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PROPERTIES OF RANDOM WALKS IN DIMENSION ONE

MIHAI TANCU and HANNELORE LISEI

Abstract. In this paper we present some properties of random walks in dimen-
sion one. First, we consider properties of the random walk on the integer axis,
regarding the computation of various probabilities. We present the method of
counting paths, the reflection principle and some techniques to prove combina-
torial formulas. Second, we consider a few properties of the random walk on the
circle. Some illustrative examples are also given.
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1. INTRODUCTION

A random walk is a stochastic model, describing a succession of random
steps on some mathematical space, such as the integer axis of numbers, equidis-
tant points placed on the circle, the points having integer coordinates in the
2 or 3-dimensional Euclidean space, the vertices of a graph, etc. The path
traced by a molecule as it travels in a liquid or a gas, the price of a fluctuating
stock, the financial status of a gambler and many other similar models can
be approximated by random walk models. Random walks have, for example,
applications in computer science, physics, chemistry, biology, economics etc.
For a detailed account of the theory and its applications we refer to the works
[3, 5, 6, 9].

This paper aims to present:

e a few properties of the random walk on the integer axis and on the circle,
e the reflection principle,

e methods of computing probabilities by counting paths of the random walk
represented in the Cartesian coordinate system,

e techniques to prove combinatorial formulas by using the number of paths of
a random walk,

e examples such that the theory can be followed more easier.

The paper also contains an elementary proof for the result of Pdlya [8],
which states that a symmetric random walk along the integer axis, which starts
at the origin, returns almost surely to the origin (see Theorem 1). The proof
avoids the classic method of using power series expansions of certain functions,
but uses the method of equating the coefficients of polynomial functions and
convergence properties of sequences.
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The results of this paper can be understood by scholars or students, teachers
or researchers, who have basic notions of probability theory. The probabilis-
tic notions and notations used within this paper are briefly presented in the
Appendix section.

The following notation is very often used throughout this paper:

|
C’,]f: ﬁ, for each n € Nand k € {0,1,...,n}, where 0! = 1.

2. RANDOM WAILK ON A LINE

Let p € (0,1). A random walk, which starts at some k € Z, takes place
along the axis of numbers, from one integer to another one, in the following
way: For each step, we go with probability p to the first larger integer and
with probability 1 — p to the first smaller integer (see Figure 1). Each step
is independent of the previous one. If p = %, then the random walk is called
symmetric.
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Fig. 1 — Random walk on the integer axis starting at 0.

Denote by S, the position of the random walk on the integer line after
n € N steps, which starts at some k& € Z. Note, that S, is a discrete random
variable taking values in the set {k—n, ..., k—1,k,k+1,..., k+n}. Obviously,
So=k, P(Sps1 =7+ 1S, =j) =pand P(Spy1 =7 —1|S, =j)=1—p, for
jelk—mn,...;k—1,kk+1,....k+n}.

Let (X5)n>1 be a sequence of independent discrete random variables having
the distribution

P(X,=1)=pand P(X,=—-1)=1—p, foreachn>1.

We have
Sn—Sy=X1+Xo+---+X,, foreachn>1.

ProprosITION 1. For p € (0,1), n € N and j € Z with |j| < n given, the
probability to end up in the integer number j after a random walk of n steps,
which starts at 0, is

n—j

nti nty
P(Sp=j)=Cp> p2(1-p) 7,

if j and n have the same parity, and the probability to end up in the integer
number j is P(S,, = j) =0, if j and n have opposite parity.
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J 41-3|-2|-110|1]2]|3]|4
P(So = j) 1
P(S1 =j) 5 %
P(S: = j) = e |a
Po=d)| x| |zl || |
P9 5| m| || |w| |z

Table 1 — Probabilities for a symmetric random walk on the integer line.

Proof. Denote by ng the number of steps taken by the random walk right-
ward and by ny the number of steps taken leftward. Obviously, ng,ny €
{0,1,...,n} and we have

(1) ng+nr =nand ng —ng = J.
If 7 and n have the same parity, we have
n+j n—j
and ny, = 5
If j and n do not have the same parity, there are no integer numbers nr and
ny, satisfying (1), in fact there exists no random walk of n steps that ends up
in j.

Every random walk of n steps can be identified with n Bernoulli trials
(see Proposition 6). Hence, the probability to make ng steps rightward and
nr =n — ng steps leftward is C)'Ep"E (1 — p)"E.

Therefore, if j and n have the same parity, then the probability to end up

n+j

in j is CnTp%(l — p)nT_j, and, if j and n have opposite parity, then the
probability to end up in j is 0. g

nrp =

ExXAMPLE 1. For a random walk on the integer axis, which starts at 0, we
compute:
(1) P(Ss = Si0) = P(X7 + X5 + Xg + X190 = 0) = 6p*(1 — p)?;
(2) P(S5 =—1,51 =3) = P(Ss = —1,511 — S5 = 4)
:P(Xl + Xo+Xg+ Xy +X5=—-1,Xg+ X7+ Xg+ Xog+ X109+ X171 24)
= C2p*(1 - p)*-Cgp°(1 - p) = 60p" (1 — p)*;
(3) P(SG = 511) = P(X7 + Xg+ Xog+ X0+ X171 = 0) = 0.

Representation of a random walk on the integer line: We represent
a random walk as a continuous path, or polygonal line, in the Cartesian coor-
dinate system, where the horizontal axis represents the discrete (time) steps

and the vertical axis represents the position of the random walk, i.e., the point
(4,5;) indicates that after j steps the random walk is at the position S; on
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the integer line. Let n € N*. We plot the points (0, Sp), (1,51),...,(n,Sy),
and then for each j € {0,...,n — 1}, we connect (j,5;) and (j + 1, Sj41) with
a straight line segment (see [3], [6]). We shall identify each random walk of
n steps along the integer axis, which starts at So = k, with the path that
starts at (0,k) and in each step connects the points (j,S;) and (5 + 1, S;41),
j€{0,...,n—1} (see Figure 2 for k = 2 and n = 7). For n = 0 the path is
just the point (0, k).

We observe that S,, — Sy denotes the difference between the number of
rightward steps and the number of leftward steps after n steps.

Fig. 2 — A path of a random walk.

Fig. 3 — For a 6 steps symmetric random walk on the integer line, starting at 0: 8 paths
connecting the points with coordinates (1,1) and (3, 1).

ExaMPLE 2. The probability that after 6 steps a symmetric random walk on

16
the integer line, which starts at 0, passed the number 1 exactly 2 times is 56

To compute this we use the representation with paths and count the number
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of all possible paths: there are 8 paths connecting the points with coordinates
(1,1) and (3,1) (see Figure 3), 4 paths connecting the points with coordinates
(1,1) and (5,1) and 4 paths connecting the points with coordinates (3,1) and
(5,1).

2.1. The reflection principle. In the following, we consider paths that rep-
resent random walks on the integer line.

PROPOSITION 2. Let k,m € Z and | € N.
(i) A necessary and sufficient condition for the existence of a path that starts
at (0,k) and ends at (I,m) is: |m — k| <! and [ + m — k is an even number.

(ii) Suppose that |m — k| <1 and | +m — k is an even number. Then, the
I+m—k

number of paths that start at (0, %) and end up at (I,m) is C; *

Proof. (i) Assume that there exists a path that starts at (0, %) and ends at
(I,m), i.e. the random walk starts at position k, makes [ steps and ends up
at the position m: Denote by ngr the number of steps taken by the random
walk rightward and by np the number of steps taken leftward. Obviously,
ngr,np € {0,1,...,1} and we have

(2) ng+nr =10and ng —np =m — k.

Hence,
2ng =1+ m —k and 2ny, =1 —m + k,
which implies that |m — k| <[ and [ +m — k is an even number.
Assume now that |m — k| < and [ +m — k is an even number. Consider

the random walk that starts at position & and makes ng = W steps to the

right and ny, = % to the left. Obviously the corresponding path of this
random walk will start at (0, k) and end up at (I, m).
(ii) Using the results of (i) we have that the number of paths of length [ with

I+m—k
2

ng steps rightward and n; = [ — ng steps leftward is C’l” B =C (see
Proposition 6). O

The following result, called the reflection principle, is a useful tool in the
study of random walks along the axis (see [1], [6, Section 10.3], [3, Section
II1.1)).

ProrosiTiON 3. Let k,I,m € N. There is a one to one correspondence
between:

e the paths that start at (0, k), end at (I,m), and cross or touch the z-axis;

e the paths that start at (0, —k) and end at (I, m).

Proof. The case k = 0 is trivial. Suppose that £k > 1. Let I' be a path
that starts at (0,k), ends at (I,m), and crosses or touches the z-axis. Let
n € {1,...,1} be the smallest integer such that (n,0) € I'. We observe that I"
is the union of a path I that starts at (0, k) and ends at (n,0) and a path I'”
that starts at (n,0) and ends at (I,m). Let I” be the reflection of I” across
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the z-axis (see Figure 4). We associate to I' the path I' that is the union of
IV and T”. Tt is easy to verify that this correspondence is one to one.

l

Fig. 4 — The reflection principle applied for a path.

O

In the following we present some applications of the reflection principle (see
3], [6])-

REMARK 1. Let k,I,m € N. In view of the reflection principle, we deduce
that for a symmetric random walk

P(S;j=mand 3ne{0,1,...,l}: S, =0[Sy =k) = P(S; =m|Sy = —k).

COROLLARY 1. Let n € N*. The number of paths that start at (0,0), end
at (2n,0) and don’t cross or touch the z-axis, apart from the starting point

and the ending point, is %C’;@l_l).

Proof. We note that the number of paths that start at (0,0), end at (2n,0)
and don’t cross or touch the z-axis, apart from the starting point and the
ending point, is twice the number of paths that start at (1,1), end at (2n—1,1)
and don’t cross or touch the z-axis, which is the same as the number of paths
that start at (0,1), end at (2n — 2,1) and don’t cross or touch the x-axis.
By the reflection principle, we deduce that the number of paths that start
at (0,1), end at (2n — 2,1) and cross or touch the z-axis is equal to the
number of paths that start at (0, —1) and end at (2n — 2,1), which is C%, _,
(by Proposition 2). Since the number of paths that start at (0,1) and end
at (2n — 2,1) is Cy-1, (by Proposition 2), we have that the number of paths
that start at (1,1), end at (2n — 1,1) and don’t cross or touch the z-axis is
037;12 - 05 0= %C;L(:zl_l)' -

COROLLARY 2. Let n € N*. Then

. 2 k—1 n—k n
Z EC2(k—1)C2(n—k) = Cop-
k=1
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Proof. The number of paths that start at (0,0) and end at (2n,0) is C3,
(by Proposition 2). In the following, we shall count the number of these paths
in a different way. Let k € {1,...,n}. By Corollary 1, we have that the
number of paths that start at (0,0), end at (2k,0) and don’t cross or touch

the z-axis, apart from the starting point and the ending point, is kC’k( ! 1)

The number of paths that start at (2k,0) and end at (2n,0) is the same as the
number of paths that start at (0,0) and end at (2n — 2k,0). This number is
C”( k k) (by Proposition 2). We deduce that the number of paths that start at
(0,0), end at (2n,0) and cross or touch the z-axis for the first time at (2k,0)

is %C’k( )C"( k ). Hence the number of paths that start at (0,0) and end at

(2n,0) is 33y 2051, Ot - =
2.2. Return to the origin. Let n € N*. The number of all possible symmetric
random walks of 2n steps that start at 0 is 22?. Taking into account the
identification between the symmetric random walks and the paths, we have,
by Corollary 1, that the probability that a symmetric random walk of 2n steps,
which starts at 0, visits 0 again only at the last step is crnl

n22” 1~2(n—1)"
Let N € N*. We denote

Y
_ n—1
PN = Z n92n—1 Cotn-1)-
n=1
For n € {0,..., N} consider As, to be the event that a symmetric random

walk starting at the origin returns for the first time to the origin at the step
2n. Obviously, these events are pairwise disjoint and

1 n—1
P(Azn) = o7 Con1)-

By the properties of the probability function (see Definition 2)
2N

1
pN:ZW nl)*ZPAQN* UA2n

n=1

= P(”a symmetric random Walk of 2N steps, startlng at 0, visits 0 again”).

Hence, (pn)n>1 is an increasing sequence of numbers in the interval (0,1).
Moreover, by the convergence properties of the probability function (see
Proposition 5) we have

2N o0
li = lim P Agp) =P A

Jim py = lim (nU 2n) (Q o)

= P(”a symmetric random walk, starting at 0, visits 0 again”).

We denote
lim py = p.
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In the following, we present an elementary proof for the result of Pélya [8],
which states that a symmetric random walk along the integer axis, which
starts at the origin, returns almost surely to the origin (cf. [2], [4]). Instead of
the classic method of power series expansions of certain functions, we use the
method of equating the coeflicients of polynomial functions and convergence
properties of sequences.

THEOREM 1. The probability that a symmetric random walk along the
integer axis, which starts at the origin, returns to the origin is 1, i.e.

N

: : 1 n—1 _
i = Jim D ot Gty = 1
Proof. For every N € N*, we define
N .’L’k
(3) Fy(z)=)_ 05@1_1)?, r € R.
k=1

Let n, N € N* be such that N > n. We note that the coefficient of x™
in 2Fn(z)F}(x) is 2> 5, 05(21_1)%0;‘(;];), which is equal to C%,, by Corol-
lary 2. By integrating, we deduce that the coefficient of 2"*! in F ]%(:U) is
ann%rl On the other hand, we have that the coefficient of 2" in F(z) is

k—1 1 ,m—k 1
2 k=1 Ca(b-1) 5 O3y nmher T
In view of the above, we deduce that

1 1 1
k—1 n—k _ m y
(4) ; CQ(kfl)%CZ(nfk)n —k+1 C2nn 1 for all n € N*.
Let N € N be such that N > 2. Using again the above discussion, we have
that

n

F2(z) = Fyp(z) —z + 2V P2 Ry(z), z €R,
where Ry is a polynomial function. In the following, we shall take a closer

look at the coefficients in V2R (). For every m € N with 2 < m < N, the
coefficient of V™ in FZ(x) is

N
Z k-1 }CN+m—k_1 1
P 2Ak—1) T 2(NFm—k=1) N - — k

which is positive and bounded above by

N+m—1 1

1 1
k-1 * ~AN+m—k—1 _ ' N+m—1
kzl CQ(k—l)kCQ(N-i-m—k;—l)N Tm—k C2(N+m—1)N T

where the above equality follows from (4). Taking into account (3), we deduce
that

(5) 0< F(z) — Fny1(z) + 2 < Foy(z) — Fygi(x), for all z > 0.
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Recall that
N 1
_ n—1
PN = E : no2n—1 Cotn—1):

n=1

and thus py = 2FN(%). Since (pn)n>1 converges to p, we deduce, by taking
1

2 A
:z::}landN—>ooin(5),that<§> —g—i-Z:O.Thusﬁ:l. 0

REMARK 2. For every N € N* let Fy be given by (3). Let x > 0. We
observe that (Fy(z))n>1 is an increasing sequence of non-negative numbers.
Let F(z) = ]\}im Fn(z) € [0,00]. If F(x) < oo, then, by taking N — oo in

—00

(5), we deduce that F(z) is a solution of the following equation
t?—t+z=0.

Since A = 1—4z, this equation has a solution only if z < i. Hence, for z > i,

we have F(z) = co. For z € [0, %], we note that F(z) < F(3) = § (see the

proof of Theorem 1), hence F(z) = 1=Y1=4 V21_49”. Thus, we have

N —V/1-4z
lim ch 1 ¥ _ %, for z € [0, %],
N—o00 2(k=1) k?

00, for z € (,00).

REMARK 3. Let p € (0,1). In the following, we consider the random walks
that start at 0 and, for each step, move rightward with probability p and

leftward with probability 1—p. Let n € N*. By Corollary 1, there are 2 C"( ! 1

possible random walks of 2n steps that end at 0 and don’t visit 0 except the
starting point and the ending point. Each one of these random walks takes
place with probability p™(1 — p)™, because n rightward steps and n leftward
steps are needed in order to end the walk of 2n steps at 0. Therefore, the
probability that a random walk of 2n steps visits 0 only at the last step is
QCn 1 n(l _ )n

2(n—1)P D)

For every N € N*| let

gn = 2Fn(p Z Ck —p)k,

where Fy is given by (3). Taking into account the above and adapting the
discussion at the beginning of Section 2.2, we deduce that, for every N € N*,
the probability that a random walk of 2N steps, which starts at 0, visits 0
again is qy. Since p(1 —p) € (0, 4] it follows (by similar arguments as in
Remark 2) that

lim ¢y =2F(p(1—-p))=1-+/1—4p(1-p).
N—o0
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In view of the above, we have
2p, for p € (0, %]
2(1_p)7 forp€ (%)1)

The same result can be obtained by using power series expansions (see e.g.
2], [4]).

In particular, a random walk along the integer axis, which starts at the
origin, returns to the origin with probability 1 if and only if p = % (i.e. the
random walk is symmetric).

li —1—|2p—1| =

3. RANDOM WALK ON A CIRCLE

Fig. 5 — Random walk on the circle.

In the following we study a random walk that takes place along a circle:
Let p € (0,1), m € N* be given and let the integers 0,1,...,m — 1 be placed
equidistantly on a circle (anticlockwise). A random walk takes place along this
circle, from one integer to another one, in the following way: The walk starts
at 0. For each step, the random walk moves anticlockwise with probability
p to the closest integer and clockwise with probability 1 — p to the closest
integer, see Figure 5.

Denote by Z,, the position of the random walk on the circle after n € N
steps. Note, that Z, is a discrete random variable taking values in the set
{0,1,...,m — 1} and obviously, Zy = 0.

PROPOSITION 4. For p € (0,1), n € N, m € N* and j € {0,1,...,m — 1}
given, the probability to end up in the position j after a random walk of n
steps is given by

P(Z, =)= Chp'(1—p)" ",
lEIj
where
I;={le{0,1,...,n}: 2l — n (mod m) = j}
and P(Z, =j)=0,if I; = 0.
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7 O] 11213
P(So=j)| 1
rs=n| |3 |3
P(Ss = j) % 232
PS=0| |m| |@
P(Sy =7) 2% ;4

Table 2 — Probabilities for a symmetric random walk on the circle with m = 4.

Proof. The random walk along the circle can be identified with the the
random walk along the axis, described in Proposition 1, by replacing each
integer of the axis with the corresponding remainder of the division by m.
Hence, the random walk can end up only at one of the following integers:
{2l = n (mod m) : l € {0,1,...,n}}. Therefore, the probability to end up in
je{0,1,....,m—1}is Zlelj CLp'(1 — p)"~!, where

IL;={1€{0,1,...,n}: 2l —n (mod m) = j}

and the above sum is zero, if I; = (). O

ExaMPLE 3. The probability that after 6 steps a symmetric random walk on

the circle with m = 4, passed the number 1 exactly 2 times is 56 The picture

of all such paths starting from 0 and moving in the first step anticlockwise is
given in Figure 6. There are 16 such paths. For example, such a random walk
passes successively the points: 0, 1, 2, 3, 2, 1, 2. Similarly, one can count that
the number of paths starting from 0, moving in the first step clockwise and
passing the number 1 exactly 2 times is 8.

4. APPENDIX

In this section we briefly present the probabilistic notions used within this
paper (for more details see, e.g. [3, 7]):

DEFINITION 1. A collection K of events from the sample space 2 (i.e.,
K C P(Q2)) is said to be a o-field, if it satisfies the following conditions:
(1) K # 0
(2) if A € K, then for its complement A = Q\ A we have A € K;

(3) if A, € K, for all n € N, then | J A, € K.

n=1
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2
1 2 paths
0
/
3 4 paths

2 paths

Fig. 6 — For a symmetric random walk on the circle (m = 4): 16 paths starting at 0 and
moving anticlockwise for the first step, such that the number 1 is passed exactly 2 times.

We consider an experiment whose outcomes are finite and equally likely.
Then, the probability that an event A € K will occur is the number

number of outcomes favorable for the occurrence of A

P(A) =

number of all possible outcomes during the experiment
This is the classic interpretation of the probability of an event. The axiomatic
definition of the probability is the following:

DEFINITION 2. Let I be a o-field in 2. A mapping P : K — R is called
probability if it satisfies the following axioms:
(1) P(9) = 1;
(2) P(A) > 0 for every A € K;
(3) for any sequence (Ay,)n>1 of pairwise disjoint events from I (i.e. A;NA; =0

for i # 7) it holds
P( U An> =3 P(Ay).
n=1 n=1

The triplet (€, K, P) consisting of a sample space (2, a o-field K and a proba-
bility P is called probability space.

Let (2, K, P) be a probability space.
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PROPOSITION 5. If (A;,),>1 is an increasing sequence of events from K, i.e.,
A, C Ay for each n > 1, then

n—oo

lim P(A,) = P( D Ap).
n=1

DEeFINITION 3. Let A, B € K. The conditional probability of A given
B is P(:|B) : K — R, defined by

P(ANB)
P(AB) = ———
(AIB) = 5
provided P(B) > 0.
DEFINITION 4. The events Aq,...,A, € K are said to be independent

events if
P(AiNn---NA,) =P(A1) - P(Ay).
A sequence (A;),>1 of events from K is called sequence of independent
events if
P(AAZl n---N Azm) = P(Azl) C.. P(Azm)
for each finite subset {i1,...,0,} C N*.

Discrete random variables X : Q — {z; : i € I} are described by their
values and probabilities

X~ <azz> , where p; = P(X = x;), p; € (0,1] for each i € I and sz‘zl-
DEFINITION 5. Let Xi,...,X, be discrete random variables. They are
independent if and only if for all x1,...,x, € R it holds

PX=x,...,Xp=2z,)=PX1=21)...- P(X;, = xp).

(Xn)n>1 is a sequence of independent random variables if for each finite
subset {i1,...,%m} C N* the random variables X;,,..., X;, are independent.

Repeated independent trials of an experiment, such that there are only
two possible outcomes for each trial and their probabilities remain the same
throughout the trials are called Bernoulli trials. We denote the two possible
outcomes by A,”success”, having the probability p € [0,1], and respective its
complement A, ”failure”, with probability 1 — p.

We are interested in the total number of successes produced in n Bernoulli
trials, but not in their order.

PROPOSITION 6. Given n Bernoulli trials with the probability p of success
and probability 1—p of failure, then the probability to occur exactly k successes

is Cpp®(1 —p)"*.
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