € X.

One uses the generic term probabilistic metric space (PM-space) if some kind

of 7triangle inequality” is verified. The weakest one was proposed in [SCSK60]:

Illgs. [Fpy(t) =1,Fy.(t) =1] = F,.(t+s) =1
If there exists a triangular norm 7" such that

Iy Fr(t + 5) > T(Fyy(t), Fy2(s))
then we say that (X,F,T) is a Menger space. A more general form for 111y,
defining o-Menger spaces, was formulated by using some operations o on [0, c0),
instead of the addition (see [RD94] for more details).
In [HISH84] is proposed the inequality Ve > 0 3§ > 0 such that

IIL (1= F,y(d) < 0,1 — Fy.(0) < 6] = 1—F,.(¢) <,
which can be generalized : Ve >0 30 > 0 such that
IIT;.[f o Fuy(0) <6, f o Fys(0) < 6] = foF,.(e) <e,

by using additive generators f (see e.g. [RD94] for more details).
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For every PSM-space (X, F) we can consider the sets of the form
Ucr ={(z,y) € X x X, Fyy(e) >1 =X}, e>0,A€(0,1)

which generates a semiuniformity, denoted by Uz, and a topology, 7r, named also
the (g, \)—topology, the strong topology, or the F-topology. Namely,

OeTrif Ve e O3 >0, IA € (0,1) st. U a(z) CO

Actually, Uz can also be generated by the family of the sets V5 := Uss.In [SHR71]
one can find details concerning the completion of Menger spaces under left-continuous
t-norms(lc-t-norms).

2. B-CONTRACTIONS ON MENGER SPACES

The notion of contraction map in probabilistic metric spaces was introduced by V.
M. Sehgal in [SHG66](cf. [SBHRT72]).

Definition 2.1 Let (X,F) be a probabilistic metric space and A : X — X. The
mapping A is called a probabilistic contraction or B-contraction if there exists an
L € (0,1) such that, for all points p,q € X and all uw > 0, the following inequality
holds:

(B)  Fap,aq(Lu) > Fyq(u).

In the paper[SBHR72] it is shown that any B-contraction on a complete Menger
space (X, F, Min) has a unique fixed point.

Immediate contributions are due to H. Sherwood, who obtained a simple charac-
terization for the existence of fixed points and proved that for a very large class of
triangular norms it is possible to construct complete Menger spaces together with
fixed points free contraction maps and to V.I. Istritescu-I. Sacuiu[ISS73].

A fundamental step is made by O. Hadzi¢ in 1978, who introduces a class of
continuous t-norms, essentially weaker than Min, for which the above result of Sehgal
still holds.

If T is a given t-norm, then 7™ is defined on I™ by

(1) THz) =2, T (@1, .oy Tpy1) = T(T™ (21, ooy Ton)s Tong1)-
Definition 2.2[RD83b] We say that T is an h-t-norm (of HadZié type or of
h-type), if the family of mappings Hr = {Tm}me N, defined on I by

(2) Tn(z) =T"(2,2,...,2),
is equicontinuous at x = 1.

There are nontrivial examples of h-t-norms, due also to Olga Hadzi¢.

Definition 2.3[RD84,87,99] We say that the t-norm T has the fired point
property (shortly f.p.p.) if each B-contraction on every complete Menger space (X
F,T) has a fized point (which clearly is unique and globally attractive).

In this section we will present some comments and results related to the following
three statements concerning a triangular norm:

(B1) T is of Hadzi¢ type;

(B11) T has the fixed point property;
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(Birr) Ya € (0,1), 3b> a such that T'(b,b) =b < 1,
which will be seen to correspond to different kinds of classical deterministic fixed
point theorems.

We note for references, the following lemmas which are immediate consequences of
Sherwood’s results, and their proofs are easy to reproduce:

Lemma 1. If (X,F,T) is a Menger space, T is an lc-t-norm and A is a B-
contraction on X, then there exists a completion (X*, F*,T) of (X,F,T) and a
unique extension A* of A such that A* is a B-contraction on X, with the same
Lipschitz constant.

Lemma 2. A t-norm T has the f.p.p. if for every B-contraction A on a Menger
space (XF,T) and for each fixed py in X, the sequence p, = A™pg is F-Cauchy.
Moreover, it suffices to consider contractions with the Lipschitz constant in (o, %]
The converse holds for lc-t-norms.

2.1. B-Contractions and the t-norms of Hadzi¢ -type
Remark 2.1.1 Olga Hadzi¢ proved in [HADS0] that each continuous t-norm of h-
type has the f.p.p.. The following theorem shows that the continuity is not necessary.
Theorem 2.1.2 [RD83]. Every t-norm of h-type has the fized point property.
Proof. Let (X,F,T) be a Menger space such that T is of h-type and consider a
mapping A : X — X which verifies (B) with L € (0, 3].
Let pg € X and z € (0,00) be fixed. If m is a positive integer, then

T(FI)OAPU (l’), FApoA"’+1po (LE))
T(FPOA;DO (x)v FPOAT”'po (Qm))

FpoAm+1po (2:13)

v IV

and, therefore,

FPoA"";Do(2x) > Tm(FPoAPO (2)),¥m > 1.

Thus we obtain that for any positive integers n, m,

(3) Fanpgantmpy(22) = Ty (Fpoap, (tL7")).
Since 7' is of h-type and Fj,4p, € D4, then it follows that

(4) nh—I>noo FAnpoAnerpo (2]}) = 1,

uniformly in m, for each z € (0, c0). By definition, (4) means that {A™po} is F-Cauchy
and the theorem follows from Lemma 2.

Lemma 2.1.3[RD84] Let T be an lc-t-norm and fir an F in Dy. Let X =
{1,2,...} and define a probabilistic metric on X by

(5) Fppm(z) = T™[F(2" ), F(2" 1), ..., F(2"T™2)],m # 0
and Fop4m = Ho,m = 0. Then (X, F,T) is a Menger space and the mapping

n-2n + 1 is a contraction with the Lipschitz constant %

A partial converse to Theorem 2.1.2 is the following.

Theorem 2.1.4[RD84] If T is an lc-t-norm which is not of h-type, then T does
not have the f.p.p.
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Proof. If T is not of h-type, then there exists a € (0,1) such that for each b > a
there is my, > 1 for which T, (b) < a. Let b,, € (a, 1) be increasing to 1, and m,, > 1,
strictly increasing and such that

(6) Tm,(bp)<a, n=12, ..
Let F' € D be defined by
0:¢f z<1
(7) F(x)={ by if xe (1,22m™)]
boi1 if x € (22nFma 22ntmati] o >
If we consider the Menger space from Lemma 2.1.3, then we have successively:
an+mn(1) < an+mn (271)
= T [F(2¥TY), (222, L F(22 )]

Tmn [F(22n+mn)’ . F(22n+mn)]
T, (bn) < a

Therefore the sequence {A™1} is not F-Cauchy. From Lemma 2 it follows that T’
does not have the fixed point property and the theorem is proved.
Lemma 2.1.5.[RD83] Let T be a right continuous t-norm of Hadzié type. Then

<
<

Va € (0,1), 3b>a such that T(b,b) =b< 1,
that is (Br)=(Br1) in this case.
Proof. Suppose that (By) holds, and let a > 0 be fixed. Then there exists ¢ > a
such that T,,,(z) > a,Vz > ¢,Vm < 1. Since clearly {T,,(c)} is nonincreasing, then it
is convergent to some limit b > a. As

Tom(c) = T(Tm(c), Tim(c))
then b = T'(b,b) and we obtain that (By) implies (B ).

By combining the above results we obtain the following

Theorem 2.1.6 [RD84,87] Let T be a continuous t-norm. Then the statements
(Bi1), (Bm) and (Brm) are equivalent.

Lemma 2.1.7 [RD84b,99] Let T be a continuous t-norm. Then

19 T & H iff there exists a € [0,1) such that

T(a,a)=a, and T(z,z) < z,Yz € (a,1).

2° T ¢ H iff there exist ar € [0,1) and an increasing bijection hr : [ar,1] — [0,1]

such that N
(8) : T(a, B) = hy' [T (hr(a), hr(B))], Yo, B > ar

where T="T; or T= Prod (T depends only on T).

The following result is easy to reproduce:

Proposition 2.1.8 [RD84b,87,99] Let T be a continuous t-norm, T & H.

(i) If (X, F,Ty) is a Menger space, then (X,e” 1, Prod) is a Menger space with
the same (e, \)-uniformity;
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(it) If (X, F,T) is a Menger space, then (X, hi' o F,T) is a Menger space with
the same (e, \)-uniformity;

(iii) If (X, F,T) is a Menger space, then (X,hpoF,T) is a Menger space with the
same (g, A)-uniformity.

Corollary 2.1.9 [RD84b,87,99] Let T be an arbitrary but fized t-norm such that
T & H. Then the following are equivalent

(i) T does not have the f.p.p.;

(i) Prod does not have the f.p.p.;

(#ii) Ty does not have the f.p.p.

Focus on the statement (Bir) and a family of pseudo-metrics
The following two lemmas are well-known :
Lemma 2.2.1 Ifa <b<c¢, T(b,b) =b and T is continuous, then
1° T(a,b)=a;
20 T(b,c)=b;
3% T(a,c)=a.
Lemma 2.2.2[RD92] Let {b,} C [0,1) be a strictly increasing sequence such that
b, — 1. Then, for every distribution function G € D, the function G* defined by:

0 iff G(t) < bo
4064 t)=14 by iff G(t) € (bp,bni1]
1 iff G(t) =1

is also in Dy. Moreover, G* < G.

Using these results we can obtain the following

Theorem. 2.2.3[RD92| Let {b,} C [0,1) be a strictly increasing sequence. If we
suppose that b, — 1, T'(b,,by,) = b, and

5% a,b > b, = T(a,b) > by,
then, for every Menger space (XF,T), we have that (X, F*, Min) is a Menger space
with the same (g, \)-topology. Moreover, if (X, F) is complete, then (X, F*) is com-
plete.
Definition. 2.2.4 [RD92] The continuous t-norm T is of type HadZié-
Budinéevié if the family {T"} is equicontinuous at b =1 and each T}, is strict.

We know that a t-norm of type HadZié- Budinéevié verifies the condition 5°, for
some sequence {b, }.

If we have that I (\Ixr = 0 for k # k' and limb;, = 1, then T is of Hadzié type
(that is {T"} is equicontinuous at 1) and we can choose a sequence {¥/,} for which 5°
holds and T is not necessarily of Hadzi¢-Budincevié¢ type.

The following results are very clear:

Theorem 2.2.5 (of Hadzi¢-Budinéevi¢) [HBD78,79] If (X, F, T) is a complete
Menger space, T is continuous, {T"} is equicontinuous at 1 and each Ty, 1is strict,
then every B- contraction on X has a unique fixed point.

Theorem 2.2.6 (see e.g. [CKS75,KAS]). Let (X,F,T) be a complete Menger
space, where T verifies the condition 5° from Theorem 1.3. Then every probabilistic
contraction on X has a unique fized point.

Theorem 2.2.7 [RD92] The theorems 2.2.5 and 2.2.6 are equivalent
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Proof. Clearly 2.2.5 is a particular case of 2.2.6. Now if (X, F,T) is as in Theorem
2.2.6, then, by Theorem 2.2.3., (X, F*, Min) is a complete Menger space. It is easy
to see that any probabilistic contraction in (X, F,T) is a probabilistic contraction in
(X, F*, Min) and, by 2.2.5., it has a unique fixed point.

Remark 2.2.8 [RD92] The result of Theorem 2.2.5 is proven by using deterministic
semi-metrics of the form

(9) pb(xv y) = Sup{t/Fwy(t) < b}
In [RD83b, RD84] we used a different method, by using a generalized metric, in order
to prove a result more general . Actually formula (9) can be slightly modified:

(9) dy(z, y) = inf{t, oy () > b}
and if b = T'(b, b) then d, is a pseudo-metric. Moreover, if T' is of Hadzi¢ type, then we
obtain a countable family {d;, } which generate the (¢, \)-uniformity and the method
of G.L.Cain can be applied. In fact, for t-norms of Hadzié-Budincevié, formula (9)
can be used for F'* and one obtains generally (9’).

The pseudo-metrics of type (9') have been successfully used by D. Mihet to prove
fixed point theorems for more general contraction-type mappings.

Definition 2.2.9 [MIH93,97]. Let (b,) € b, that is strictly increasing to 1. We
say that the PSM space (X,F) is

1Y a (b,)- probabilistic metric structure or a (b,)-strict structure if the fol-
lowing triangle inequality takes place :

(PM3y,) (Fpg(s) > by, For(t) > by) = Fpr(s +1t) > by
20 4 (b,) - probabilistic metric structure if the following relation takes place :
(PM3(b—n)) (Fpq(8) = by, Fyr(t) > by) = Fpr(s+1t) > by,

Note that every Menger space relative to a (b,)-M norm T of Hadzié-Budincevié
type is a (b, )-probabilistic metric structure:
(Epg(s) > by, Fyr(t) > by, Fpr(s+1t)
> T(Fpq(s), For(t))) = Fpr(s +1) > by
and every Menger space relative to a (b,)-M mnorm of Hadzié type is a (by)-
probabilistic metric structure.

Definition 2.2.10 [MIH97]. Let (X, F) be a PSM space and let (by) € b. We say
that the mapping f: X — X is a strict (b,)-probabilistic contraction (shortly a
s — (by,) contraction ) if :

(Vne N Dk =k, € (0,1) : Fpu(t) > by = Frppq(knt) > by,

Obviously, every B-contraction is a s — (b, ) contraction for every (b,) € b.

Theorem 2.2.11 [MIH93,97]. If (X,F) is a complete s-(b,) probabilistic metric
structure and f: X — X is an s—(by)-contraction, then f has a unique fixed point.

Corollary 2.2.12 [HDB78]. Let T be a (b,)—t-norm of Hadzié-Budincevié type.
If (X,F,T) is a complete Menger space and f : X — X is a mapping with the
property that for every n € N there exists k, € (0,1) such that

Fpq(t) > b = Ffpfq(knt> > Fpq(t),
then f has a unique fixed point.
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Definition 2.2.13 [MIH97]. Let (X,F) be a PSM space and let (b,) € b. We say
that f: X — X isa (b,)-probabilistic contraction if

(V)n € N (Dkn € (0,1) : Fpg(t) > by = Frpra(knt) > by.

Theorem 2.2.14 [MIH97] If (X,F) is a complete (by)-probabilistic
metric structure and f : X — X is a (b,)- probabilistic contrac-
tion, then f has a wunique fixzed point which can be obtained by the suc-
cessive approximation method, starting from an arbitrary point of X.

2.3. B-Contractions and generalized metrics

Let E be an element of D and consider a Menger space (X, F,T), where T is an
le-t-norm.

Theorem 2.3.1[RD83a,83b] The function dg : X x X — [0, 00|, defined by

de(p,q) =inf{a > 0, Fp4(az) > E(z) , Vo € R}

has the following properties:

1°dp(p,q) =0 p=q;

2° dg(p,q) = dr(a. p);

3% drp(m,cy (0, q) < dp(p,r) +da(r, q);

49 If dp # oo, then the semiuniformity and the topology generated by dp are
stronger than those generated by F;

50 If np(E, E) = E, then dg is a generalized metric on X .

6° Every B-contraction on (X, F,T) is a strict contraction on (X,dg) for each dp,
with the same Lipschitz constant.

Remark 2.3.2 The left continuity of F is not used above.

Example 2.3.3 If

0 <1

E(‘r):{ 1 z>1"

dg(p, Q) = inf{l'7qu(:L‘) = 1}7
which shows that dg needs not be nontrivial. Moreover , if (X, d) is a metric space,
considered as a Menger space with Fj,q(z) = H(xz — d(p, q)), then dg(p, q) = d(p, q).
Corollary 2.3.4 [RD83]. Let (X,F,Min) be a complete Menger space and suppose
that A : X — X is a B-contraction . Then A has a unique fixed point p, , and for
each pe X , p, = nILH;o A™(p) , in the (g, \) topology.

then

Proof. Let E = Fj,a,. Then dg is a generalized metric space, dg(p, A(p)) < 1,
and it is easy to see that (A™(p)) is dg—Cauchy. Therefore it is F-Cauchy, and the
theorem follows.

The following lemma shows how to construct generalized metrics on a Menger
space under an h-t-norm:

Lemma 2.3.5 [RD83a,83b] Let T' be an h-t-norm. For

O<a; <as<..., a, — 0
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and
0<by<by<...,b,—1,
such that T(by,b,) = by, let us set

_ 0 if z<m
F(x){ bn if xe(anaanJrl], n=12,...

Consider a Menger space (X, F,T) and define
d(p,q) =infla >0, Fpy(ax) > F(z),Vz € R}

Then
(i) d is a generalized metric on X;
(i) If X is F-complete, then X is d-complete;
(i4i) The d-uniformity is stronger than the F-uniformity.
Proof. (i) We prove only the triangle inequality. If

d(p,q) < a' <a,:d(qg,r)<b <b
and z € (ap, apy1], then
Fy(dx+bz) > T(Fpyld'z), Fy.(V'x)) > Ti(F(z))
T(bn, b)) = b = F(z).

Therefore d(p,q) < o’ +b < a+ b, and we obtain the triangle inequality.

(ii) and (iil) : Let {p,} be a d-Cauchy sequence. and fix a > 0.

For € > 0 and A € (0,1),let 2y € R such that F(z9) > 1 — A and let a > 0 such
that azy < €. By the definition of d, there exists n, > 1 such that

Fp.p(ax) > F(z), YV:n>n,, Ym>1,Vz € R.

If n >ng, m>1, then F, ,, . () >1— X, which shows that {p,} is F-Cauchy.
If we suppose that X is F-complete, then {p,} is convergent to some limit p.
Therefore

(ax) = Fy,p(az)

F(z) <lim mlgfoo Fppnim
for each x and all n > n,, that is d(p,q) < a,Vn > ng. Thus p,, is d-convergent and
the lemma is proved.

Remark 2.3.6 For given p,q in X, we can take a, in the lemma such that
Fpe(an) > by. Therefore the metric d is nontrivial and we obtain that the above
result still holds, with a new proof.

Remark 2.3.7 As it is well known the Banach contraction principle is a conse-
quence of the above Corollary. Actually we can modify the above proof in order to
see that the Banach fixed point principle implies Corollary 2.3.4 : Let (X, F,T) and
A be as in Corollary 2.3.4. If pg is given in X, then let a,, and b, be as in Lemma
2.3.5 and such that Fj, ap,(ar) > b,,. Consider the generalized metric d as in Lemma
2. Tt is easy to see that d(pg, App) < oo and therefore Xg := {qo € X, d(po, o) < oo}
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is a complete metric space and A is a strict contraction on Xy. Therefore p, =
A™po will d-converge to the (evidently unique) fixed point of A.

2.3.1. A generalized metric on probabilistic f-metric structures and the
fixed point alternative

Let f : [0,1] — [0, 00] be a continuous function which is strictly decreasing and
vanishes at 1.

Definition 2.3.1.1 ([RD85]). The pair (X,F) which has the properties (PMO0) —
(PM2) is called a probabilistic f-metric structure iff V¢ > 0,3s > 0 such that

III¢[f o Fpa(s) <s, foF. (s)<s|= folFy(t) <t

Remark 2.3.1.2 If (X,F) is a probabilistic f-metric structure then the family
Wel = {W}ee(0,10)), where WS = {(z,y)|Fuy(e) > f7*(€)}, is a uniformity base
which generates the uniformity Ur .

Lemma 2.3.1.3[PRD97] Consider a Menger space (X, F,T), where T' > T}. For
each k > 0 let us define

di(z,y) :==sups /fOny

5>0

and
pr(@,y) = (di(z,y)) ™

Then py is a generalized metric on X .

Lemma 2.3.1.4 Let (X, F,T) be a Menger space with T' > Ty. Then Ur C U, .

Lemma 2.3.1.5 If (X,F)is a probabilistic f-metric structure and A is a B-
contraction then A is, for each k > 0, a strict contraction in (X, pi)

Theorem 2.3.1.6 [PRD97] Let (X, F,T) be a complete Menger space with T' >
Ty. If there exists some k > 0 such that for every pair (z,y) € X one has

sup s /f dt<oo

s>0

then every B-contraction on X has a unique fixed point.

Corollary.2.3.1.7 ([cf. SHRT71]) Let (X, F,T) be a complete Menger space under
T > Ty, where f(0) < oo and suppose that for each pair (z,y) € X? there exists tyy
for which Fyy(tsy) = 1. Then every B-contraction on X has a unique fized point.

Corollary 2.3.1.8 [TAR92| Let (X, F,T) be a complete Menger space under T >
T, and suppose that there exists k > 0 such that every Fg, has a finite k-moment.
Then every B-contraction on X has a unique fized point.

Generally, from the fixed point alternative ([DMGT79]) we obtain the following

Theorem 2.3.1.9 Let (X, F,T) be a complete Menger space under T > Ty and
A an B-contraction. Then for each x € X either,

(A1) there is some k > 0 such that (A'z) is py-convergent to the unique fived
point of A, or
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(Asz) for all k > 0, for all n € N and for all M > 0 there exists s := s(k,n, M)

such that
sk/ fOFA"’;AnHz(t)dt > M.

2.4. Using a single metric
The results of this section are related to the following well known classical result.
Lemma 2.4 Let (X,d) be a complete metric space, and A a continuous self-
mapping of X. Then the following two statements are equivalent:
i) A has a fized point;
ii) There exists p € X such that > d(A™p, A"T'p) < oo
n>0

2.4.1. A metric for the strong uniformity in some Menger spaces
Proposition 2.4.1.1 [RD98] The two-place function py, defined by

(11) mmwzﬁu—ﬂwmm,vmmeXxx

is a semi-metric, on X, which generates Ur.

Remark 2.4.1.2 Let K be the semi-metric of type Ky Fan, defined by
K(p,q) :=sup{t |t <1— qu(t)}~
Then pg and K are related by the inequalities
K? < pg < 2K — K2
Theorem 2.4.1.3 Let (X, F,T) be a Menger space relatively to the t-norm T >
W. Then the mapping Ry : X x X — R, given by:
1 3
12) Rolp) = { [ 1= Fyfollar} wpgexxx
0

is a metric, on X, which generates the strong uniformity Ur. Moreover,

K(p,q) < Ro(p,q) < V2K(p,q) Vp,ge X
so that (X, F,T) is complete iff (X, R,) is complete.

Remark 2.4.1.4 If (X, F,W)is either an F-space or a non-Archimedean Menger
space, then pg itself is seen to be a metric.

Example 2.4.1.5 Consider the random variables (on (0,1) with Lebesgue mea-
sure) a, b, ¢ defined by:

a(t) =12, b(t) =t +1*, c(t) = t.

If Foq(z) = A(lp — ¢q| < ) ;then (X, (p,q) — Fpq, W)is a Menger space. In this
case po(a,b) = %, po(b,c) = % and po(a,c) = &; thus po is a metric.

Now if we take Fy, and Fy. as above, and F,. = Ty (Fap, Fpe), then one obtains
pola,c) = % > % + % = po(a,b) + po(b, c), so that pg is not a metric. Clearly Ry is a
metric.
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2.4.2. A family of metrics which generate the F - uniformity
The above idea can be easily extended. Let A be fixed in [0, 1] and define

1
1 3
1-F
(12))  Ra(p,q) = (/ (pq(:c)dw> , VpgeX.
0
Then we have the following theorem:

Theorem 2.4.2.1 [RD99] If (X,F,T) is a Menger space and T > W, then
(i) Ry is a metric, for each A € [0,1].
(ii) For 0 <A< pu <1 one has

1
ﬁRo(p, q) < Ri(p,q) < R,(p,q) < Rx(p,q) < Ro(p.q),Vp,q.

(iii) Ry generates the strong F-uniformity on X.
(iv) (X, F,T) is complete iff (X, Ry) is complete for some X € [0,1].
Remarks 2.4.2.2 (a) It is easy to see that

27 3K(p,q) < Ra(p.q) < V2K(p,q).

(b) For E-spaces or nonArchimedean Menger spaces py := Ri is a metric.

2.4.3. A fixed point principle

Let (X, F,T) be a complete Menger space and consider a B-contraction A on X.
The following lemma is obvious.

Lemma 2.4.3.1 For every X € [0, 1] one has

(12) Ra(Ap, Ag) < L'% { /0 " mdx} .

We are in position to give a characterization of probabilistic B-contractions with
fixed points.

Theorem 2.4.3.2 [RD99] If T > W, then the following statements are equivalent
1° A has a fized point.
20 There exist p € X and X\ € [0,1) such that

W [T 1= Fpap(e)
(13)\) EpAp = /O Wdﬂc < 0.

Proof. The implication 1° = 2° is obvious : p = Ap = F,a, () = 1,Vi > 0 =
EX) = 0,V < 1. Let us prove the implication 2° = 19 .

pAp
Thus we suppose that there exists p € X which verifies (13) for some A < 1. Since
A< p= ﬁ < ﬁ,h’x > 0, then it is clear that (135) = (13,) for A < p. So it

suffices to consider the case A € [0,1).
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Since Fapn apnt1 () > Fpap (%) ,Vo > 0,Vn > 0, where A" is the n-iterate of
A, then from formula (12;\) we obtain the inequality

n n+1 % " Liln 1_FPAP(x) :
RA(A p, A p)S(L ) {/0 7(14—@* dx

which implies that
n 1
(14,\) R)\ (Anp, An+1p) < (L%) {E;f:‘)p}z .

From (14,) and (13,) it results that Y. Ry (A"p, A""!p) < oo
n=0

Therefore (A"p) is a Cauchy sequence in the complete metric space (X, Ry), thus
it converges to some element p, € X.

From the continuity of A, one obtains that p, is a fixed point for A, which is
necessarily unique. The theorem is completely proved.

Remark 2.4.3.3 Since every Archimedean t-norm 7" has the representation
(8) T (a,b) =" (T (h(a),n (), Va,be[0,1]

where h : [0,1] — [0,1], an increasing homeomorphism, and T € {W, Prod} are
precisely determined by T', then it is easy to see that, for every Menger space (X, F,T),
the probabilistic metric h o F verifies the triangle inequality with W. Therefore
Theorem 2.4.3.2 can be applied:

Corollary 2.4.3.4 Let (X,F,T) be a complete Menger space such that the
Archimedean t-norm T has the representation (8'). Then a given B-contraction A
on X has a fized point if and only if there exist p € X and A < 1 such that

1 —hoFyap(x)
1 e s ANt .
(13x,0) /0 Ty <o

Remark 2.4.3.5 Our results are clearly applicable in the case of E-spaces, which
are Menger spaces under W. The condition (13)) says that the random variable
dist (p, Ap) is in the Lebesgue space Lj_) (that is it has a finite moment of order
1 — \) for one element p and some value A <1, a condition which appears to be
reasonable strong and easy to verify in concrete applications.

2.4.4. A family of semi-metrics on PM-spaces

In the following lemma we introduce a family of nonnegative functions which mea-
sure the distance between ¢y and the elements of Dy Let k be a (fixed) positive real
number.

Lemma 2.4.4.1 [RD98] The one-place mapping d: Dy — Ry, given by
(15)  64(F) = sup{a®[l — F(a)]e~"}.
x>0

has the following properties:
() O(F)=0 & F = e
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(11) If F1 S FQ, then (Sk(Fl) Z 5k(F2);
(iii) (Ao F) < AF6,(F),VA > 1;
(iv) oFle™® < 63 (F) < max{o", skFe "},
where § = §(F) := sup{t|t <1— F(t)} is the écart of Ky Fan.
(v) 0k(F,) — 0< F,(z) — 1, for each > 0.
Proposition 2.4.4.2 [RD98] Let (X, F) be a probabilistic metric space and define
(16) ex(p,q) =0k (Fpq) = Zli% 2F[1 — Fpu(z)]e™™, Vp,q € X.

Then
19 ey is a semi-metric which generates the strong F-topology;

2° ey, generates the F-uniformity, if this exists;
3° If (X, F,W) is a Menger space, then

(17)  (p,0) = 0. @) := {ew(p, )}
gives a metric on X. Moreover, (X, F) is complete if and only if (X, 0;) is complete.
Theorem 2.4.4.3 [RD98] Let (X,F,T) be a complete Menger space such that
T>W. If A: X — X is a B-contraction, then the following statements are
equivalent:
(1) A has a fized point;
(2) There exist p € X and k € (0,00) such that

(18)  Ex(p) = Sgrg{w’“[l = Fpap(z)]} < o0

Remarks 2.4.4.4 a) Simple examples show that A is generally not contractive
relatively to g (or eg).

b) The suppremum in (18) may be infinite for some different values of k or for
different points in X.

¢) Our condition is verified if there exists an element p such that Fj4,(¢,) = 1 for
some t, > 0 (Note that H. Sherwood in [SHERT71, Corollary] imposed this condition
for all F,)

d) The condition (18) is verified if F}, a5 has a finite £ moment. Thus Theorem 2.1.
slightly extends our above results

Corollary 2.4.4.5 If T > W and (X,F,T) is a complete Menger space, then a
given probabilistic contraction A on X has a fixed point if and only if there exist k > 0
and p € X such that

(19) / 2*dF, 4, (2) < 400.
0
Proof . Tt is well known and easy to see that
(20) lim 2"(1 — Fpap(x)) =0,

if (19) holds, Q.E.D.

Remark 2.4.4.6 A t-norm T is Archimedean if and only if there exists an increas-
ing homeomorphism A : [0, 1] — [0, 1] such that

(8") T(a,b) = h Y (T.(h(a),h(b))) =: Ti(a,b)
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where T, = W or T, = Prod (see Theorem 0.4). Since ab > a+b—1for all a,b € [0,1],
then we obtain the following.

Theorem 2.4.4.7 [RD98] Let (X,F,T) be a complete Menger space such that
T > T}, for some increasing homeomorphism h : [0,1] — [0,1]. Then a probabilistic
contraction A of X has a fized point if and only if there exist k >0 and p € X such
that

(21)  supa®[l — ho Fpa,(2)] < +o0.
>0

The proof follows from the fact that (X, hoF, W) is seen to be a complete Menger

space, Q.E.D.

3. C-CONTRACTIONS

A second type of contractions in Menger spaces was introduced by T.L. Hicks
[HIC83] who also proved that for the t-norm Min the Banach principle is valid (and
is essentially equivalent to the classical one).

We improved [RD87]the above result by showing that it remains true in any com-
plete Menger space (X, F,T) for which sup T'(a,a) = 1. It is to be noted that this
condition on T is the weakest one which ensures the existence of the (g, A) - uniformity
(IMNGT7S]).

Using the method of the so called T-conjugate transforms, in [MOYS79] is in-
troduced a (deterministic) metric which generates the (£, A) - topology in a Menger
spaces under an Archimedean t-norm. This metric is given in terms of a multiplicative
generator of the t-norm 7.

Considering a modified form of this metric, in terms of an additive generator
of the t-norm, we have given a direct simpler proof of the above result. Our formulas
can be considered as direct generalizations of the Fréchet metrics for the convergence
in probability. In [MOYS79] the following is proved.

Theorem 3.1 For any multiplicative generator h of T" and for any positive real
number z, the mapping d, defined on X x X by

(22) 4u(p.4) = = sup e Ey (x)

is a metric on X, which generates the (g, A\)-topology. Moreover, the metrics d, are
uniformly equivalent.
This is proved by using the properties of the so called T-conjugate transform.
We restated the above Theorem in terms of additive generators and so we have
given a direct simpler proof. Namely
Theorem 3.2 [RD82]. Let f be an additive generator of T" and define the mapping

(23)  ps(p.q) = inf{t+ f o Fpy(t)}pa € X

Then
(i) ps is a metric on X;
(ii) The uniformity generated by py is the (e, A)-uniformity;
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(iii) If @ is a positive real number, then p% defined by
(23a) PP, q) = tigg{at + [ o Fpq(t)}

has the properties (i)-(ii);
(iv) For each a € (0, 1] one has

apf < paf < Py

and so all p; are uniformly equivalent.
Our proof is based on the well known inequality

fOqu(1'+y) SfOFpT(m)+fOFpr(y)7vpvq7r7xay'

Corollary 3.3 If (X, F,T) is a Menger space under an Archimedean t-norm T
then there exists an increasing bijection h : [0,1] — [0, 1] such that the two-place
function kj, defined by

(24) kn(p,q) = t11>1£{t +1—hoFy(t)}

is a metric on X, which metricizes the (g, A)-uniformity.

The main result of Hicks reads as follows:
Theorem 3.4 Every C-contraction on a complete Menger space (X,F,Min) has a
unique fixed point , which is the limit of the successive approximations.

The proof of the above result is obtained from the deterministic Banach principle
, by constructing a metric on X which generates the (e, A)- uniformity and is such
that f is a contraction with respect to that metric.
As a matter of fact , the same proof is valid for a larger class of t-norms. This is due
to the fact that the two-place function d constructed in [HIC83] is a metric in any
Menger space (X, F,T) if T > Ty . We proved this fact using a slightly modified
form of d.

Proposition 3.5. Let (X,F) be a PSM-space and define the two place mapping

(25) K(z,y) =sup{t, t <1— F,,(t)}.
Then K is semi-metric on (X, Tr) and
(26) K(z,y) <d e Fyy(d) >1 -8 V6 >0,

which shows that K generates the semi-uniformity Ug.

Examples 3.6 (i) If d is a semi-metric on X and we set F, := €40z, then
(X,eq(.,.) is a PSM-space and K(z,y) = min(d(z,y),1).
(ii) Let X be the family of all classes of real random variables on a probability measure
space (2, IC, P). If we set F(x,y) = Fj,_,|, the distribution function of |z — y|, then
(X, F,W) is a Menger space and K is the Ky Fan metric of the convergence in
probability.

It is to be noted that, generally, K need not be a metric. But we have proven
the following.
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Theorem 3.7 [RD85,87] Let (X, F,T1) be a Menger space and define

(27)  d(p,q) = sup{t, Fpq(t) <1 -1t}

Then
(i) d is a metric on X , which generates the (g, \) — uniformity;
(i) X if F-complete iff X is d-complete;
(iwi) f: X — X is a C-contraction iff f is d-contraction

In order to ensure the verification of the triangle inequality for K, T. L. Hicks
[HIC96] proposed the following form of the triangle inequality for (X, F):

IIT'. [Fypy(t) 1—t,F,.(s) >1—

>
= Fp.(t+s)>1—(t+5)

and he observed that the property ITI' holds for every Menger space (X, F,T) for
which T' > W.

As a matter of fact one has the following

Proposition 3.8 Let T be a t-norm such that (I11') holds for every Menger space
(X, F,T). ThenT > W.

Proof. Let X = {z,y, 2}, Fpy = Fyp, Fy. = F.y, Fy. = F., where

0 t<0 0 t<0
Fuy(t) = a te(0,1] , F.(t)=4¢ b te(0,1] ,
1 t>1 1 t>1
0 t<0
F..(t) = T(a,b) te (0,1]
1 t>1

and Fpp = Fyy = F,, = 9. Then (X,F,T) is a Menger space (for which T is the
best t-norm) and K(z,y) =1 —a,K(y,z) =1 — b, while K(x,z) =1 — T(a,b). Thus
we see that K(z,2) < K(z,y) + K(y,2) & T(a,b) > a+b— 1.

Remark 3.9 Let (X,F,T) as in the proof of the theorem and suppose that
T(a,b) < a+b—1. Therefore 0 < a, b < 1 and there exists p > 1 such that

1 1 1 1 1

(1-=a)» +(1=0b)?)?» >1—-T(a,b). Thus (1 —a)r + (1 =b)» > (1 —T(a,b))» and
we see that K,,, given by

Kp(u,v) = Sup{t‘tp <1l- Fuv(t)}v

is verifying the triangle inequality. This shows that the general formulas proposed in
[RD86Db] can give metrics in more general situations.
Let M denote the family of all mappings p : [0, 00] — [0, 0o] which are such that
a) u(t) + p(s) < p(t+s),vVit,s>0
b) ut) =0&t=0
and
¢) p is continuous.
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It is easy to see that every p € M is finite and strictly increasing on a uniquely
determined interval [0,b,] and u(b,) = cc.
If we set, for any PSM-space (X, F),
(1) Ky (2, ) = supft]t > 0, u(t) < 1— Fyy(£)}
then K, is a semi-metric. Moreover,
(2,) Ku(@,y) < 8 Fry(8) > 1 — (),
from which it follows that K, generates Ur.

3.1. Probabilistic metric spaces of type M
The above remarks suggest the following definition, which extends (IT1') :
Definition 3.1.1. [PRD99] A PSM-space (X,F) for which takes place the
following triangle inequality

[P [Foy(t) > 1= plt), Fya(s) > 1 p(s)] =
= Fo(t+s)>1—pu(t+s)

is called PM-space of type M.

Remark 3.1.2 The triangle inequality (I71*) can be useful and appropriate in
many cases. For example, if (X, F) verifies (I11') — which is (ITI*) for u(t) =t —
then it is easy to see that F defined by Fyy o u, is a probabilistic semi-metric and

Foy(6) > 1= 1u(6) & Fry(u(8)) > 1 — u(6).

The formula (1,,) leads to K,,(z,y) = p~*(K(z,y)), a very convenient one, for p~! is
clearly sub-additive. In particular, for spaces of random variables (see Example 1.3
(i) ), Fuy(t) = P(lz—y| < u(t)) = P(u*(lz—y|) < t) and p~' o K is a metric which
gives the convergence in probability, too. Generally, we can prove the following

Theorem 3.1.3 [PRD99] Let (X, F) be a PM-space of type M, that is the triangle
inequality (I11") holds. Then the two-place function K, defined by formula (1,,), is
a metric on X which generates Tr and Ur.

Proof. We have only to prove the triangle inequality for K,. From (2,) we see
that [K,(z,y) < 0 and K, (y,2) < €] = [Fpy(0) > 1 — pu(d) and Fy.(e) > 1 — p(e)].
From (I1I*) it follows that F,(d+¢) > 1—pu(d+¢), which shows that K,,(z, z) < d+¢
and we obtain the triangle inequality for K.

Corollary 3.1.4 Let T be a t-norm such that

T(a,b) > T, (a,b) ;= max{l — p[p~ (1 —a) + p (1 - b)],0}.

Then K, is a metric for every Menger space (X,F,T).

Proof. Since T'(a,b) > T,(a,b) then T'(a,b) > 1 — plp= (1 —a) + p= (1 = b)].
From the inequality 111, it follows that

Foo(t+5) 21— plp™ (1= Foy () + 5 (1 = Fya(s))].
Now, if we suppose that Fy,(t) > 1 — u(t), Fy.(s) > 1 — p(s) and p(t +s) < 1, then
p(t), p(s) <1 and
Fo.(t+s)>1—pu(t+s).
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Therefore F verifies I11*.

Remark 3.1.5 Since y is super-additive, then pu(u=(1—a)+p~*(1-b)) > 2—a—b,
which shows that 7),(a,b) < max(a+b—1,0) = W(a,b). Therefore our Theorem 3.1.3
and Corollary 3.1.4 essentially extend the corresponding Theorem 2 and Corollary 2
of [HIC96]. Actually if we take an increasing sequence (u,) C M, it is clear that
(T,) is decreasing and so the class of Menger spaces, for which formula (1,) gives
us a metric, is increasing. For example, if p, 1(t) — 1 for ¢ € (0, 1], then we see that
Ty, (a,b) — Ty(a,b), the weakest t-norm (see also the example in Remark 3.1.2).

Consider an Archimedean t-norm T with the additive generator f, and let puq,
e € M be fixed. Then we have the following

Theorem A [RD88| For every Menger space (X, F,T) with T > T, the mapping
d given by

(28)  d(p,q) = sup{t, pn(t) < f o Fpq(pa(t))}

is a metric on X. Moreover,

(29) d(p,q) <t <& foFp(ua(t)) < pa(t)

and so d and F generate the same uniformity.
1. Tt suffices to consider the case us(t) = t, for (X, F o us,T) is a Menger space
for every (X, F,T).
2. The formula (28) gives a metric on every Menger space (X, F, Min) and any
f :1]0,1] — [0,00] which is continuous, strictly decreasing and such that f(1) = 0.
The case f(1) =1—t, mi(t) = pa(t) =t and T = Min, was considered in [HIC83] in
a different formulation.
In [RD84] we observed that the method used in [HIC83] can be applied for a larger
class of t-norms, namely for T > Tj.
In [CNS85] this case T' > T} was considered for a larger class of mappings: Let £
be the family of functions L : [0, 00) — [0, 00) with the following three properties:
(L1) L is strictly increasing;
(L2) L is right continuous;
(L3) nlingo L"(t) =0, Vt > 0.
A mapping A is called L-probabilistic contractions iff
(CL) t>0,Fp(t) >1—t= Fa,a,(L(t) >1—L(t)

We considered (RDS88) a slightly more general case, suggested by the following
remark. If we set f(s) =1 — s then (C) can be formulated as

(Cf) foFp(t) <t= foFa,a, (L) <L(t)

As a matter of facts, a fixed point theorem holds in more general conditions:
Theorem 3.1.6 [RD88| Let (X, F,T) be a complete Menger space such thatT >
Ty. Then every mapping A : X — X which satisfies the condition (u is fixed)

(30)  foFpy(t) < plt) = foFa,a,(L(t) <p(L(t))

has a unique fixed point which is the limit of successive approximations.

3.2. A special case: £ — M contractions
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Definition 3.2.1[PRD99] We say that A : X — X is an £ — M probabilistic
contraction if there exist L € £ and p € M such that

(Lp—c) [Foy(t) > 1= p(t)] = [Fazay(L(t)) > 1 = po L(t)]

For a concrete pair L — p we use the term L — p probabilistic contraction.
Example 3.2.2. Suppose that A is a contraction of Hicks type — that is (Lu — ¢)

holds for u(t) = t (the case of Hicks) and consider the probabilistic semi-metric F

defined by ﬁzy = Fyy o p1, where
0, t<0
Foy o () = { Foy(p(t)), t>0 7

1

and t, = oco. If we set L= u~ o Loy, then it is easy to see that L e L and

Folt) > 1= p(t) & Fay(u(t)) > 1 — p(t)
= Fagay(Lopu(t)) >1—Lopu(t)
& Fagay{plp o Lopu(t)} > 1 —pulu=" o Lopu(t)]
& Fapay(L(t)) > 1= po L(t).

But this says that A verifies (Zu — ¢) for every p.

Theorem 3.2.3 [PRD99]. Let (X,F) be a complete PM-space of type M, for
which the triangle inequality (II7#) holds. Then every L — u probabilistic contraction
has a unique fixed point which can be obtained by successive approximations.

Corollary 3.2.4 Let (X,F,T) be a complete Menger space, for which T' > T,.
Then every L — u probabilistic contraction on X has a unique fixed point.

Remark 3.2.5 (i) For u(t) =t or from Example 3.2.2 we obtain the Theorem 3
of [HIC96]. Actually we can extend to PM-spaces of type M all the results of [HIC96]
and that obtained by the present author.

(ii) It is clear that our Corollary 3.2.4 is applicable for Menger spaces in a class
essentially larger than that from [HIC83,96].

4. GENERALIZED C—CONTRACTIONS ON MENGER SPACES

Let (X, F) be a given PSM-space and A : X — X a fixed mapping.
Definition 4.1 We say that A is a generalized C— contraction if for each pair of
real numbers (a,b), with 0 < a < b, there exists L = Lgy, € (0,1) such that if

a<1l—Fy(a)and 1 — F,e(b+) <b,

then the following implication holds:

(Cap) : Fpglz) >1—2 = Fagay(Lapx) > 1 — Ly

We can prove the following.
Theorem 4.2 Every generalized C— contraction on a complete Menger space
(X,F,T), where T > W, has a unique fixed point, which is globally attractive.
Proof. Let us first note the following simple useful
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Lemma 4.3 In every PSM-space (X, F),K(p,q) =sup{t , t <1 — Fpy(t)} is the
only nonnegative real number k with the property

1—Fpy(k+) <k <1-—F,k).
Now let us suppose that
K(p,q) = k= (1 - ha -+ tb
where 0 < @ < b and ¢ € [0, 1] are fixed.
19, Since a < k, then a <1 — F,,(k) <1 — F,,(a), and we see that

a<1l—Fpy(a).

20, Since k < b, then
1—Fpy(b+) <1—-Fy(k+) <k <,
which says that
1 — Fpe(b+) <.
20, Since A is a generalized C— contraction, then (Cy) holds. But, for any d > 0,
we have 1 — Fpu(k +d) <1— F,(k+) < k < k + d, which implies

FAxAy(Lab(k + d) >1-— Lab(k + d),

so that
K(Ap, Aq) < Lap(k + d),¥d > 0

and we see that

K(Ap, Aq) < LapK(p, q), if K(p, q) € [a,b].
Therefore A is a Krasnoselski contraction [KREM69]in the complete metric space
(X, K), which proves the theorem.

We used this type of methods in a recent joint paper with Olga Hadzi¢ and Endre
Pap[HPR2001].
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